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BcTyn

lMpousimaHHs i OOCKOHaricmb MamemMamuku
micHo rnoe'sizaHi 3 006pobymom depixasu.
HanoneoH

TpeTs yacTMHa NPONOHOBAHOro NOCIOHMKA i3 3aranbHOro Kypcy HaB4a-
NbHOI Aucumnninm ,Buwa matemaTtvka” gna CTydeHTiB HanpsMy MNiaroTOBKM
6.050101 ,Komn'toTepHi Haykn” BKNoYae aBa pos3ainu: ,3Buy4anHi gudpepeHui-
anbHi pPIBHAHHSA i X cuctemun” (pos3ain 5), ,KpaTHi i KpuBoniHinHI iHTerpann”
(po3ain 6). BignosigHnn maTtepian oxonne ABa 3MiCTOBI Moayni NigCYyMKOBO-
O KOHTPOM 3HaHb, BUKNAZEHW BiANOBIAHO A0 YMHHOI poboyoi nporpamu,
CKnageHol 3rigHo 3 [any3esnMn ctaHgapTaMmn HaBvasribHOT ANCUMMIIHMN.

HasBaHi po3ainn Mictatb ciMm TeM: ,3BUYanHi gugepeHuianbHi piBHAHHA
nepLioro nopsaky, 3agada Kowi”; ,JudepeHuianbHi piBHAHHS BULLXX NOPAS-
kiB”; JIiHINHI gudepeHuianbHi piBHAHHA N-ro nopsagky”; ,CucteMun niHInHKUX
andpepeHuianbHuX piBHAHL"; , Teopia cTinkocTi”; ,KpaTHi iHTerpanu”; ,Kpuso-
NiHINHI iIHTerpanu”.

CTpyKkTypa gaHoro nocibHuKa Taka X, SK i B NepLuin Ta gpyrii YacTUHax.
3a KOXXHOI TEMOI HaBOOATLCA:

Mema, siky Tpeba gocartm B pesynbTaTi BUBYEHHS TEMU; MUMaHHS me-
MU, SIKi NiANAratoTb 3aCBOEHHIO;

KomrnemeHmHocmi (3a [any3eBMMu cTaHgapTamu), WO (POPMYOTbCA
nicnst BUBYEHHS TeMU (3ac2asibHoOHayKoea, 3az2allbHorpodeciliHa, crieuiarniso-
8aHO-NPogeciliHa);

8uce8imsieHHs NTaHb TeMu;

3arnumaHHs ansa camofiarHOCTUKM 3aCBOEHHA MaTepiany;

3adayi ma erpasu i 8idrnoeidi A0 HUX;

KITro40o8I MmepMIHU;

pesrome;

Jnlimepamypa.

Y KiHUi NOCIGHMKa NOMILLEHI: CNUCOK YCi€l BUKOPUCTAHOI slimepamypu,
NOKaXXYnK rno3HayeHb, rnpedmemHull NOKaXKYKK.

Tema 16 ,3BuyanHi gudepeHuianbHi piBHAHHA NepLIoro nopsaaky, 3aaa-
Yya Kowi” oxonnte BiAOMOCTi NPO OCHOBHI TUMW Ha3BaHUX PIBHAHbL i Taki, WO
3BOAATbLCA OO0 HUX. Y Temi 17 ,JudepeHuianbHi piBHAHHS BULMX NopsagKiB”
BUBYAIOTBLCS PIBHAHHS, SIKi NPUNYCKaOTb 3HWKEHHS MOPSIAKY 3a LOMNOMOroro
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BignoBigHMX nigctaHoBok. Tema 18 JliHinHI andepeHuianbHi piBHAHHA N-ro
nopsaaKky” npucesyeHa (B OCHOBHOMY) OL4HOPIAHUM i HEOAHOPIAHUM PIBHAHHAM
3i cTanumu KoedpilieHTamMm i cneuianbHOK NpPaBoK YacTUHo. ,Cuctemn ni-
HIMHUX OndpepeHuianbHUX PiBHAHL” (Tema 19), ooHOPIOAHUX | HEOLHOPIAHMX,
BUKNaZAEeHO AOS1F PiBHAHb 3i cTanMMmu koedidieHTamn. Y temi 20 ,Teopiqa cTin-
KOCTi” pO3rNsHYTO CTiMKICTb PO3B’A3KIB AndpepeHuianbHUX piBHAHb 3a Jlany-
HOBWUM Ta KpuTepin ['ypsiua.

MaTtepian Tem 21, 22 — ,KpatHi iHTerpanu”, ,KpnBoniHinHi iHTerpann” —
BUKITaOQa€eTbCsA B YCTaneHin nocnigoBHOCTI: O3HAYEHHS, TeopeMa iCHyBaHHS,
BNaCTUBOCTI, CNocobu 064nNCneHHs1, 3aCTOCyBaHHS.

[MeBHa YacTMHa pobOTM 3 OnaHyBaHHSA HaBYanbHOI OUCUMUNIIHK 3anu-
LIAETLCSA CTYAEHTY, X04a BCi MPUHLMMOBI NOSTOXEHHS BUKNaAeHi. Y NoCiOHMKY
cucTteMaTM4yHO BUKOPUCTOBYKOTLCH €NEMEHTU CydYaCHOI MaTeMaTU4HOl CUM-
BONikn. [4na 1i 3aCBOEHHA O3HAYE€HHA MOHATL, POPMYNIOBAHHA TEOPEM TOLLO
Yy BUKIIOYHIA BinNblUOCTI BMNaakiB NogarTbCHa i CIIOBECHO, | B CUMBOMIYHOMY
BUrNAAOI.

3 MEeTOo Kpall,oro OCMUCIIEHHS TEOPETUYHMX OCHOB HaBYanbHOI Auc-
LUUNMiHW 3arasbHi BUKNagKn CynpoBOAXKYOTLCHA KOHKPETHUMW Npuknagamu (B
TOMY YMCIIi | 3aCTOCOBHOIO XapakTtepy) 3 AeTarbHUM KOMEHTapeM.

[Ana Kpalwioro 3acBOEHHSA TEOPETUYHMX MONOXEHb i Binbl rMMboKoro
PO3YMiHHS X CYTi BBEAEHO CBOEPIAHI PYOPUKN — ,[IPOMOHYEMO”, ,Ha2ornowye-
MO” Ta iHWi (npocniokytume, obMipkytume, 3icmasme, rMopigHsilime TOLLO).

OnaHyBaHHA MaTepiany B 3anpornoHoBaHOMYy 00Cs3i € 3anopykow Yc-
NiLLHOro OBOSOAIHHA igeaMN | MeTogaMn MaTeMaTU4YHOro aHanisy, siki BUKO-
PUCTOBYIOTBCH B IHLWINX OMCUMNNIHAX MaTeMaTuUyHOro umkny: ,MaremartuyHe
nporpamMmyBaHHs", , Teopis NMOBIPHOCTEN, UMOBIPHICHI NpoLiecu Ta maTeMmaTny-
Ha cTaTucTumka”, ,vdmncenbHi metToan” i B cneuianbHUX gucumnniHax.

[ns Toro wob nocibHUK MoXXHa B6yno cTyaitoBaTh He3anexHo Big IHWKNX
mxepen iHopmalii, BiH He MICTUTb (3a TEKCTOM) nocusiaHb Ha HUX. Popmy-
NN, PUCYHKKN, TEOPEMU TOLLIO HYMEPYIOTLCH TPbOMa Yucnamu, neplle 3 Skux €
HOMepoM Temu, apyre (Nicns Kpanku) ykasye Ha HoMep NUTaHHA TeMU, TpeTe
(nicna kparnku) € BracHe NOPSAKOBUM HOMEPOM Tiel YW iHLIOI CMUCIIOBOI
CKNagoBOl TEKCTY.



Pozpain 5. 3Bu4yanHi andepeHuianbHi piBHAHHA
Ta IX cuctemm

16. 3Bu4anHi gucpepeHuianbHi piIBHAHHA nepLuIoro
nopaaky (OP-1), 3agaya Kowui

Baxrnuei He mi 3HaHHS, siKi 8i0KnadarombCsi 8 MO3KY SIK XUp;
gaXsiuei mi, siki repemeopromsCsi 8 PO3yMo8i M's3U.
I". CneHcep

lpayrotme, npayrotime — a PO3yMIHHSA ripudde rnomim.
>KaH Jlepon I’Anambep

MeTa: HaBuUMTU ManBYTHIX draxiBUiB YMiHHIO 3a WBUAKICHUMW (TpaHNY-
HUMKW) BENUYNHAMM, O ONUCYIOTb EKOHOMIYHI npouecn abo cknagosi iHgop-
MaUiHUX CUCTEeM, BIATBOPKOBATWU IXHi 3ararbHi XapaKTepucTUKM (3ararbHi
BUTpaTK, 3araribHUN OOXiA, EHEPrit0 CUrHany ToLo).

MutaHHA Temum:

16.1. O3HayYeHHHA OCHOBHUX NOHATL. Teopema Kowi. Hannpocriwi JP-1.

16.2. AndpepeHuianbHi piBHAHHA 3 BiAOKPEMSIIOBAHUMW 3MiHHUMUK Ta
3BiAHI A0 HUX.

16.3. OgHopiaHI andpepeHuianbHi PiBHAHHA MepLIoro Nopsaky Ta 3BigHi
00 HUX.

16.4. JliHinHi gundpepeHuianbHi pIBHAHHA Neplloro nopsiaky i piBHAHHA
BepHynni.

16.5. [lnpepeHuianbHi piBHSHHA Y NOBHMUX audepeHuianax Ta 3BigHi 4o
HUX.

16.6. Po3B’si3aHHs 3a4a4 3aCTOCOBHOMO Xapakrepy.

KomneTeHTHOCTI, WO hOpMYyHOTHCSA NiCNA BUBYEHHSA TEMMU:

3azanbHOHayko8a: BOSOAIHHA 3acobammn 3HaXOMKEHHS HEBIOOMOT GOYH-
KUil 3a BiAOMWUMM CNiBBIAHOLLIEHHSIMWU MiXK HEKO Ta 1i NOXigHOL0.

3azanbHornpoghecitHa: NiaroToBMneHIiCTb OO0 aHanidy wsuakicHnx (rpa-
HUYHUX) XapakKTePUCTUK GOYHKLIOHaNbHUX 3aneXHOCTeENn 3 MeTo 0B6pobku
iHbopMmaLil, Ky HeCyTb YacoBi (CUrHanbHi) QYHKUT.

CnieuianizosaHo-rnpoghecitiHa: yMiHHS BNpoBagKyBaTu AudpepeHuianbHi
PIBHSHHSA B MOENOBaHHA NpoueciB ynpasniHHS iHpopMauiHMMK cucTemMamMu.
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16.1. O3Ha4YeHHsAA OCHOBHUX NOHATbL. Teopema Kouui.
HannpocTiwi AP-1

PiBHSAHHA, dAKe 3B’A3ye HesanexHy 3MiHHY X, HeBigoMy QYHKLUi0
y = y(X) Ta ii noxigHy Y'(X), Ha3uBaloTb 3BU4aMHUM AucepeHLianbHUM
PiBHSAHHAAM NepLIOro NOpPsAKY, i B CUMBOMax ONUCYOThb Tak:

F(x y,¥Y)=0, (16.1.1)
Oe nisa YyacTuHa TNyMadunTbCa AK QYHKLIA TPbOX 3MIHHUX: X, Y, VY.

Axwo HesigoMa PYHKUISA € PYHKLIEI KiNbKOX apryMeHTIB, TO PIBHAHHS,
SIKe 3B’A3ye He3anexHi 3MiHHi, HeBigoOMY (DYHKLUIIO Ta Il YaCTUHHI NOXiaHi, Ha-
3MBaeTbCcsa audepeHuianbHUM PiBHAHHAM Y YaCTUHHMUX NOXiAHUX.

Mw BuB4YaTUMEMO nNuLle 3BMYanHi gudepeHuianbHi PiBHAHHSA, TOMY Ha-
Aani TepMiH ,,3BMYaniHi” y Ha3Bi piBHAHHA ByaemMo nponyckaTu.

Bid3Ha4umo, 1110 B OKpeMmUX BMNagkax apryMeHT X yu (i) wykaHa goyHk-
uis Y(X) MOXyTb HEe BXOAWUTU Y PIBHAHHSA ABHUM YMHOM, ane (16.1.1) noBMHHe

060B’3k0BO MicTUTK Y'(X) .

lpuknadu:
y'=ycosx-3x = Yy -ycosx+3x=0; y +3x=0;
~ N
F(X,y.Y) F(xY)
y =5y° = y-5y°=0; y' —12 = 0.
F(y.y) F(y)

OyHkuis Yy = ¢(X), BusHaveHa Ha iHTepsani (a,b), i Taka, wo npu nig-
cTaHoBL,i ii 3amicTb Y(X) Yy piBHAHHA (16.1.1) OTPUMYEMO TOTOXHICTb, Ha3M-
BAcTbCA PO3B’AA3KOM, abo iHTerpanom, [1P-1 Ha (a,b):

y:(q)(b))() — PO3B'A30K = F(X,(I)(X),(I)'(x))‘ O b) = 0, (16.1.2)
xU(a,

a rpadik pyHkuii Yy = ¢(X) HasuBaTb iHTErpanbLHOK KPUBOIO.
Hanpuknad, poss'askoMm piBHaHHA Y +y=0 [OXOR € dyHkuia

X) = e *. [fiicHo, sikwo noknactm Y=¢(x)=e *, 1o y =-e %, a cyma
d(x) y y y
y'+ Y [dae Hynb.



3BuyaiiHo, y = ¢(X) noeuHHa 6yTn andepeHuiioBHoto Ha (a,b) dyHk-

uieto (vomy?); Bunagkn a = —oo, b = +oo He BUKNOYAOTLCS.
Axkwo piBHAHHA (16.1.1) nogaHo y BUrnaai:

y =f(xy), (16.1.3)

: : o 2 . :
ne f — sakon BignosigHocTi Mix napoto (X, y) OR“ i noxigHoto V', To BOHO
Ha3NBa€ETbLCS PO3B’A3aHUM BiHOCHO NOXiAHOI.

Take piBHSAHHSA Ginbll NocunbHe ANs BUBYEHHS, HiX (16.1.1), dke He
npunyckae po3B’si3aHHs BIQHOCHO MOXIAHOI, i Ma€e MNPOCTUA FeOMETPUYHUI
cmucn. Y noganswiomy 6ygemo susvatu came [P-1 (16.1.3).

Hexan cdyHkuisi ABox 3MiHHKMX T (X,Y) BM3HayeHa y Aesikil He 3aMKHe-
Hin obnacti D, ska HanexuTb BepTUKanbHIN CMy3i MiXX npsMuMuM X =a,
X =b (puc. 16.1.1):

{(xy)IxO(a,b), yOR}.

Axwo y =¢(X) € po3s’sA3koM pi-
BHAHHA (16.1.3), TO Yy KOXHIN TOuYLj
(X,y) obnacti D, yepes siky npoxo-
OUTb iHTerpanbHa KpuBa, TOTOXHICTb
¢'(x) = f(X,y) BusHauae kyTOBUI
koediuieHT AOTMYHOI A0 KpuBoi, abo,
IHaKWe, HanpsiM OOTUYHOI O Kpu-
ol 4 b ™Y BOI, Y Touyui, WO po3rnagaetbcs (Ha

puc. 16.1.1 HanpaAMK Moka3aHO Xup-
Puc. 16.1.1. None HanpaMiB HUMM prcKamu).

CyKkynHicTb (MHOXWHY) BCiX HanpsiMiB HasuBalOTb MOSIeM HanpsAMmiB.
ToMy KaxyTb, WO Yy 2eoMempuyHOMY CMUCII pO36'si3aHe 8iOHOCHO MOXIOHOI
LP-1 onucye rnone Harnpsimig iHmezparbHUX KpusuXx.

[Ana akicHoro aHanisy po3B’aA3kiB piBHAHHA (16.1.3) 3a BigoMUM nonem
HanpsMIB BiATBOPIOKOTL HABNMXKEHO, 32 AONOMOrO reomMeTpu4HmMx nobynos,
IHTerpanbHi KpuBi.

OcHoBHa 3apaya Teopil gudepeHuianbHUX PiBHAHb — 3HAWTU BCi
PO3B'A3KM 3aaHOro PIBHAHHA | BUBYATU IX BRacTuBocCTi. BigwykaHHA
pPO3B’'A3KIB AndepeHuianbHOro piBHAHHA Has3uBalOTh iHTErpyBaHHAM LIbOro
PIBHAHHS.



Teopema 16.1.1 (icHysaHHs1 | eOuHocmi po3e8’si3ky [AP-1). Akwo yHk-
uia f(X,y) — npaBa yactuHa piBHsHHS Y' = f (X,y) — HenepepBHa y aeskin

obnacti D i mae HenepepsHy uacTuHHy noxiany fy(X,y) y uiit obnacri, To,

skoto 6 He Byna Touka (X, Yo) LD, icHye eauHa iHTerpanbHa kpusa — eau-

HWiA po3B’sI30K Y = §(X) piBHSHHSA, — sika MPOXOANTb Yepe3 Touky (X, Vo), Ae

Yo = 9(%o):

O(x,y)OD: f(x,y)dC(D) L of /oydC(D) =
= 0%, Yo)UD 'y=0(x): ¢'(x0) = (X0, Yo).

ne C(D) — mHoxuHa dyHKuUin, HenepepBHUX B obnacTi D .

(16.1.4)

Teopemy 16.1.1 HasmBatloTb TeopemMoro Kowi (3a im’amM cnaBHO3BICHOIO
dpaHuy3bkoro matemartmka OrtocteHa Kowi (1789 — 1857 pp.)).
Hacnidok. Axwo dyHkuis f(x,y) B obnacti D 3agoBonbHse ymoBu

Teopemn Kowi, To piBHSHHA Y = f(X,y) mae Gesniy poss’'askis. [iiicHo,
BBaXKaloun Xg CTarMM i 3MiHIOKUM 3HAUYeHHS Y Y Aeskux mexax (C< Yg<d),
OTPMMAaEMO ANsi KOXHOT opaAnHaTK Y CBih po3B’a3ok: Y = ¢(X).

o6 Buaginutn (BUGpaTtK) 3 YyCi€l, HECKIHYEHHOT, MHOXMHWN PO3B’A3KIB
OOWH PO3B’A30K (OAHY iHTErpanbHy KpUBY), 3a4atTb TOUKY, Yepes Ky Mpoxo-
OVTb iHTerparnbHa KpuBa, TOOTO yKa3yloTb 3HAYEHHS aprymMeHTy X = Xy i Bia-

MOBIAHE 3HAYEHHS OYHKLT y‘x:xo =Y.

CniBBigHOLUEHHSA
Y\X:xo = Yo, @bo Yo = Y(Xo). Ae (Xo, Yo)UD, (16.1.5)

Ha3MBaloTb MOYaTKOBOK YMOBOIO Ansi po3B’'s3ky Y = §(X).

[ns onucy 6e3nivi po3B’saA3kiB BBOAATbL MOHATTS ,3aranbHUN PO3B’s30K’.
3aranbHum po3B’'a3kom [1P-1 (16.1.3) Ha3uBaeTbCA PYHKLUIA

y=0(x,C), (16.1.6)

Aka MicTUTb Yncnosuii napameTp C (—oo <C < +o00) i Taka, Wo:
1) 3a00BOMNbHSAE PIBHAHHSA NpU OyOb-AKMUX OiACHUX 3HadeHHAX C (Tomy
napameTp C HasuBaloTh Liie AOBINIbLHOK CTanNolo);
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2) sika 6 He Gyna nouaTkoBa ymoBa Yy = Y(Xp), MOXHa 3HaUTK Take

3HaueHHs CoUR, wo dyHkuia ¢(X,Cy) 3amoBonbHse 3amaHy no4yaTkoBy

ymoey: ¢(x, Co)|,_, = Yo.

P0o3B’A30K, KM OTPUMYETBLCS i3 3aranbHOro PO3B’A3KY PIBHAHHA Mpwu
neBHoMY (cpikcoBaHOMY, KOHKpeTHOMY) 3Ha4yeHHi napameTtpa C, HasuBaeTbCA
YAaCTUHHMM PO3B’'A3KOM. BigllykaHHA 4YaCTMHHOrO PO3B’SA3KY 3a 3agaHoK
No4YaTKOBOK YMOBOI Ha3nBaeTbCA 3apaavero Kouwi.

lMiocymok (,MOBOI reomeTpii”): 3aranbHUN PO3B'A30K PIBHSAHHSA ONUCYE
MHOXWHY BCiX iHTerpanbHUX KpUBKUX, AKY Ha3nBalTb ogHoOMapaMmeTpU4Ho
CiM’€r0 NiHIN;, YaCTUHHNA PO3B’A30K BM3HA4Yyae oAdHYy 3 HuX; 3agadva Kouwli i3
ciM’i KpUBUX BUAINSE NMiHilo, ika NpoXoauTb Yepes 3adaHy Touky (Xg, Yo)-

Mpuknad. MNokaxemo, WO 3aranbHUM PO3B’'A3KOM PiBHSAHHSA Y ' +y =0
[IXOR € gyHkuis ¢(x,C) =Ce™X,

OiicHo, akuwo noknactn Y=¢(X,C)=Ce X, 1o y =-Ce ™%, a cyma
y' +y nae Hynb ans Bcix gincHux 3HavyeHb CJR. Takum ynmHOM, CTOCOBHO

d(x,C) =Ce™* nepla ymoBa 3aranbHOro po3e’saky (16.1.6) BUKOHYETLCH.
3ajamMo  [gesiky noyaTkoBy YMOBY

A Yo = Y(Xo) i miacTaBumo 3HaueHHs Xg, Yo

y byHkuito y = Ce™X:
12
Yo =Ce ™0 = C =C, = yye0.

Ak 6aummo, anga 6yab-sakux 3HaYeHb
Xg, Yo ctana Cy Bu3HaueHa; oTxe, yH-

kuis  §(x,C)=Ce™* € 3aranbHum

PO3B’A3KOM piBHSAHHA Y +Yy=0. Akwo y
HbOMY noknactu, Hanpuknad, C =1, 1o
OTPMMaEMO OAWH i3 0e3nivyi YaCcTUHHMX

po3B’sA3KiB: Y = €7 X,

o 3agadvy Kowi po3B’skeMO 3a noyart-
-4 -2 0 2 4 KOBOK YMOBOHO y‘X:O =5, abo y(0) =5,

Puc.16.1.2. IHTerpanbHi TOOTO 3HaMgemo iHTerpanbHy KpuBy
KpuBi Y = Ce X (puc. 16.1.2), aka NpoXoauTb Yepes TOUKY
(X01 yO) = (01 5) .

9



Ons uboro y 3aranbHuit po3e’siaok Y =¢(x,C) =Ce * samictb X (Y)

nignctaBumo Xg =0 (Yo =5) i 3sHanpemo 3HaueHHs Cy napametpa C:

Co =5. Poss'askom 3agaui Kowie y=5¢ .o

YacTo npu posB’azyBaHHi [P-1 3aranbHUM pO3B’A30K OOEPXYTb Yy He-
aBHI dopmi: P(X,y,C)=0, 3 siKoi He 3aBXaUN yAaeTbCA BUPA3UTK Y Yepes
xiC.

CniBBigHoweHHs @(X,y,C) =0, sike HesIBHO BM3Ha4ae 3ararnbHuWN

PO3B’A30K, HA3MBAETLCS 3arafibHUM iHTerpanom [P-1.
OTpumaHe i3 3aranbHOro iHTerpasna criBBiAHOLWEHHSA MPU KOHKPETHOMY

3HaueHHi napameTpa C =Cy: P(X,y,Cy) =0, HasvBaeTbCH YaCTUHHUM iH-
Terpanom [P-1.

Ona iHterpyBaHHa [P-1, po3B’si3aHMX BIQHOCHO MOXigHOI, 4acTiwe
BCbLOro MOro 3BOAATb 00 ,AudepeHuianbHoi opMu”. SKWO Y  PIBHAHHI
y' = f(x,y) noxigHy 3anucaTu sk BigHoweHHa audepeHuianis: Y = dy/dXx,
TO BignosigHe nogaHHsa [1P-1 HasmBaloTb andepeHuianbHo ¢opmoto pis-
HAHHS:

dy/dx=f(x,y) = dy=f(x,y)dx = f(x,y)dx=dy. (16.1.7)

OCKiNbK1 3 reOMEeTPUYHOI TOYKM 30pYy KoOpAuHATK X i Y piBHOMNpaBHi,

T0 3amicTb piBHaHHa dy/dx= f(X,y) MoxHa po3B’sidyBaTU piBHAHHS

dx _ 1 _ady
—_— =, a6o dX — ,
dy f(xy) f(xYy)

(3a ymoBM i iICHyBaHHS).
Havnpoctiwmmu OP-1 HasuBatoTbecs piBHAHHA Y = f(X,Y), y SKkux

BIOLWYKYIOYN 3MIHHY X K PYHKUiO Big Y

npaBa YacTuHa € yHKUieto ogHiei amiHHoT: @) Y = f(X);6) y' = f(y).

Po3B’dA3aHHA Taknx piBHAHb He BUKIIMKAE MPUHLUMMNOBUX TPYOHOLLIB:
nicrns 3eedeHHs 00 dughepeHuiarnibHOI hopmu mpeba HegU3Ha4YEeHUM iHmMee-
pysaHHsIM 8i0Ho8uUMU QOyHKUIT y nieill i npaeit YacmuHax 3a iXHiMu OugepeH-
uianamu, a came:

)y =f(x) = %:f(x) = dy=f(x)dx = [dy=]f(x)dx =

= y= j f (X)dx + C — 3aranbHuit po3B’s30K PiBHAHHS. (16.1.8)
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Tyt (i Hagani) wo6 nigkpecnuTn HaasHiCTb napametpa C (noBinbHOI
cTanoi), Moro BHOCATb [0 BigwykaHHsa HI If(x)dx, TO6TO TnymauaTb

j f (X)dX sik ogHy i3 nepBiCHUX.
MMpuknad. 3iHTerpyBaTu PiBHAHHA Y' = X + COS 2X..

[lepexodumo po andgepeHuianbHoi oopMn U iHMezpyemo (BiOHOBIOE-
MO 3MiHHY Y K pyHKUil0 Big X 3a i AndpepeHuianom):

dy =(x+cos2x)dx = y=[(x+cos2x)dx+C =
x2+sin2x+C

= y= 5 — 3aranbHuin PO3B’SA30K PIBHAHHA (MepekoHaumecs). ®
' Q_ _ 1 ¢ 1
6) y'=f(y) = 5 =f(y) = dx——f(y)dy = jdx—j—f(y)dy =3
_ 1 .. :
= X= IW dy + C — 3aranbHuii iHTerpan piBHSHHS. (16.1.9)

Mpuknad. 3iHTerpyBaTu pPiBHAHHA Y = y2 +1.

llepexodumo no andepeHuianbHoi oopMn U iHMezpyemo (BiLHOBIOE-
MO 3MiHHY X K pyHKUIIO Big Y 3a ii AndpepeHuianom):

Q=y2+1:> dx = Sy = deZI Sy = X:I Sy +C =
dx y“+1 y°+1 y - +1

= X=arctgy +C — saranbHui iHTerpan piBHsHHS, 60 3MiHHA Y He BUpaxe-

Ha yepes3 X i C.

Y uboMy rnpuknagi Bi 3aranbHOro iHTerpana MOXHa nepentn [o
3aranbHOro po3B’A3Ky:

x=arctgy+C = arctgy=x-C = y=tg(x-0C),
ne Xx—C#1/2+1k, kKOZ (06rpyHmyiime).

LLlo6 nepekoHaTUCs y NpaBWUMBbHOCTI 3HaWOEHOro po3B’sidky, Tpeba
3AndepeHLiloBaTH MOro i NiOCTABUTY y PIBHAHHSA BUpasu ona y i y':
(y=tg(x-C) = VY :]/cosz(x—C)) = ‘ y = y? +1‘ =

= ZI/COSZ(X ~C) =tg®(x - C) +1; po3s'sisok NpaBumbHWI (OTPUMANN OfHY
i3 OCHOBHUX TPUTOHOMETPUYHUX TOTOXHOCTEWN).
11



Poss’sbkemo 3apady Kowi 3 novatkoBoto ymoBot Y(0) =0, T06TO
3HangeMo iHTerpanbHy KpuBY, sika MPOXOAWUTb Yepe3 Mo4yaTok KoopauHaT

0(0,0):
y=tg(x-C) = [% =0, yp=0| = tg(-C)=0 = Cy=0 =
= BIANOBIAHWIT yacmuHHUl po3e’'ssok Y =tgx, X[1(-1/2, 1/2). e

Mpn po3B’A3aHHi piBHSAHHSA a) i 6) 3BOAMNMUCA BIANOBIAHO OO PiBHSHb
dy = f (x)dx i dx=dy/f(y) (aus. (16.1.8), (16.1.9)), y sKkux KoediLieHTM
npy dy i dx popieHiooTb oamHuui (1). Y3aranbHeHHsM Takux andepeHuians-
HUX POPM € PIBHSAHHS, Y AKUX MHOXHMKM Npu dy i dX cyTb yHKLUT.

Axkwo andepeHuianeHy dopmy [P-1 3a JOMOMOrord TOTOXHUX nepe-
TBOPEHb MOAAHO TaK, L0 MHOXHUKK Npu audeperuianax dx i dy € dyHKuis-
MU BIiAMOBIOHO TINbKWA Bi4 X | TiNbKA Big Y, TO KaXyTb, WO 34iACHEHO

BiJOKpPEeMIEeHHA 3MiHHUX, a OTPUMaHe PiBHAHHSA Ha3MBalTb PIBHAHHAM i3
BigokpeMmneHnmu amiHHumun (OP-183):

d(x)dx =Y(y)dy, (16.1.10)
ne ¢(x), Y(y) — Bioomi (3agaHi) dyHkuji.

[P-183 € piBHiCTIO gudbepeHuianiB ABOX OYHKUiN, a ue O3Havae, Lo
nepsicHi ans ¢(X) i YP(y) BigpisHATLCA NWLLE CTanUM A04AHKOM.

Omxe, 0ns pose’'sizaHHA (16.1.10) mpeba Hegu3HadyeHUM iHMezpysaH-
HAM 8i0Ho8UMU YHKUiT y nigil i npasiu YacmuHax 3a ixHiMu oughepeHyiana-
MU, a came:

O(x)dx=P(y)dy = [d(x)dx=[y(y)dy+C (16.1.11)

— 3aranbHWU iHTEerpan piBHAHHA 3 BiJOKPEMITIEHUMWN 3MIHHUMMW.

Take PpiBHSAHHA TakKoX MOXHa BigHeCTM Ao Halnpocmiwux, 60
po3B’sisaHHA (16.1.10) 3BoauTbCcs 3pady, 6e3 goaaTkoBMX NepeTBOpPEHb, A0
HEBM3HAYEHOro IHTErpyBaHHs, SK i Y BUNaaKy piBHsHb a), 6). Mlomy Bignosigae
OP-1 y' = f(X,y), npaBa YyacTuHa sIKOrO € BifHOLIEHHSIM (Y1 JOBGYTKOM) ABOX

dYHKUIN OgHIET 3MIHHOT Bif Pi3HMX aprymMmeHTiB, TOOTO PiBHAHHSA BUIMSAY:

o(x) _W(y)

E ' "= 0,(X) [W,(Y).
B) y LIJ(y) abo y q)l(x)’ um 'y ¢2(X) l'IJZ(y) (16.1.12)
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[Mepexin oo OP-183 nerko 34iNCHIOETLCS 3a BIaCTUBOCTAMW NPOMOPLI.
Hanpuknad,

’_M = Q:M — —
YZUly) = dx o w(y) = Yy =ejdx.

(FporioHyemMo iHLWi BUNaaKn po3rnsaHyTU caMoCTIiNHO.)

lpuknad. Ana andepeHuianbHOro PiBHAHHS y':X2 [0S2y 3HawTK:
1) 3aranbHUn pO3B’A30K (3aranbHWU iHTerpan); 2) YaCTUHHUK PO3B’'A30K Mpwu
C =1; 3) po3s’'asok 3agavi Kowi, sikwo y(1) =0.

1. [lepexodumo oo pudepeHuianbHol Popmu | BIOOKPEMITHEMO 3MIHHI:

dy _ cos2y dy _ o
dx  1/x2 = cos2y ax.

y = x°cos2y = % = x%cos2y =

IHmeepyemo niBy i NpaBy YaCTUHWU PIBHAHHS:

dy _ 2 1 _xX
IcosZy_IX dx+C = 2In|tg(rr/4+y)|— 3 7C =

= 3In|tg(Tv4+Yy)|= 2x3 +C — zaranbHuit iHTerpan piBHAHHS, Y SKO-
my 3amicTb 6C 3anucaHo npocto C,60 CLUR - 6CLR.

2. Midcmasnsemo 3HadyeHHa napameTpa (C =T) y 3aranbHWiA iHTerpan i

oTpUMyeMO YacTuHHum iHTerpan: 3In|tg(T/4+y) |= 2x3 + 11,

3. 3Haxoo0umo 3HavyeHHA napameTpa C, niactaBnsawYmM y 3aranbHUii iH-
Terpan 3amictb napu (X, y) napy (Xg, Yo) = (L0):

3In[tg(T/4)|=2+C = C=-2 = 3In|tg(4+y)|=2(x>-1)
— p0o3B’A30K 3agadvi Kowi (y Burnsigi YacTUHHOro iHTerpana). @

Hazosnowyemo:

Npwn PO3B’A3aHHI AndpepeHuianbHUX PIBHAHb Nepexig A0 HEBU3HAYeHOro
IHTEerpyBaHHS 34IMCHIOETLCS TiNbKM NICNSA BiAOKPEMNEHHS 3MIHHUX;

posinbHy ctany C [ (-, + ) y 3aranbHOMY po3B’si3Ky Yu 3araribHOMY
iHTerpani MoxkHa BBOAWUTU Yy BUMMsAAI AoBinbHOT dyHkuii Big C, obnacTio 3Ha-
YeHb SIKOT € BCSl YMCNOBa BiCb — MHOXMHA diicHux uncen R. Hanpuknad, y

13



urnaai nidinHoi dyHkuii: KC, kC +b, ne K i b — gosinbHi crani, abo nora-
pudmivHoi yHkuii: INC, ne C>0, abo In|C|, ne CDR\{O}, TOLWO; Nnpw
LbOMY BigMoBiab (PO3B’SI30K) 3MIHIOETLCS 3a POPMOIO, arie He 3a CyTTlo, |

Boanuii Bubip coopmn C 3abeanedye NakoOHIYHICTb CUMBONMIYHOIO 3anucy Bia-
nosizi.

16.2. OudpepeHuianbHi piBHAHHA 3 BiAOKpeMIIloBaHUMUN 3MiIHHUMU
Ta 3BiAHi 40 HMX

Knacudikauito [JP-1 3a Tnamu npoBoAsATb 3aneXxHO Bif TOro, Ky CTPYK-
Typy (6ynoBy) Mae oro npaea YactuHa — dpyHkuia f(Xx,y), — i akumn Bnac-

TMBOCTAMW BOHa Bonogie. Lle obymosnioe Bubip BignoBigHOro metoay
pPO3B’A3aHHA.

Y cBiTNi cKa3aHOro rnepwum KpOKOM po3e6’si3aHHs byOb-siko2o dughepe-
HyiarlbHO20 PI8HSIHHS € yCmaHOo8J1IeHHS io2o mury!

OudepeHuianbHUM pPiBHAHHAM i3 BigoKpeMnioBaHMMU 3MiHHUMU
(OP-1e3) Ha3uBaeTbeca piBHSAHHA Y = f (X, Y), sike B AudpepeHuUianbHii dop-
Mi HabyBae Burnagy:

¢1(x) [z (y) dx=¢2(x) [y (y) dy, (16.2.1)
ne ¢,(X), W;i(y), i =12, — sinomi doyHKUiT ofHi€T 3MIHHOI.
Xapakmepucmuy4Ha enacmueicms [1P-183 — MHOXHUKM npu dX i npwu
dy € goGyTkoM i3 DYHKUIN, 3anexxHUX Tinbkv Big X i Tinbku Big Y.

O3sHa4eHHs, ekBiBaneHTHe (16.2.1), oTpMMaeMo, SAKLWO nepengemo Oo
no3HauYeHHs noxigHoi vyepes V':

0109 (W)
1Y) 92(4

To6T1o [IP-183 HasuBaeTbeca piBHAHHA Y = f (X, Y), y aAkoro npaea vac-

y'=f(x,y) -AP-1e3 = f(x,y)= (16.2.2)

TMHA € BigHOWEHHAM OOOYTKIB i3 OYHKUIN TifbKM Big 3MIHHOT X i Tifbku Big
3MiHHOT Y.

[P-183 nerko 3BOOATLCSA A0 PIiBHSAHb i3 BiJOKPEMNEHUMWU 3MIHHUMMU
(amB. (16.1.10)), YMM i NOACHIOETBLCA Ha3Ba.
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Mopsaaok po3B’A3aHHA Takun:
1) nepexodumo y piBHsHHI Y = f (X, Y) Ao AndepeHuUiansHOT hopmu:

dy _ 0100 [Wa(y) _ _
ooy = B0 . @623

2) dinumo niBy i npaBy 4YacTuHW piBHAHHA (16.2.3) Ha [obyTok
W5(Y) [po(X) HemoBOM ,3aiBuX” cniBMHOXHMKIB npu dx i dy (aki niakpec-

rneHi) 3a ymMoBM, Wo BiH He gopisHioe HyneBi (W, (Y) [P, (X) Z 0):

d(x) W(y)
—

$1(X) (W, (y) dx = O (x) [P1(y) dy — $1(x) dx = P1(y) dy —
W, (y) [§,(X) W, (y) [, (X) b,(x) Wo(y)

= ¢(x)dx =Y(y)dy — piBHSIHHA 3 BiZOKpEMNEHUMU 3MiHHUMU;

3) po3g’sa3yemo oTpumanHe [1P-183:
d(x)dx =y(y)dy = jd)(X)dX = j W(y)dy + C — 3aranbHwuii iHTerparn.

3ayeakeHHS.

HavnpocTiwi [P-1 i 3 BiQOKpeMSIEHMMM 3MIHHMMU € YAaCTKOBUMW BUNaa-
kamu [1P-183 (3a sikux ymog?);

po3B’a3ky, wo signosigatoTb ymosi W, (YY) [$,(X) =0, gocnigxytoTbes
OKpeMO; 1X Ha3MBalTb 0COBNIMBUMM PO3B’A3KaMU;

(Oo sikoro Tuny Hanexums AP-1 y' =c, ge C—Cconst?)

lpuknad. Poss’asatn 3agady Kowi ang aundepeHuianibHOro piBHAHHSA
y'cosy = xInxsiny, akwo y(€) =1/2.

AHarni3yemMo piBHSHHA 3 METOK YCTAHOBIIEHHS TOrO, 40 SIKOro TUMY BOHO
HanexuTb (Po3B’A3aBLUN BIAHOCHO MOXigHOI):

, _xInxsiny , _ xInx _ $(X)
=— = y' =xlInxltgy, abo y = =
cosy y o Y “ogy T w(y)

— [AP-183.

lNepexodumo po OP-1 i3 BigOKpeMNeHMU 3MIHHUMW U iIHMe2pyeMOo:

dy _ xInx

i< cgy = ctg ydy = xInxdx = [ctgydy =[xInxdx+C =
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= ‘ iHTerpan 3nisa (cnpaea) TabnuyHmn (bepeTbcsa YacTUHaMMn) ‘ =

- X° X° - X°
= In|sny|:7Inx+7+C = In|smy|:?(2Inx+1)+C

— 3ararnbHWUi iHTerpan piBHAHHA.

3Haxo0umo 3a NO4YaTKOBOK YMOBO 3Ha4yeHHs napameTtpa C (ansa ubo-
ro y po3s’sizok 3amicTb napu (X, y) niactaesnsemo napy (€,1/2)):

2 2
|n|sjn’—2T|:%(2|ne+1)+c - o:%3+c: C =-0,75¢%.

3anucyemo po3B’s3ok 3agadi Kowi: 4In|siny|= X2 (In X2 +1) - 3. o
(Po3g’sixximb K BrpaBy YaCTUHHWUW iHTerpan BiAHOCHO 3MIHHOT Y; OO0

AKoro Tuny cnig 6yno eidHecmu 3afaHe PIBHAHHA, SKLWO He 3acTOCOBYBaTU
dopmynu: siny/cosy =tgy; tgylctgy =17?)

3ayeaxeHHs1. FK i npu po3B’a3aHHi anrebpaiyHmx piBHSAHb, B3ATTI iHTer-
paniB Towo, Tak i npu po3e’asaHHi [AP-1 BUKOPUCTOBYOTb Memod 3aMmiHu
3MIHHOI, 3riAHO 3 AKUM:

88005IMb AOMNOMIXHY 3MiHHY (pyHKUi0), 3aBaskn yomy [1P-1 3BoauTbCA
[0 BinbL NPOCTOro piBHsAHHS abo OO PIBHAHHA BIGOMOro TUny;

pP0O36’513yt0Mmb PIBHSAHHSA BIQHOCHO HOBOT 3MiHHOI;

gepmarombcs 00 BUXIOHOT 3MIHHOT-CPYHKLIT.

3BigHumu fo [P-163 € piBHaHHS Y = f(X,Y), npaBa 4YacTuHa sKux —
chyHKLUiA Big NiHINHOT YHKUIT BIZHOCHO 3MiHHUX X i Y = Y(X):

y' = f(ax+by+c), ne a, b, ¢ —crani. (16.2.4)

HAincHo, BBegemMO B po3rnan HOBY (YHKUiO (BUKOHAEMO 3aMiHy):
2 = 2(x) =ax +by +c, Togi otpumaemo:

dy _ z=ax+by+c= z, =a+by, =
dx f(ax+by+c) = Y, =(Z —a)/b =
S B8 o Poprgra o k=B
b dx bf (z) +a
= IL +C — 3aranbHuit iHTerpan. (16.2.5)
bf (2) +a
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Micns po3B’A3aHHs PIBHAHHSA BiQHOCHO (byHKLUii z = z(X) BepTaemocb
[0 BUXiaHOT yHKLii Y = Y(X) .

IntocTpatusHui fpuknad. 3interpysatn AP-1 y' = —2/3(2x + 3y —1)2.

34iNCHIoYM HaBedeHi Kpoku, BignosigHo oo (16.2.5) maemo:

— T _ 52
= ¥ =(Z,-2)3 3 3 o aTHTE)E
dz 1. dz 1, |1+z
o o. = X——I -
21-2z7) 2 1-z

z2=2x+3y-1=12z, :2+3y;(:>‘ - Z, -2 -27°

C
+=.

=2(1-27° dx =
( ) = 2

dz
= —
X 1-7z2 4

Bepmaemocb 00 BUXIOHOI (PYHKUIT i ompuMyeMo 3araribHUN iHTerpan
3a4aHOro PiBHSAHHS:

1+z

1-2z

~InC = ce¥=_ X3y

C#0). e 16.2.6
(C>0) 2X+3y -2 ( ) ( )

4x =1n

5K erpaesy NoKaxiTb, WO 3aranbHUN PO3B’A30K PIBHAHHSA TaKUi:

2 1
=2l1-x+— L | (czo0).
Y 3[ Ce4x—1j ( )

16.3. OgHopigHi AncepeHUianbHi PiBHAHHA NepLIOro NOpsAaKy
Ta 3BiAHi 40 HUX

®yHkuis  f(X,y) HasuBaeTbcs ogHoOpiAHOK hyHKUiEd BuMipy M
BiQHOCHO X i Y, sikwo Ansa 6yab-akoro A, kpiM, Mmoxnveo, A =0, npu nig-
cTaHoBLUi 3amicTb napu (X,y) napu (AX,Ay) oTpumyemo pobytok f(X,y) 3i

ctenenem \":

f (A%, Ay) =A"f (X, y). (16.3.1)
Hanpuknad,
6 Y)=x2+2y2 =xy = fi(AAy) =N%(x% +2y° - xy)

— OAHOpIAHa PYHKUiA Opy2020 BUMIPY (2-BUMIpy) BIGHOCHO X i VY;
17



oY) = =Y o KAy = AKX Z30¢ (x y)

— ogHopigHa yHKUis Hybogozo Bumipy (0-Bumipy) BigHOCHO X i VY.

[o ogHopigHUX OYHKUIM N-BUMIpY HanexaTb OOHOPIAHI O4HOYNEHn i
OOHOPIOHI MHOrOYNeH N-ro creneHs BigHOCHO 3MiHHMX X i Y; iX BigHOLLEH-
HA € ogHopiaHow dyHkuieto O-Bumipy.

OpHopigHum audepeHuianbHUM piBHAHHAM 1-ro nopaaky (OAP-1)
HasuBaeTbea OP-1 y' = f(X,Y), npaBa YacTnHa SIKOro € OAHOPIAHO (PYHK-
L€ HYNMbOBOrO BUMIpPY BiAHOCHO X i Y (TOBTO nMpaBa YacTvHa Takoro piB-
HSIHHS HEe 3MIHIOETLCA MPK 3aMiHi X Ha AX, Y Ha AY):

y' =f(x,y) —=00P-1 = f(AX,Ay)=1T(X,Yy). (16.3.2)
YMoBa ,MpaBa YacTvHa PIBHSAAHHSA HE 3MIHIETLCS MPK 3aMiHi X Ha AX,
Yy —Ha AYy” € xapakmepucmu4Horo enacmueicmro O[1P-1.
Akuo noknactm A=1/X, To otpumaemo: f(AXAy)=Tf(1Ly/X); ue
O3Hayae, Lo npasBa YaCTUHa € Mo CyTi PYHKUiE BiAHOLWEHHS y/X.
Tomy o3HaueHHss O[1P-1 dopmyniotoTh we Tak: AP-1 y' = f(X,y), npa-

BY YaCTUHY SIKOr0 MOXHa nogatn K PyHKUit0 BiJHOLLIEHHS y/X, Ha3MBa€ETbCA
OOHOpPIAHUM:

V=t -omer = fxy=t(LY)=¢(Y)  asas

ae ¢ — 3aKoH 3arexHocTi NpaBol YaCTUHU PIBHAHHSA Bi BiHOLIEHHS y/X.

y

OAaHopigHi piBHAHHSA 3aMiHO 3MiHHOI: 1 = X 3BoasTbea ao [AP-1e3.

HaBegemo nopsaok po3B’a3aHHAa OLP-1:
1. BeoOumMO HOBY 3MIHHY-QOYHKLiI0 | 3HaX0O0UMO 3B’A30K MiXX MOXiZHUMMN
(andpepeHuianamun) HOBOI | BUXIAHOT (OYHKLIN:

t:¥ = y=tx = vy, =t [x+t,

ne t=t(x), 60 y=y(x).
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2. [Nlepexodumo y piBHAHHI [0 HOBOT QOYHKLUIT i p0O38’s3yEMO MOro:

Y=0(y/X) = ti[x+t=¢(t) = t' Ix=0(t)-t =
%,_J
W(t)
= ‘ 3anncyemo y nmpepeHuiaaniVl dopmi i BIJOKPEMITHOEMO 3MiHHI ‘ =

_Y() _ odx_ dt

= —X Yt) = vl 0 = ‘iHTeryCMO‘ =
= [yl o C = |n|x|:j%+|n\c\ (C#0) =
dt dt
_— W(t) P(t)
In‘c‘ ILP(t) e = x=Ce

— 3aranbHun iHTerpan (Y (t) # 0 Ha NPOMIXKY IHTErpyBaHHsl).
3. Bepmaemoch y po3B’A3Ky piBHsIHHA BigHocHO t =t(X) Amo BuxigHOI
3MiHHOI, 3amiHsiioun t BigHOLWEHHAM Y/ X.

Bid3Hayumo: 3a Takolo X cxemoto iHTerpytoteca O[1P-1, y skux 3miHHa
X po3rnagaeTbCs K PYHKLUIA 3MIHHOT Y, ane B AKOCTi HOBOI 3MiHHOT 6epeTb-

cat=xy:
X=¢(Xy): t=x/y = x=ty = x,=t,[y+t,
pe t=t(y), 60 x=x(y).

Mpuknad. 3iHTerpyBaTt 3agaHe piBHAHHSA: X — Yy =y + Xxy'.

[lepekoHaemocs (Nnepl 3a Bce!), Wo ue piBHAHHA ogHopigHe (ans Yoro
3BegemMo ioro ao surnsagy Yy = f(X,y) i nokaxemo, o npaBa YacTuHa €

oaHopiaHow dyHkuieto O-Bumipy):

X=Yy =y+xy = x-y=(x+y)y = y=-—2 =
X+y
_A(x-y) _ : . .
= F(AXAY) = AXTY) f (X, ¥) — ogHopigHa dyHkuis O-Bumipy.
amina t =2 pae (y=tx, y, =t, [x+t) = t'[X+t=1"L -
X PO X 1+t
2 _
o A1ty - _to+2a-1 %2——t+1 dt =
dx 1+t dx t+1 X t2 +2t -1



— /x| + Zinjt2+ 2t-1]= Inc = Inx*(t? + 2t -1) | = InC| =
2 (C#0)

= In‘ X2 (t2 +2t—1)‘:ln|C| = [t=y/x| = y*+2xy-x*=C.
OTpumanu 3arasnibHun iHTerpan piBHSAHHSA, Y YOMY Nerko nepekoHaTucs:

(y? +2xy =x%) =2yy +2(y+3y)=2x=0 = x=yy'=y+xy. ®

(Fk suansdamume po3B’A30K, AKIWO noknactn t = X/y, ne x = x(y) ?)
3ayeaxeHHs. IP-1 y' = f (X, y), 3agaHe B audepeHuianbHii opmi:

M (X, y)dx+ N(x,y)dy =0, (16.3.4)
e OOP-1, skwo M (X,Y), N(X,y) — oaHopiaHi dyHKLii ogHaKOBOro BUMIpY,
. M (X,Y) . . .
6o toai f(X,y)=- — ogHopigHa dyHkuis O-sumipy.
(X,Y) N(x, ) pinHa gy py

3rigHo 3 xapaktepuctudHoro BnactmsicTio OOP-1 (guB. (16.3.2)) nepe-
Bipky [P-1 Ha ogHOPIOHICTL TAaKOX MOXHa 34iIMCHIOBATU MPW 3aBAaHHi NOro B

nudbepeHLianbHii opmi (16.3.4), a came: sikwo M (AX,AY) =AM (X, y),
N(Ax,Ay) =A"N(X, y), To 3amiHa X Ha AX i ¥ Ha Ay NpuBOAWUTbL A0 BUXiA-
HOro PiIBHAHHS.
Mpuknad. NepesipuTn, 41 € piBHAHHS X°dX — 2xydy = 3xydx+4y2dy
OA4HOPIAHUM.
BuokpemntoemMo YneHu piBHaHHA 3 dXx i dy:
(x* = 3xy)dx - 2(xy +2y*)dy =0,

i nepesipsieMo, Ui 3a40BOSNbHSETLCA XapaKTepPMUCTMYHA BNAaCTMBICTb:

X o AX
y o Ay
= (x2 —3xy)dx—2(xy+2y2)dy:0 = O[P-1. e

= N[(x? - 3xy)dx—2(xy +2y?)dy] =0 =

(Cripobylime 3pobuTn BIANOBIAHMI BUCHOBOK 6e3 ¢hopmanbHoro Bu-
knagy.)
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3eioHumu no OfP-1 € piBHaHHA Y' = f (X, y), npaBa yacTvHa siKUX —

dPYHKLUIA BiOHOWEHHS NiHINHWUX OYHKUIA BIQHOCHO 3MiHHUX X i Y

yr:Q: f(alx-l_b_l.y_FO_L

dx 32X+b2y+02j,ﬂ'e g, b, ¢,1=12—crani. (16.3.5)

Mpu ¢, =C, =0 BoHO Gyae oaHOPIAHUM (YOMY?), Y NPOTUBHOMY BUNaA-

Ky BMKOHYIOTb 3aMiHy: {x:u+m, Ae U, U — HOBIi 3MiHHI, M, N — HeBIgOMI
y=ov+n,
cTani.
Crtani nigbupatoTbcs Tak, Wwob NiHiMHI PyHKUiT BIQHOCHO HOBUX 3MIHHMX
U, 0 He MICTUINK BiNlbHNX YNEHIB.
BusHaummo ymoBu, 3a skux Us obCcTaBMHa MaTume Micue, Ans 4oro

30iNCHMMO Y ApPOOOBO-MiHIMHIN YHKUIT Nnepexig 40 HOBUX 3MiIHHUX:

X=u+m
y=ov+n

gutm+b(v+n)+c _ autbo+(gm+bn+c)
B (u+m)+hy(v+n)+c, au+bu+(am+bn+cy)

3Ha4yeHHs napamMeTpiB M i N NOBUHHI 3a0BOSIbHATU CUCTEMY PIBHSAHb:

{qm+Qn+q:O,

a b
0.
a,m+b,n+c, =0, 0

a b

Mpn BMKOHaHHI 3a3Ha4YeHUX ymoB, ypaxoBytoun, wo dx =du, dy =do,

slka cyMicHa i BU3HayeHa, akwo A =

OTPUMAEMO:
., do a,u+bo . .
v, =—=1f & — O[P-1 BigHOCHO 3MiHHUX U, 7. (16.3.6)
du a,u +b,v

Axwo A =ab, —ba, =0, 1o (16.3.5) nigcTaHoBkolo Z=aX+Dby (abo

Z=a,X+b,Y) 3Boautbes go [IP-183 (nepekoHalimecs).

_ , [ x=y+1
[lpuknad. 3BeCTu piBHAHHA Y = |————— po OOP-1.
X+y-5

Cknadaemo BU3HA4YHWK i3 KoedilieHTiB Npyn 3MiHHUX X i Y, i obyucrio-
emo noro: A =gb, —ba, =1[1+1[1=2#0.
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Po3e’si3yemo cuctemy niHINHUX PiBHAHb BIQHOCHO napameTpiB M, N
(ns BU3HAYEHHA hopMyI nepexony 40 HOBUX 3MIHHUX):

= (X=Uu+2, y=0v+3),

m-n+1=0, m=2,
m+n-5=0 = n=3

i BignosigHo Ao (16.3.6) oTpMMaemo:

, _do u-o 1-o/u . :
v, = :\/ = / — O[lP-1 BigHOCHO 3MiHHMX U, V. ® (16.3.7)
du Vu+ov V\1l+o/u

16.4. JliHinHi andepeHUianbHi PIBHAHHA NepLUOro NopaaKy
i piBHAHHA BepHynni

NMiHinunm pudpepeHuianbHUM piBHAHHAM 1-ro nopsaaky (JIOP-1) Ha-
avBaeTbes piBHAHHA Y = f(X,Yy), npaBa yacTuHa AKoro € NiHiHOW (hyHKL-

€10 Big HeBigoMoi yHkuUii Yy = y(X):
y'=f(x,y) -NOP-1 = f(X,Yy) — niniiiHa cyHKuUiA BiO Y. (16.4.1)

3Baxatoum Ha Te, wo B (16.4.1) i Yy, i Y BXoAATb y NepioMy CTeMeHi,
KaxyTb: JIOP-1 — ue piBHAHHSA, MiHINHE BIHOCHO HeBIAOMOT OYHKUIT Ta Ti no-
XigHoI, i y cumBonax 3o06paxatoTb Tak:

y+P(X)[y =Q(X), (16.4.2)

ne P(x) i Q(x) — Bigomi doyHKuUiT.
Axkwo P(x) i Q(x) HenepepsHi Ha geskomy iHTepeani (a,b), To pis-
HAHHA (16.4.2) 3a40BOJSIbHSE YMOBMW ICHYBaHHSA i €OWHOCTI PO3B’A3KYy (AMB.

Teopemy 16.1.1). incHo, noro npasa 4YacTuHa i 1l YaCTMHHA NoxigHa 3a 3MiH-
HOK Y € HenepepBHUMU PYHKLIAMMU:

y=Q)-P(X)LyL fy= -P(x) = [o(X): (%)= f (X0, Yo)-
ST N
f (x, y)OC(D) P(X)CIC(D)

Po3pi3HioloTe ABa BUAM PiBHSHb TAkoro Tuny: skwo gyHkuis Q(X) € To-
TOXHUM Hynem (He € TOTOXHUM Hyrem) Ha Oesikomy iHTepsani (a,b), To
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NAP-1 HasnBaeTbCca ogHOpiAHUMM, ab0 pPiBHAHHAM 0e3 nNpaBoOi YaCTUHMU
(HeogHOpPiIAHMM, ab0 PiBHAHHAM i3 NPaBOK YaCTUHOW)):

Q(x)=0: y+P(x)[y=0 —oagHopigHe piBHsHHA (ONOP-1);
Q(x)z20: y'+P(x)[y=Q(X) — HeoaHopigHe piBHsiHHA (HNOP-1).

Bucsitnmmo agBa nigxogn go iHterpyBaHHa JIOP-1. metoa BepHynni
(3a iM’saiM wBeKnLapcbkoro matemaTuka Akoba bepHynni (1654 — 1705 pp.)) i
mMeTtop JlarpaHxa.

I. Memod donomixkHux ¢pyHkuiti (Memod BepHynni). CyTb MmeToay:

HeBigomy dyHkuito Y = y(X) BigwykyoTb y BUrnsai 4obyTky aBox (go-
MOMDKHMX) AndpepeHLinoBHMX dyHKUin: U=U(X) i v = v(X);

ofHa 3 HUX BUBUpaeTbCs crelianbHUM YMHOM (i3 METO CMPOLLEHHS Pi-
BHSIHHS), @ Apyra Tak, Wwob IxHin 4o0yTOK 3a40BOMbHAB 3aaHe PiBHAHHS.

[MokaxkeMo peanisauito Takoro nigxoay y saranbHOMY BUMMSA:

1. Moknadaemo Y =Uv, 3HaxoOumo noxigHy Y' sk noxiaHy AOGYTKy:

y' =u'v+v'u, i nidcmaensemo Bupasn ana y i y' y sagaHe piBHSAHHS:

Y =Uo

V' = U+ 0 = Uv+0o'u+P(X)uv =Q(X).

y+P(X)ly=Q(x) = ‘

2. [pynyemo y niBin YacTUHI OTPUMAHOro PIBHSHHA ABa AOAAHKW 3i Crii-
NBbHUM MHOXHWKOM (Hanpuknag, 2-m i 3-1), BUHOCUMO MHOXHWK 3a OYXKN:

uv+u(o' +P(x)v)=Q(x),

i subupaemo ogHy 3 OONOMIKHUX (PYHKUIN Tak, wob BoHa 3abe3nedvyBana pis-
HiCTb HyneBi BMpasy Yy ayxkax (y uboMmy i nonarae cneuianbHuim BubGip):

0'+P(X)v=0 (A),

Toai Apyra dyHKuis (y Hac ue U =U(X)) noBrMHHa 3a40BONbHATM YMOBY (Ha
AKin nidcmasi?):

uv=Q(x) (B).

3. IHmeepyemo no yepsi piBHAHHSA (A), (B), AKi € pIBHAHHAMMK 3 BigOKpe-
MAOBAHUMM 3MIHHUMUW, NPU LbOMY 6epeTbCcst YacTUHHUIA po3B’a3ok (A) i 3a-
ranbsHUn po3e’'sa3ok (b), i 3anucyemo y =Uv.
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A): 0 +P(X)0=0 = %:—P(x)v N d—;:—P(x)dx_uP-lg;

3Haxo4MMO YaCTUMHHWUIA PO3B’'sI30K, Gepyun aosinbHy ctany C pieHoto
HyreBi:

———jP(x)dx = Injo|=-[P()dx = v=0(x)=e P

(B): Uv=Q(X) = %v:Q(x) N duz%dx _OP-1e3 =
= [du= je[ POZQ(x)dx = u=u(x) = je[ PO (xydx + C.
3aranbHuii poss’i3oK Mae BUFNS:

y =ou=e PO [PO%Q(x)dx+C ). (16.4.3)

Ha npakTtuui, npu po3B’a3aHHi Npuknagis i 3agad, 3BMY4anHO HE KOpUC-
TytoTbCA (16.4.3) SK roTOBOK (POPMYIOKD, a peani3oBylTb YCi TPU ONUCaHi
BULLIE KPOKMW.

MMpuknad. 3HanTK 3aranbHWN PO3B’A30K PIBHSAHHS: X —1=Yy + Xy'.

AHaniayemMo piBHSHHA, MepeKkoHYeEMOCS, WO BOHO € JiHINHUM, i rnpueo-
oumo po (cmaHdapmHozo) surnagy (16.4.2):

X=1l=y+xy = y+= Ey—— (x#0).

30INCHIOEMO NaHLUKOXKOM OnncaHi Kpoku 1, 2, 3:

(y:UZ) = y':u'v+v'u) = u'v+(v'u+%l_—mv):XT_l —

x-1 :{v'w/x:o (A).

I I 1 —_—
= Uvru(o +3 )= uv=(x-1)/x ()’

L0 = do__ov _ dv__dXx dv _ _pdx
(A).v+v/X—0:>&— = o X = U_'[X
= Ino|=-Inx = Info|=INx" =

= v =1/X (BUGMPAEMO HANMPOCTILLNN YACTUHHMIA PO3B’A30K);
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(B): Uv=(x-1)/x = %D}Z:XT_l = du=(x-)dx =

= j'du:j'(x—l)dx+C = u:%+c.

3aranbHui po3B’s30K PIBHAHHA: Y = U = (% (x—l)2 + C) G]:X °

(lepekoHalimecsi y NnpaBUIIbHOCTI OTPMMAHOro pesyrnbTary.)

Il. MemoOd eapiauii dosinbHoi cmanoi (Memod JlaepaHxa). CyTb Me-
ToAy: HeBigomy dyHkuito Y =Yy(X) BigwykyloTb Yy BWUMsSAi 3aranbHOro
PO3B’'A3KY oAHopigHoro piBHAHHS Y + P(X)[y =0 3a ymoBu, WO AoBifnbHa
ctana C e pyHKUi€l Big 3MiHHOT X.

Peanisyemo uen nigxig y 3aranbHOMY BUMMA4i, AnS piBHAHHSA (16.4.2):

1. Po3e’si3yeMo oHopiaHe PiBHSAHHSA, BiANoBigHE 3a4aHOMY PIBHAHHIO 3
NPaBOI YaCTUHOIO:

y+P(X)ly=0 = %=—P(X)@ = d—;/:_P(X)dX =

= Id_;/:_fp(x)dXJfC = Inly|==[P(x)dx+In|C| = In
(C#0)

%‘:—jP(x)dx N

= y=C E_I POJdx _ 3aranbHUN PO3B’A30K OQHOPIAHOMO PIBHAHHS.

2. Noknadaemo C =C(X) — BapitoemMo OOBiNbHY cTany — i 3HaxoaMMO

dyHkuito C(X) 3a ymosu, wo Yy = C(X) e/ POJdx ¢ po3B’a3kom (16.4.2):

y= C(X) @_I P(x)dx N yr - C’(X) @‘I P(x)dx + C(x)(e_I P(X)dx) N
- y =C'(X) e/ POJax _ C(x)e_f P(x)de(X);
niocmaensemo Bupasn ons Yy i Yy y BuxigHe piBHsHHA (16.4.2)
(Y +P(X)y=Q(x)):
CI(X) @‘I P(x)ldx _ C(x)e_j P(X)[de(X) + P(X)C(X) E_I P(x)dx _ Qx) =

= C'(x) PO -q(x) = C'(x)=e/PP&Q(x) =
= C(x)=[ePP*Q(x)dx+C, pe OCOR.
25



Taknum YmHowm,
y=y(x)= (je[ POIQ(x) dx + 6) g 1POIax (16.4.4)

(Bicmaseme copmyny (16.4.4) 3 (16.4.3) i 3pobiTb BiANOBIgHWUA BUCHO-
BOK).

Biomimumo:

po3B’azaHHA OJI[P-1 piBHOCUINbHE PO3B’A3aHHIO PIBHAHHA (A) y MeToAai
BepHynni (y YoMy X TOAi rnosisieae NpUHLMNOBA BiAMIHHICTb MeToAiB?);

y okpemux Bunagkax [OP-1, HeniHiiHe BigHOCHO Y, V', Moxe ByTu ni-

HIMHUM BiHOCHO X, X', SIKWLO X po3rnsaaTty sk oyHKuio Big Y: X = X(Y).
Hanpuknad,

Y= 1

=— — x’:y3—xy — x'+xy:y3—J'I,£l,P-1Bi,u,HOCHo X, X.
y —xy

PiBHAHHAM BepHynni Ha3uBatoTb [P-1 Burnagy:

y+P(X)=Q(x) 3" (n0{0,1}). (16.4.5)
BoHo € y3aranbHeHHaM JIOP-1 i 3aMiHOO 3MIHHOI 3BOANTLCA 4O HbOTO.
[MokaxkeMo, sk Lue pobutbcs:

1. lodinumo niBy i NpaBy YaCTUHU PIBHAHHA Ha yn, noknagatoun y #0
(y =0 € TpuBianbHUM po3B’siskom (16.4.5)):

yy "+ P(X) 3" =Q(x), (16.4.6)

2. BukoHaemo 3amiHy 3MiHHOI: t = yl_n, ne t =t(x) — anoxeHa dyHk-
uis, agxe y = y(Xx).
3a npaBurioMm AudepeHLUitoBaHHA CKnageHol @yHKUiT ans noxigHol
dt/dx otpumaemo: t'=(1-n)y "y, ssigkn y "y =t'/(1-n), Toni (16.4.6)
Habyae Burnagy:
t'
1-n

+P(X)E=Q(X) = t'+(1-n)P(X)[t=(L-nQ(X) —

niHiHe audepeHujianbHe piBHAHHSA BigHOCcHO t, t'.
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3. IHmeepyemo oTpMaHe PIBHAHHA | 6epmaemMoch A0 3MiHHOI Y :

t=y'™" = y=t/@M a60 y=

”‘]\3-;/{ , akwo NLIN Ct=t(x) > 0.
(Posmipkytime, i3 SIKMX MipKyBaHb Ha N Haknadatombcsi 0BMeXeHHs
n#0, n#1?)
3ayeakeHHS.
piBHAHHA BepHynni MoXxHa poss’adysaTtu, sk i JIAP-1, metogom pono-
MiDKHMX dYHKLUiIn abo meTogom JlarpaHxa 6e3 3amMiHK 3MiHHOT;
y3ararnbHEHHSAM HesiHIMHOro piBHAHHSA BUrNaay (16.4.6) € piBHAHHS

Ry (Y) Lyx + P(X) [R(y) =Q(X), (16.4.7)
ne R(y) - dyHkuisa Bin y=Yy(X), sike 3Bogutbca go JIAP-1 3amiHoto
t=R(y):

ty =Ry lyy = t'+P(x)[t=Q(x) - NAP-1 sigHocHo t, t'.

Mpuknad. Ons 3agadoro OP-1 X=(y+Y) [y‘z 3HAWTW iHTerpanbHy
KpUBY, SIKi HanexuTb Touka (1,1).

YcmaHo8uUMO TUN PIBHSAHHA (ANA YOro PO3B’SHXEMO MOro BiAHOCHO V' i
npoaHanisyemo npaBy YacTuUHY OTPUMAaHOT PiIBHOCTI):

_ ! -2 I 2 - 2
X=(y+y)ly = = y=xy"-y = f(xy)=xy -y.
®yHkuis (X,Y) He npunyckae BigOKPEMMEHHS 3MiHHUX (YoMy?), TOMY
ue [P-1 He € piBHAHHAM i3 BIJOKpPEMITIOBAHUMW 3MIHHUMW; HE € OOHOPIAHOO

0-sumipy, 60 f(AX, Ay) £ f(X,Y); He € NiHIiHOW0, OCKINbKMU MiCTUTb y2.
3apaHe [OP-1 MoxHa BigHecTM i OO0 PpiBHAHHA BepHynni 3 N=2,

P(x) =1, Q(X) =X, i o ioro y3saranbHeHHs1 (16.4.7) 3 R(y) = —y_:L (nepe-
KoHaumecs).

3eedemo Yy +1[y = X[y2 — piBHAHHA BepHynni — 4o niHiHOro BigHOC-

Ho t, t' 3amiHoO t = yl_n, e N=2,to6tot = y_l, Togi ty = —y‘zy’x:

Y A1y =x02 = yy2+10 7 =x = t' -t = -x —NAP-1.
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Pose’'sixxemo J1OP-1 metogom Jlarpanxa (Hagedime KoMeHTap):

HNt-t=0= dt_y _, dt_

dt _ —
i T o= T—jdx+C = In[t|=x+In/C| =

(C0)

= In‘%‘: X = t=Ce" (kyav nodiecs Mopynb?) — 3aranbHUi PO3B'S30K
ongpe-1;

2) C=C(x): (t=C(x)e" = t'=C'(x)e* +C(X)€) = [t' ~t=—X| =

= C'(x)e* =-x = C'(x) = -xe * = [C'(x)dx =] xe Xdx+C =

= C(X)=(x+1)e ¥ +C = t=C(x)e*=[(x+De *+Cle* =

= t=(x+] +Ce* — saranbHmii po3s’saizok HIOQP-1 BiAHOCHO 3MiHHOT
t, ne 6 — JoBinbHa cTana;

y= ti= (x+1+ (Sex)_1 — 3aranbHWin PO3B’A30K 3a4aHOM0 PIBHSAHHS;

3) po3e’sa3yemo 3agavy Kouwi:

y=(x+1+Ce) ! = %=y =1 = 1=(1+1+Ce) ! =

~C=-€¢'> y=(x+1-e%) 1 =5 y =]/(X+1—ex_1) — piBHSIH-
HS1 iIHTerpanbHOT KPMBOI, Lo NpoxoauTb Yepesd Touky (1,1). @

3ayeakeHHs1. binbw cknagHum Bunagkom [P-1, 9ke 3BoauTbCA OO0
po3B’azaHHA JI[IP-1, € piBHAHHA JlarpaHXxa:

y=xo(y) +p(y),
e d(y), W(y') - sigomi, andepeHuinosHi 3a y', dyHKUii,
BeoasTh 3amiHy: y' = p, NoTiM AndepeHLilooTb NiBy i NpaBy YacTUHU

PIBHAHHSA, | pO3B’'A3YI0Tb MiHINHE BIOQHOCHO X AK pyHKuil Big P J1OP-1, oTpu-
MYIOYW 3aranbHUM PO3B’A30K Y napamMeTpudHin opmi:

x=X(p,C), y=x(p.C)o(p)+W(p),
Ae P— napameTp.
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Y 1abn. 16.4.1 HaBeaeHO XapaKTEPUCTUYHI BNACTUBOCTI, 3@ SAKUMN MOX-
Ha po3ni3HaTy eski (3 NeEBHOI TOYKM 30pY — OCHOBHI) Tunu [P-1.

Tabnuusa 16.4.1

PosnisHaHHsa Tuny [IP-1 Y = f (X, y) 3a iioro npaBoo 4acTuHOIO

Ne Ha3sga XapakTtepuctuyHa BrnacTmuBiCTb —
n/n i CUMBORIYHWIA 3anuc npaea yactuHa f(X,Y):
1 HaWNpPOCTILLi: PYHKLUISA TiNbKK Big 3MiHHOT X
y' = f(X) (y' = f(y)) (3MiHHOT YY)

3 BiJOKpEeMNOBaHUMMN 3MIHHUMMU: _ 5 & o
BiAHOLLUEHHS AOBYTKY 3 PYHKLIN TiNbKK

2 ,_ 0109 [Ww2(y) OV BT A0 OYTHY 3 (YR T
BiJ 3MIHHOI X i TiMbKM Big 3MiHHOT Y

d(y) B2(%)
OAHOPIAHi: byHKLis BiAHOWEHHS Y/ X, sikwo Y = Y(X) ;
3 Y =0(y/X); X =0 (Xy) abo BigHowweHHa X/ Y, akwo X = X(Y)
NiHINHI:
4 y +P(X) [y =Q(x) niHiNHa OYHKUiA BIGHOCHO 3MiHHOT Y

(y'=-P(X) [y +Q(x))

y MOBHMX AucpepeHLianax: BiAHOLLEHHS (PYHKUiN, SIKi 3a00BOSTbHAIOTb
5 __M(xy)

y' = _m YMOBY: |V|'y(X, y) = Nx(X, )

16.5. OudbepeHuianbHi piBHAHHA Y NOBHUX audepeHuianax
Ta 3BiAHi 40 HMX

O3Ha4yeHHSs, 3a2anibHUl iHmeapasn, Kpumepiu
noeHoz2o0 dughepeHuiana

Harapaemo (auB. 4. 2, n. 13.2), WO NOBHUM AudpepeHuianom dyHKUiT
LBOX 3MiHHMX U =U(X,Y) HasuBalTb CyMy OOOYTKIB YACTUHHWUX MOXIOHWX i3

andpepeHuianamm HesanexHnx 3aMiHHUX, i 3a yMoBU audepeHUiMoOBHOCTI Yac-
TMHHMX NOXIOHMX MilLaHi NOXigHI ApYroro NOpsAKy piBHI Mixx coboto:

_odu . ou 0%u _ 0°u
AU = g% X ay dy. oxdy  Oyox
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AndepeHuianbHe piBHAHHA NepLUOro nopsagky
M (x,y)dx+ N(x,y)dy =0 (16.5.2)

3 HenepepBHUMU B desikin obnacti D dyHkuismm M (X,y), N(X,y) HasuBa-
l0Tb PiBHAHHAM Y noBHUX audepeHuianax (AP-1nd), saKkwo icHye dyHKUis
OBOX 3MiHHMX U(X,Y), (X,y)OD, Taka, wo niBa 4actuHa piBHAHHA € i
NOBHUM AudbepeHLianom:

M (X, y)dx + N(x, y)dy =du(x,y). (16.5.3)

IHakwe, piBHAHHSA (16.5.2) Ha3MBalOTb PIBHAHHAM Yy NOBHUX AUdepeH-
wianax, siKLO MHOXHMKM npu dX i npu dy € YaCTUHHMMM NOXIAHUMW OEAKOT

byHkUiT U(X, y):
M (%, y)dx+ N(x,y)dy =0 - OP-1n0 =

= (M (X, y) = U;(, N(X, y) = u’y) (16.5.4)

[P-1r10 3a40BOSIbHAE YMOBM iICHYBAHHS | €QMHOCTI PO3B’A3KYy (OMB. Teo-
pemy 16.1.1) B obnacti D, y skinn pyHkuii M (X,Y), N(X,y) HenepepsHi, Ao

Toro N(X,y) B xogaHii Touui He ctae Hynem: N(X,y) =uy (X, y) # 0.

Lle Bunnueae, 3okpema, 3 aHanisy nofaHHsi PiBHSHHSA yepe3 Y':

y' ==M(x,¥y)/N(X,y). (16.5.5)

(Hasedimb BigNOBIOHI MipKYBaHHSA.)
[puknadom pIBHAHHSA Yy MOBHUX AndepeHLianax € piBHAHHSA 3 BiJOKpeM-
NEeHUMMN 3MIHHUMW:

o)

d(x)dx = Y(y)dy, abo p(x)dx +(-Y(y))dy =0, abo Yy = Wy

dyHkuis u(X,y) mae Burnag;

u=u(xy)=[o(x)dx—[w(y)dy+C.
[incHo, 3a BrnactmeicTo noxigHol Big HI 3a 3MiHHOO iHTerpyBaHHs (3a X
i 3a y) otpumyemo: Uy =§(X), Uy =-Y(y).
®yHKuUia U =Uu(X, y) oae amMory BUsHaumTK 3aransHui iHterpan OP-110.
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Teopema 16.5.1 (npo 3acanbHult iHmezpan [JP-1nd). 3aranbHUn iHTer-
pas piBHAHHS y NOBHUX AndpepeHuianax onucyeTbCA PIiBHICTIO:

u(x,y) =C, (16.5.6)
ne y=Yy(x), C — posinsHa crana (LUCR).

L oeedeHHSTrpyHTYETLCA HA O3HAYEHHI 3aranbHOro iHTerpana.

1. 3Hangemo noBsHi gudepeHuianu niBoi i npasoi YacTuH (16.5.6). Ypa-
xoBytouu, wo C, = C;, =0, otpumyemo: du(x,y) =dC =0. Lle o3Havae, wWwo
sike 6 He 6yno C, dyHkuia y = y(X) 3agoBonbHsie piBHicTb du(x,y) =0, a

3HauuTb i PiBHAHHA (16.5.3). TakMm YMHOM, nNepLla ymoBa O3HaYeHHS 3ararb-
HOro iHTerpana BUKOHYETLCS.

2. Akwo 3apaHa novatkoBa ymosa: Y(Xg) =Yg, T06T0 Touka (Xg, Yo).

TO 3a Helo Nerko 3HanTu BianoBiaHe 3HaveHHsi napameTpa C: C =u(Xy, Vo),

| TOAOi PIBHICTb
u(x, y) =u(xXo, ¥o) (16.5.7)

y Byab-akin Touui (X, Yo)UD (3a ymosu: N(Xg, Yo) =Uy (%o, Yo) #0) BusHa-
4ae YaCTUHHWI iHTerpan PiBHSIHHA SIK HesiBHE 3aBAaHHsA pyHkuUii Yy =Yy(X) —
pO3B’A3KY 3agadi Kowi. m

CTocoBHO po3B’a3aHHA [P-110 noctalTb NUTaAHHA: K cepen PidHUX
AP-1 posnisHatu piBHAHHA Y NOBHUX AudoepeHuianax i gk 3a (yHKuiaMu
M (X, y) =uy i N(X,Y) = Uy BigHoBUTM dyHKuilo U(X, y) ANA OTPUMaHHS 3a-
ranbHOro iHTerpana?

Bignosiab Ha Ui nnTaHHA gae Teopema 16.5.2.

Teopema 16.5.2 (kpumepiti nogHo2o OughepeHyiana). Ona Toro, wob
Bupaz M (X, y)dx + N(x, y)dy 6yB noBHum gudepeHuianom aeskoi dyHKuii
u(x,y), HeobxigHo i gocTaTHbO WO6 y po3rnaaysaHin obnacti D dyHkuii
M(X,y), N(X,y) 6ynu HenepepBHUMU, Manu HenepepBHi YaCTUHHI NOXiaHi

My, Ny, i BukoHysanacs ymosa: My = N}, To670:

M (%, y)dx+ N(x,y)dy =du(x,y) = M
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Heob6xidHicmb (=). Hexan BukoHyeTbCs (16.5.3):
M (x, y)dx + N(x, y)dy = du(x, y).

Toai cnpaseanuei pisHocTi: Uy = M (X, Y), Uy = N(X,Y).

3audepeHuitoemMo Ui pIBHOCTI BIgNOBIAHO 3a Y i3a X:
Uy =My, Uy =Ny

3a YMOBOI TEOpeMU YaCTUHHI NOXiaHi M;, i Ny € HenepepBHUMU (DYH-
KUisIMM, TOMY MillaHi noxigHi 2-ro nopsiaky ans u(X, y) pisHi Mixk coboto B ycix

Toykax obnacti D (aus. (16.5.1)). Ha wiin ninctasi Maemo:

U, = U.

Xy yX:>MyENX.

Aocmam#nicmbs (1) Hexait BukoHyeTses ymosa: My = N,.

Mokaxxemo icHyBaHHs1 doyHKUIT U(X, y) Takoi, Wo niBa YacTuHa PiBHAHHS
€ 1l noBHMM andbepeHuianom, TobTo:

Uy =M (X y), uy=N(xY).

Ansa yboro 3anyynmo (6e3 BuBegeHHs1) hopmyny JlenbHiya ana gudge-
PEeHLitoBaHHA BU3HAYEHUX iIHTerpanis, 3anexHux Big napameTpa o :

d|® ;
ﬁ{j f(x,a)dx} = [ fq (x,0)dx, (16.5.9)
a a

To6TO noxigHa Bl 3a napameTpom gopisHioe Bl Big noxigHoT nigiHTerpanbHol
JYHKLUIT 3a UMM NapamMeTpoM.
3adpikcyemo B obnacti D icHyBaHHs i eguHocTi po3s’sasky [AP-1r10 ne-
Ky Touky (Xg, Yo) i BUGepemo iHwy, AoBinbHY, Touky (X,y) O D.
IHTerpyBaHHsIM piBHOCTI Uy = M (X, Y) Ha npomixky [Xg, X] 3a 3MiHHOI0
X BiQHOBMIOEMO OfiHOMApaMeTpUYHy ciM'to dyHKUin U(X,y), Ae B poni napa-

MeTpa MOoXe BUCTynaTu AosinbHa dyHkuis Big Y: ¢(y), 60 ¢\ (y) =0:

u(x, y) = [M(x, y)dx+o(y). (16.5.10)

X0
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MinBepemo dyrkuio ¢(y) Tak, wob sukoHysanacs ymosa: My = N,.

Ansa uboro gndepeHuiroemo (16.5.10) 3a 3amiHHOWO Y, 3anyyatoum (16.5.9):

I

Uy :[IM (X, Y)dX+¢(Y)] y= [My(x y)dx+d',(y).

X0 X0

Migcrasnsemo samicte My, noxigHy N, i ypaxoByemo, L0 uy =N(Xxy):

N(x, y) = [N (X, y)dx+¢'(y).

X0

[HTErpyEMO 1 OTPMMYEMO:
N(X, y) = N(Xy) =N, ¥) +¢'(y) = ¢'(y) =N(xo.Y).

BigHoBntoemo dyHkuito §(y) iHTerpyBaHHsM N(Xg,Y) Ha npomixky

[ Yo, Y] 3a 3miHHOO VY

y
o(y) = [N(xg, y)dy+Cy.
Yo

OTxe, WyKaHa yHKUiA Mae BUrnaa;:

X y
u(x,y) = [M(x, y)dx+ [N(xo,y)dy+C;. m (16.5.11)

X0 Yo

(lepekoHalimecsi B NpaBUNbHOCTI UieT dopmynu 6e3nocepeaHboro ne-
PEBIPKOIO.)

BuBeneHa dyHkuis U(X,Y) € dyHkuieto, audepeHuian skoi JOpPIBHIOE
niBiN YacTuHi piBHAHHA (16.5.3), oTxxe 3a Teopemoto 16.5.1 3aranbHUm iHTEr-
pan OP-1r10 mae surnsaa;

X y
[M(x, y)dx+ [N(xo, y)dy=C. (16.5.12)
X0 Yo

(Kyan nodinacs crana C;?)
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[Mpn pos3e’asaHHi [OP-110 MoOXHa KOpUCTyBaTUCS CNiBBIOHOLEHHAM
(16.5.12) sk roToBolO popmyrnow (NpoTe crif po3pi3HioBaTH, 3a CMMUCIIOM,
3MiHHI iHTerpyBaHHs — X, Y — i 3MiHHi BEpPXHi MeXi iHTerpyBaHHs).

lpuknad. Po3e’asatn 3agadvy Kouwi:
(8x+ y)dx+xdy =0, y() =-0,5.

YcmaHoentoemo Tvn piBHAHHSA. 3 ogHoro 60Ky, Lie ogHOopiaHe PiIBHAHHS,
anpke Yy =-3-— y/X (amB. (16.3.3)), 3 iHWOro — PiBHAHHA Yy MOBHUX AuUdepeH-
uianax, 6o M;, =Ny=1,0e M =3x+y, N=x.

Ckopuctyemocs rotosoro popmyrnoto (16.5.12):

X
3x° 3
:—2 +yX——X2O — Y%,

X0

)f(M (x, y)dx = T(3x+ y)dx = (3—)2(2 + ny

X0 X0

y y
IN(x0, Y)Y = [ xody = XY = Xo(Y = Yo)-
Yo Yo
Takum YNHOM, MaeEMO 3arasibHUM iHTerpan 3afaHoro PiBHAHHS:

1,52 + xy+(—L5x§ —X%oYp) =C, abo 1,5x% + xy =C.
o

fOiicHo, U(X,y) =15x%+xy = (Uy =3X+Y, uy =X) (kyan 3HoBy

nodinocs C;?).
3a no4aTKoBOK YMOBOK 3HaxoAuMo 3HadeHHsa ctanoi C i sanucyemo
YACTUHHWUI IHTerparsn Ta 4YaCTUHHUN PO3B’A30K:

(x=4,y=-05 = C=1=> L5x2+xy:1 = y:x_l—LSX.o

3ayeaxeHHs. B sikocTi Toukn (Xg,Yg) MoxHa 6paTn Gyap-sKy TOUKY 3

obnacTti D icHyBaHHS i eguHOCTI po3B’asky [1P-1/10, Le Hisik He BNrvHe Ha oc-
TaToOYHUM pe3ynbTaT — BUpas 3arasnibHoro iHTerpana.

(O6mipKytme, TOYKM 3 AKUMMK KOOpAMHATaMU HE MOXYTb BYTU HVKHIMK
MeXxamu iHTerpyBaHHA B (16.5.12) y po3rnsHyToMy npuknagi.)
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3eidHi 00 pieHsIHb y Nos8HuUX dughepeHuyianax [P-1

3BeaeHNM [0 PiBHSAHHS Y NOBHUX AudepeHuianax moxe 6ytn 6yab-sike
OP-1 surnagy M (X, y)dx+ N(x,y)dy =0, y skoro niBa 4yacTuHa He € NOBHUM

oudepeHuianom, 3a yMOBW, WO iCHye Taka dyHkuis U =[(X,Yy), nicna mMHo-
XEHHSA Ha sKy 000X YaCTUH PIBHSAHHSA Y MBI YaCTUHI OTPMMAEMO NOBHUIN Ou-
cbepeHuian dyHkuUii ABOX 3MiHHUX U = U(X, Y):

H(X YIM (X, y)dx +p(x, y)N(X, y)dy = du(x, y), (16.5.13)
OS5 SKOI crnpasesivBi PiIBHOCTI:
Uy =H(X, YIM (X, Y), uy =X YIN(X,Y).

®yHkuis H=u(X,Y) Taka, wo Bupas UM dx +uNdy € noBHum aude-
peHLUianomM aesikoi yHkuii U=U(X,Yy), Ha3MBa€eTbCsl iHTErpyBaribHUM MHOX-
Hukom (IM) pisHsHHs Mdx+ Ndy=0:

H=H(X,y) = IM Mdx+Ndy=0 = pMdx+puNdy=du. (16.5.14)

YMoBMU, AKi NOBMHEH 3a0BONbHATU IM, 3Hangemo Ha nigcrasi KpUTepito
noBHoro andpepeHuiana (16.5.8):

(UM)y = (UN)y = PyM +uM} =N +pNy =
= [n#0[ = M%u’y—N%u’X:N'X—M'y =
= M(nw)y - N(Inp)y =Ny -My. (16.5.15)

BucHoeok. BigwykaHHsa IM notpebye po3s’a3aHHA audepeHuianbHoro
PIBHAHHS 3 YACTUHHUMWM NOXiAHUMM BigHOCHO dyHKUiT IN(X,Y), Wo y 3aranb-

HOMY BUNaAKy € HEMNErkow 3agaqveto.
3apava 3Ha4HO cnpolyeTbes, aKkwo IM 6yae dyHKUil0 OgHIET 3MiIHHOT,
T06TO YU = H(X) abo U =p(Yy), Toai (16.5.15) HabyBae BignoBigHO BUINsAY:

p=p(0: =~ N(np)y =N, =M}, 60 (Inj)y = (M} = Nj) /N
H=H(y): M(Inp)y =Ny =M}, a60 (Inp)y, = (Ny=M})/M.
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13 (16.5.16) BunnmBatoTb docmamHi ymoeu icHyBaHHs IM L(X), H(Y):

(M} =N)/N=0(X) = p=p(x)= Cel 900,
(16.5.17)
(N, =My)/M =g(y) = p=p(y) =CelYOY.

3assuyait gosinbHy ctany C 6epyTb piBHOK OAMHWLI.
lpuknad. Po3e’asatn 3agadvy Kouwi:

-1
4y?dx + (x+€e®Y) )dy =0, y(0)=1/2.
[lepesipsiemo, Un € Le PiBHAHHA PIBHAHHAM Yy NOBHUX AndepeHuianax:

M =4y? = M/, =8
v (M}, 2N}) = (He € AP-1n0).
_ (2y)™1 o y
N=x+e@ =N =1
Ananisyemo sigHowenns (M —Ni)/N, (N —M{)/M i npuxogumo

[0 BUCHOBKY, LLO Apyre 3 H1X — pyHkuis Big Y: YP(y) = (1—8y)/(4y2).
3Haxooumo IM:

_ _ _Jw(y)d _1¢1-8y _ (1
u=p(y) = e vy ‘fm(y)dy—zf v dy = (—4y+2In\y\j‘ =
~4y)~1-2| _o (-4y)1
= u:u(y):e( y) ny:y Ze( 4y) _

3800umo 3afaHe PIBHAHHSA OO PIBHAHHSA Y NOBHUX AudepeHLianax:
2 ey 4, — _
4y“dx + (x+e )Jdy=0 = |uMdx+pNdy=0| =

= 4¢74Y) dx+[xy‘2e(‘4y) +y~2el4Y) 1dezo. (16.5.18)

[lepekoHyemocsi, 1o oTpuMaHe piBHAHHA € [AP-1n0:

I

(MM )y = (46(_4”_1) y=(N) = y 26l

| pO3B’A3YEMO MOro 3rigHo 3 oopmyrnoto (16.5.11):
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X y
u(x,y) = [M(x, y)dx+ [ N(xo, y)dy +C;.

X0 Yo
BisbMeMo B sikocTi Toukn (Xg, Yo) U D Touky, sika BU3HavaeTbcs noyart-

kosoto ymosoto: (0,1/2); Toai Biapasy 3a pisHicTio U(X, Y) =0 oTpumaemo iH-
Terpan 3agavi Kowi (gki ona uboro € niocmasu?):

X X -1 -1
[M(x, y)dx=[4e™Y) “dx = axel ™)
0

X0

y y y 4
[N(x0, y)dy = [N(O, y)dy = [y 2e“Y) “dy =

Yo 12 12
12 12

OTXe, YaCTUHHMI PO3B’A30K — iHTerpan 3agadi Kowi — Takun:

axe ™ - 4(e(4y)_1 -+/e)=0, abo xe ™) @ 4 Je=0. o

(lepekoHalimecs B NpaBUNbHOCTI 3HANOEHOro pesynbTary.)

MeTop po3B’sisaHHs piBHsHb Mdx + Ndy = 0 3BegeHHsM go [1P-1r10 3a
aornomoroto |IM HasmMBaloTb METOAOM iHTErpyBaribHOro MHOXHHUKa. Llen me-
TOA MOXHa po3rnagaTtu 9K 3aranbHUn nigxig oo iHterpysaHHs AP-1.

BuaBngaeTbca, WO BCi CTyAiNOBaHI PIBHAHHA € PIBHAHHAMU B MOBHUX
andepeHuianax abo 3BogsATbCA 40 HUX.

Mpuknad. 3segemo go OP-110 niHibe AP-1: y' + P(X) [y = Q(X) .

[Tepexodumo po guepeHuiansHOT POPMMU:

(P(X)[y—-Q(x))dx+ 1ldy=0.
\ . / >

[lepesipsiemo, Yn € Le PiBHAHHA PIBHAHHAM Yy NOBHUX AndepeHuianax:
(M} =P(x), Ny =0) = (M} #Ny) = (0P-1 He e AP-1r10).
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YcmaHoenoemo, sika i3 goctaTHix ymoB (auB. (16.5.17)) BUKOHYETLCS, |
3Haxooumo IM:

(My=N)/N=¢(x)=P(x) = p=p(x)=e"H%
3arnucyemo piBHAHHS Yy NOBHUX gudepeHuianax:
ejP(X)dX(P(X) Q/ _ Q(X))dX"' e[P(X)dX my =0. (16518)

3a TaKot X cxemolto BigwykytoTscs IM iHWnx, posrnaHytux OP-1.
Ak nigcymok po3rnaHyToro Hasegemo tabnuuo IM [1P-1 (tabn. 16.5.1).

Tabnuusa 16.5.1

IHTerpyBanbHi MHOXHUKN aeakux AOP-1

Ne AundepeHuianbHa dopma: IHTerpyBanbHum
n/n Hassa [IP-1 Mdx + Ndy =0 MHOXHUK L
f(x)dx —1[dy =0,
1 Y iLLi =1
HawnpocriLwi 1ldx -1/ f (y) Ldy =0 (X, y)
3 BiAOKPEMIEHNMM _ _ _
2 | 7 ERokbemer d(x)dx ~(y)dy =0 u(x,y) =1

3 BigoKkpemnioBaHu- _ — 1
3 1P (V)X =1 (V)P (X)dy | KX Y) 3,000,(y)

MU 3MIHHUMW*

4 OpaHopiaHi* f(x,y)dx—1ldy =0 HOGY) == (le) =
5 NiHinHi (P(X)[y—-Q(x))dx+1ldy=0 L(X) — o P()dx:

* [lepekoHalimecs y npaBuUnbHOCTI HaBegeHux IM.

16.6. Po3B’si3aHHA 3a4a4 3aCTOCOBHOIO Xxapaktepy
AducepeHuyianbHi pieHSAHHA 3aKOHY nonumy i Npono3uuyii

[ig nonMTOM po3yMmitoTb 3annT PakTUYHOro abo NOTEHLIMHOMO NMOKYNUS
(cnoxusa4a) Ha npuAabaHHA TOro YK IHLWOro ToBapy 3a HaAfABHUX Y HbOIO KOLL-
TiB. 3 NO3uULUil YUC/1080i XxapakmepucmuKu NOMUT € KiNTbKICTIO TOBapy 4u no-
Cnyr, 9Ky nokynui 3gatHi abo matoTb Hamip KynyBaTu 3a PisHUMU MOXIUBUMU
LiHaMW.
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Mpono3uuia — ue moxnueicTb | baxkaHHs npogasus (BUpPoOHMKA) Npo-
MOHYBaTK CBOI TOBapu AN peanisauil Ha pUHKY 3a NeBHUMU UiHamn. Yucersb-
HO NPOMNO3ULIA XapaKTepU3YeETbCS CBOEKD BENMYMHOK (06'€EMOM) SK KinbKiCTHO
NpoAykTy (TOBapy, NOCNyr), Ky npogaseub 6axae i 3gaTHU 3anponoHyBaTK
OS5 pOJaxy Ha PUHKY NPOTAroM AeSKOro Yyacy 3a neBHOI LiHMW.

Hexan p(t) — uiHa Ha ToBap sk dyHKuis Yacy, P;(t) — wenakictb 3mi-
HIOBaHHA UiHW (Y Bik 36iNbLUEHHS YN 3MEHLUEHHS) — TeHOeHUis dopMYyBaHHS
LiHW. MonuT i npono3uuis € PyHKLISIMWN He TiNbKN BBEAEHUX BESNIMYNH, HA HUX
BNNIMBAE i pAg, iIHWNX YAHHUKIB, SIKi HA3MBaKOTb HEUiHO8UMU.

HannpocTiwow mateMaTuyHO MOAENNI0, sika ONUCYe B3aEMO3B'SI30K
Mk monutom i nponosuuieto, € Bunagok konu nonut d =d(t) i nponosuuis

s =s(t) onucytoTbes NiHiHUMK 3anexHocTamu BigHocHo P(t) i pr(t):

d=d(t)=ap +hp+c, s=s(t) =ap +bp+c,,
e &, b, G, i =12, - uncnosi koediuieHT abo dyHkuii Bia t.

OnTmanbHin noBefiHui (cTpareril) i Nokynus, i NpogaBus Bignosigae
ymoBa: d =S, 3a skOl BU3HAYaETLCS Tak 3BaHa pieHoBa)kHa UiHa P* 3ako-
Hy nonuTy i nponoauuil. [Ans ii BigwyKaHHS NpuUxoaumMo 00 po3B’a3aHHsa [P-1
BiAHOCHO coyHkuii p(t):

ap+bpt+tc=a,p+bp+tc,, abo ap'+bp+c=0, (16.6.1)
pe a=a —a,, b=b -b,, c=c -c,.

Po3B’sokeMo piBHSIHHSA BIQHOCHO MOXiAHOI i nepengemMo o andepeHui-
anbHOT hopmu:

bp+c . dp:—bp+cdt . adp _

a a bp+c__dt'

L

3HaxoanMo 3aranbHUi po3B’A30K oTpumaHoro [1P-183:

d
afprprC:—fdt = flnfbp+c/-InC|=~t = |C#0| =

bp+c

b 0 Ce—b/a[t -c
C - .

TRl =P b

= In‘
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8a 3apaHoto novaTkoBoto ymoBow P(ty) = Py — UiHOWO ToBapy Ha Mo-

MEHT Yacy ty — 3aBxam MoXHa 3HanTy BiANoBiOHUA YaCTUHHUIA PO3B’'A30K.

AducepeHuyianbHi pieHsIHHSA @ eKkono2il

OCHOBHUM NpeaMeToM OOCNIIKEHHST B €KOMOoril € eBontoLia nonynsuin
(CYKYMNHICTb OOQHOro BMAY POCIVH, TBApWH Ta iHWe, SKi 3anMarTb MPOTAroM
TpmMBanoro 4yacy neBHy TEpPUTOPItO).

Hexait N(t) — kinbkicHuWin cTaH nonynsauii B MOMeHT Yacy t. CTaTucTumka

CNOCTEpPEXEHb MOKa3ye, WO 3 ypaxyBaHHAM KOHKYPEHTHOI 6opoTbbu Kinb-
KICTb MONapHMX CYTUYOK Yy NONynsuil 3a 0gMHULIO Yacy nponopuinHa KBagpa-
ToBi 06'emy nonynsuii N 2

Topi Tak 3BaHe piBHAHHA 6anaHcy: ,3MiHa KinbKOCTi 0CO6eHb” = ,npu-

picT” — ,BTpaTK’, MOXXHa nogaTu y BUrMsAi:

N; =aN -bN?, (16.6.2)

oe a, b — sigomi uucna (a, b — koediuieHT HapoaXXyBaHOCTI, CMEPTHOCTI Bi-
ANOBIQHO), AKi y BinbL 3aranbHOMY BUNAAKy € PyHKUISIMK Yacy.

MaTtematmnyHol Moaennto pPiBHAHHA 6anaHcy € piBHAHHA BepHynni Bia-
HocHo cyHkuii N(t). 3Haioemo 1ioro saranbHWIN Po3B’SI30K 3BEAEHHAM A0

nidinHoro [P-1, 3aincHMBLUKM nepexig 40 HOBOT 3MiHHOI (Hagedimb KoMeHTap):

1 r 1 - _ —_ 1 I — 1 ! I — —_
NTag T S y= 0 S Y= N S =) -
- W oo o Y —fdt = Inay-b-InC|=-at =

ay—b ay—b (C20)
_ —at

~ In¥ b‘Z—at = ay-b=Ce™® = yZCe—-'-b =
C a
= N(t) = — 3aranbHui PO3B’'A30K.

Ce @ +b

Akwo Ha novatok cnoctepexeHb: 1 =0, o6’em ctaHoBnB Ny, To yac-
TUHHUIN PO3B’A30K OTPUMAEMO Y TaKOMy BUrMSAAI:
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-1
N(O)=Ny = C=-2 -p = N(t)=aKi—bje‘at+b} .
No No

3rigHO 3 po3rnsHyTOK MoAennto y 6yab-akomMy pasi BCi pO3B’A3KM 3 Ya-
COM MPAMYIOTb A0 BiAHOLLUEHHS a/b (0brpyHmytme), TOMYy HIFKOro nepeHa-

ceneHHs, sk ctBepakysaB ManbTyc, 6yTn He moxe. (ManbTyc Tomac PobepT
(1766 — 1834 pp.) — aHrMiNCbKUA €KOHOMICT | CBSALLLEHUK.)

3ayeakeHHs1. MaTemaTuyHi Mmogeni — CMCTeEMU MaTeMaTUYHMX CNiBBIA-
HOLLEHb, AKi ONUCYOTb AOCNiAKyBaHMI Npouec abo seuue, — nobyaoBaHi 3a
A0MOMOro AndepeHuianbHUX PiBHSAHb, € MNOTY)KHUM 3acoboM ANis Takux Ha-
YK, 9K: €KOHOMIKa, eKkonorisi, couiosnorisi, isnka, Ximisi, MexaHika, iHpopmaTtu-
ka, Oionoria Ta iHWI. BignoBigHi MeTOAM BMBYaKOTbCA Yy HaB4YasnbHIN
ancumnnini ,MatematnyHe mogentoBaHHS”.

Hanpuknad, y mexaHiyHomy cmucni OP-1 F(t,y,y’) =0 Bupaxae y

KOXXHWUI MOMeHT yYacy t 3anexHicTb mix nporngeHnm wnaxom Y(t) i wemakic-
TIO Y; NPAMONIHINHOTO pyxy Touku. Po3e’sizok Y(t) Takoro piBHSHHSA € 3aKo-

HOM pyXy, KA O03BONSE y Oyab-AKMA MOMEHT Yacy { BM3HaA4MTM NONOXEHHS
TOYKM Ha NPAMIN.
AKWOo He3anexHow 3MIHHOK € LiHa ToBapy P, To AudepeHuiansHe pi-

BHsiHHa F(p,U,U") =0 Bupaxae (B8 ekOHOMiYHOMY cMucsli) ONsi KOXHOMO
P 3anexHictb mix Bupydkoto U (p) i weuakictio U'(p). Pose’asok U (p) Ta-

KOro PiBHSIHHA € 3aKOHOM peari3auii ToBapy, sikui 0o3Bonde 3a 6yab-sikoro
LIHOK BM3HA4YMTN BiANOBIAHY BUPYYKY.

OaHWM i3 HanbinbLL BUpa3HMX NPUKNaAiB MatemMaTUyHOT Moaeni € piB-
HAHHA MakcBenna — gudepeHuianbHe pPiIBHAHHA 3 YaCTUMHHUMMW NOXiIAHUMU,
LLIO OMUCYE enekTpomarHiTHe nosie (i Moro 3B’A30K 3 eNeKTpUYHNUMU 3apsgamm
| CTPyMaMu y BakyyMi i CyLiNbHUX cepenoBuLLax):

0°E, 0°E ,0°E _ 1 0°E
x> ay> 9z% c? at?

ne E — HanpyxeHicTb enektpuyHoro nons (B oanHuusax Cl — B/M);

=0, (16.6.3)

t —yvac;

C — WBMAKICTb CBiTNa y Bakyymi (299 792 458 M/c);

X, Y, 2, { — koopanHaTn YOTUPUBUMIPHOIO NPOCTOPY.
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HaBeneHe piBHAHHA onucye BCi BiAOMi eneKkTpoMarHiTHI siBMwa. 3aBas-
KA Ui MaTemMaTu4Hin mModesi npouecy po3nOBCIOKEHHS eNneKTPOMarHiTHUX
XBUIb 3'SIBUMAcs MOXIUBICTb KOPUCTYBaTUCSA CyvacHUMu 3acobamu aygio- i
Bile03B’'A3KY (i HE TiNIbKM HUMMN).
Ha 3akiH4eHHa poarnagy Hasegemo tvnu [P-1, Bukniovaoum 3BigHI 4o

HUX (32 BUWHATKOM pPIBHAHHA bBepHynni),

(tabn. 16.6.1).

Ta cnocobn ix po3B’sA3aHHS

Tabnuusa 16.6.1

Tun OP-1 y'=f (X, Y) Ta cnoci6 po3s’sizaHHs

:jgn Hasga CumBoOniYHMIM 3anuc Cnocib po3B’aA3aHHsA
' ' | ] Xr
. Havinpocriwi V= £(%) (y _ f(y)) HTeFPYBaHII:lFlM Yx (Xy)
AK pyHKuii Big X (V)
i _ HeBn3Ha4yeHUM iHTerpyBaH-
5 3 BiAOKpEMNEHNMY o (x)dx = W(y)dy _ 9%
3MiHHUMM HAM 060X YaCTUH PIBHAHHSA
3 3 BiAOKpPEMNOBaHNMU y = ¢1(x) LW (y) BinokpeMmneHHsaMm
3MiHHUMM W1 (y) o (X) 3MiHHUX
, , MincraHoskoto t = y/X
4 OpaHopiaHi y' =o(y/x) (Y =6(y/x) _
(t=x/y)
' MNMoknagatTe Y = Uv abo
5 TiHiMHi y +P(X) Ly =Q(x) parote
BapiloOTb cTany
MNMoknagatTb Y = Uv abo
6 BepHynni y +P(X) I =Q(x)y" {=ylon
y BigHoBnoOTH HEBIJOMY
7 MOBHNX M (X, y)dx+ N(x,y)dy =0 (YHKLIIO 32 NOBHUM
AandpepeHuianax .
andpepeHuianom
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3annTtaHHA ANA caMoAiarHOCTUKKU 3aCBOEHHA MmaTtepiany

Bignosigi Ha BCi 3anuTaHHa cpopMyniOnUTe CIIOBECHO, 3anuwWiTb Yy CUM-
BONiYHiN dopmi, obrpyHTYnTE (Ha NigcTaBi O3HAa4YeHb, TEOPEM, NpaBui, gop-
MYJ1 TOLWLO), HaBeAiTb BiANOBiIgHI KOHKPETHI Npukagu.

1. o posymitoTe nig andpepeHuianbHUM PIBHAHHAM MepLUoro nopsiaky
(OP-1) i sk noro 3anucyTb Y cMmBorax?

2. Ak 3anncyetbesa B cumBonax [P-1, po3s’sa3aHe BiAHOCHO MOXiAHOI, i B
4YOMY Monsarae Noro reoMeTpUYHUM CMUCnN?

3. o Ha3mBatoTb po3B’a3kom [P-1 i iHTerpanbHOK KpUBOO?

4. lllo HasuBaloTb 3aranbHMM pPO3B’'A3KOM AudepeHUianbHOro pPiBHSH-
HA?

5. Aknin po3B’A30K PiBHAHHA HA3MBAETLCA YaCTUHHUM?

6. Aki TMNn guepeHuianbHUX PiBHAHb NEPLLOro NOpAaKy BN 3HaETe?

7. lLlo HasmBaoTb 3aranbHUM | YaCTUHHUM IHTerpanamMmm piBHAHHA?

8. Aky 3agadvy HasuBaloTb 3agadeto Kowi ona andepeHuiansHoro pis-
HAHHSA NepLIoro nopsaky?

9. Cchopmyntonte TeopemMy Kowi npo iCHyBaHHA | €OHICTb PO3B’A3KY
AndpepeHuianbHOro piBHAHHA NepLIoro NopsakKy.

10. Axun Burnag mae audpepeHuiaribHe PiBHAHHA 3 BiJOKPEMITIEHUMM
3MIHHMMMU | 3 BIiJOKPEMITIOBaHUMU 3MIHHUMN? AK BOHU PO3B’'A3YHTHCA?

11. Ulo posymitoTb nig ocobnmnemmMm po3B’sa3kamm PIBHAHHA?

12. Axi P-1 3B0asTbCSA A0 PiBHSAHD i3 BigOKpEeMMOBAHUMU 3MIHHUMMN?

13. Axe gudpepeHuianbHe PIBHAHHA HasuBaeTbCA OAHOpioHUM? Hase-
AiTb Crnocid Noro iHTerpyBaHHs.

14. Axi OP-1 3BoasaTbCs A0 04HOPIAHNX AndepeHUianbHUX PIBHAHL?

15. ke piBHAHHSA NepLUIOro NOPsSAKYy Ha3nMBaETLCSA NIHINHUM?

16. Y yomy nonsrae metoq bepHynni po3s’a3aHHSA NiHINHOrO AndepeH-
LianbHOro piBHAHHSA nepLoro nopaaky (JigP-1)?

17.Y 4omy nondrae meton Bapiauii goBinibHOI cTtanol (metopg Jlarpan-
Xa) posB’asaHHa J1OP-17?

18. 3a gonomorow AKoI NigCTaHOBKU PIBHAHHA BepHynni 3Bogutbca 00
napP-1?

19. Axi AP-1 Ha3uBalTbCA PIBHAHHAMW Y MOBHUX audepeHLuianax?

20. ChopmynonTe i OoBeAiTb TeopemMy Npo 3arasfibHUN iHTerpan pis-
HAHHSA B NOBHUX OuUepeHuianax.
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21. ChopmynonTe i goBediTb KpUTepin iCHyBaHHS MOBHOro gudepeH-
Liana.

22. Lo Ha3uBaloTb iHTerpyBanbHUM MHOXHUKOM [P-1 i 9K BigWyKyOTb-
CS iHTerpyBarbHi MHOXHUKKN K QOYHKLUiT O4HIET 3MiIHHOI?

3apadi Ta BnpaBu

1. MepeBipuTK, Y € Po3B’A3KOM (iHTerpanom) AndepeHuianbHOro pis-
HSHHSA 3agaHa dpyHkuia Y = y(X) (d(x,y) =0):

1) yx3=2y, vy= 2e_]/X2;

2) x2dy=(y?+x?)dx, y=1/x;

3) xdy—2ydx=x>Inxdx, y=x>(Inx-1) +2x>;

) 7y =xE+y®, y=x

5) xydx+1-x2dy=0, y=e'1*".

6) (x=2y)y'=2x-y, X°-xy+y°=0;

7) V(x*+cosy)=—(2xy+x71), x%y+siny+Inx=0.

2. Cknactu gudepeHuianbHe pPiBHAHHSA, PO3B’'I3KOM SIKOro € ofHonapa-
MeTpUYHa cimM’a NpAMKMX, Lo NPOXOAATL Yepes ToUKy 3 koopauHatamu (a,b) .

3. Cknactn gudpepeHuianbHe piBHAHHA, PO3B’A30K HAKOI OMNMUCYE CiM'to
napa6on i3 BepwuHoto y Touui M (3,2) i Biccto cumeTpii y=2.

4. 3HanTun 3aranbHU po3B’sI30K abo 3aranbHui iHTerpan [P 3 Bigokpem-
NOBAHUMWN 3MIHHUMM:

1) xyy' =1- x%;
2) (xy? +y?)dx+(x* = x°y)dy =0;
3) Inxsin® ydx + xcos ydy = 0;
8 (xy-22/x)0/ =y;

2 e*
5 (y +3)dx—7ydy:O;
6) Yy +sin(x+y) =sin(x-y);
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7) ex3dy+ 3x/1- y2dx = 0;

8) 2ysin(x 2) + Xy = 0;

)Y arcsinx\/1- x2 = ylny;

10) 5X2+ydy + xdx = 0.

5. 3HaNTN YaCTUHHUI PO3B’A30K (YacTuUHHWUI iHTerpan) AP, sakun 3apo-
BOJbHsIE MoyaTkoBy yMoBY Y(X5) = Yo'

1) 1+ x%)dy + ydx=0, y(0) =1;

2) y =2Jylnx, y(e) =1;

3 @+ =xy-Wiex, y(O) =1

2) %:Iny, y(2)=1:

1+ e

cos® y

6) (L+e*X)y?dy = eXdx, y(0)=0:;

_ oV ygy = X _q.
7)(1-e )dy_Zy’ y(0) =0;

8) sin xdy — (cos x —sin x)(y +1)dx =0, y(1/2) =0.

5) 3e*tgy dx +

dy=0, y(0)=m/4;

6. PosB’azatn gudpepeHuianbHi piBHSAHHSA, 3BigHi o [P 3 Bigokpewmrito-
BaHMMM 3MiHHMMUK (abo 3agady Kowwi):

1) y'=(x+y)*;

2) y=x-y+1

3) y' =cos(y - X);

4) Yy =y+2x-3;

5) (x+2y)y' =1, y(0)=-1,

6) Y =4x+2y-1;

7)Yy =sn(x-y), y(0)=0;

8) (x+y)?y =a’.
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7. 3HaWiTK KpUBY, sika NpoxoauTb Yepe3 Touky (4,3), a kKoXHa OoTM4YHA
[0 uiei kpuBoi nepeTuHae npsimy Y =1 y Touui 3 abcumcoto, sika OOpPiBHIOE
NOTPINHIN abcuunCi TOYKN JOTUKY.

8. 3HaWiTK KpuBY, sika NpoxoanTb Yepe3 Touky (1, 2), SKwo BiAoMo, Wwo y
KOXHi TOYLi KPMBOT BiAPI30K AOTUYHOI, SIKUA MICTUTBLCA MK OCAMW KOOpAW-
HaT, NO4INAETbCA TOYKOK OOTUKY HaBMif.

9. 3HanTu 3aranbHUiM abo YacTUHHUA PO3B’A30K (iHTerpan) oaHOPIgHUX
[P Ta piBHSAHb, 3BiAHMUX OO HUX:

Y, X

X Yy

2) (C+xY)Y =Xy X" +xy+y?, y(@D=1;
3) xy' =y(lIny—-Inx);

) X°y = 4(x* +y?) +xy, y(2) =0;

5) 2x°y = x° +y*;

1y =

6) Xy ~y=xMgY, (=12

7) Xy =y =2xE +y?

8) y* +x°y =xyy, Y1) =1,

9) (y+«/x2 —y2)dx—xdy:O;

10) (2/xy - y)dx+xdy=0, y(1)=0;

11) (x* + y?)dx + 2xydy = 0;

12) (y? - 2xy)dx—x?dy =0, y(l)=-3/7;

13) X%y = y? + 4xy + 2x°;

14) (5x% = 2xy)dy = (x* +5xy — y?)dx;

15) (y? +xy —4x?)dx - x?dy =0, y(1) =-10/3;
16) xy°y —x° —y° =0;

17) (2x+y+1dx+(x+2y-1) =0;

18) (x—2y+3)dy+(2x+y-1Ddx=0, vy =1;
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X+y-2
2X—=2
20) (2y+3)dx+(x+y-3)dy =0, y(4)=1.

19) y' =

10. 3HanTn 3aranbHUM abo YaCTUHHMI PO3B’A30K NiHINHMX [P:
! X2

1) y —2Xy =e” C0S5X;

2) xy' =y =x?Inx;

, 1 2y
3 = -—;
)Y =6 T
2) y’+ 2% y x2
X3

5) y’+20tgx y=2;
6) (1+x2)y’+y:arctgx, y(0) =3;

7) yctgx -y = cos® x[etgx, y(0) =0:;
8) (xy' =1 Inx=2y, y(e)=0;

9) (2xy +3)dy — y2dx =0;
10) (y*+2¥)y =y, y(12)=2.

11. 3HanTn 3aranbHUMn abo YaCTUHHUW PO3B’A30K (iHTerpan) pPiBHSAHb
BepHynni:

1) Xy +y=xy° Inx;

2) y+y=e2Jy, y(0)=1;

3) ¥ - ytgx+y?cosx=0, y(0)=1;
a) xy' = 2x°.[y = 4y;

5) y’=§ezx+y, y(0) = 3;

L2
6) y —xy=-e* y
3x° —1.
ny+—5— Y=Y 206G+ sinx, y(0) =1;
X
8) y><'+X=—y><2:
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9) == (i/ 2xjdy y(1/4) =1;
2
10) xdx:(xv - ySde.

12. 3HanTu 3aranbHUin abo YacTUHHMI Po3B’'A30K (iHTerpan) AP y noBHMX
AandpepeHuianax:

1) (3x2y + 2)dx + (x° +3y?)dy = 0

2) (2xcosx? +eY)dx + (e¥x +cosy)dy = 0

3) yxYldx+ xY In xdy = 0;

4) (2xycosx?y +1)dx + (x? cosx?y —sin y)dy = 0;

1 y
5=+ dx + +2y |dy=0;
X cos® ny (cos2 Xy yJ &

5 +3X eyjdx+(x e’ +1)dy =0;

6)

1+x

7) %dx+(y3+lnx)dy:0, y(1) = 2:

8) [% + ycosxyjdx+(xcosxy—x—12jdy =0, y@=0;

9) (3% +2y?)dx + (4yx—sin2y)dy =0, y(0) =0;

1O)sin2x+3x2y+(x3+ 12JE$/’:0, y(0) =0.

1+y

13. 3BecTun 3agaHi [P 0o piBHAHbL y NOBHUX AMdbepeHLlianax i 3HanuTu ix
3aranbHi (HaCTUHHI) iHTerpanu:

1) (x+ y?)dx—2xydy = 0;

2) y(1+ xy)dx — xdy =0;

3) (y?e* + y)dx - xdy =0

4) 2xyIn ydx+ (x2 + yzx/ y2 +1)dy =0;
5) (L- x?y)dx + x*(y - X)dy = 0;
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6) Iny+2x-1)y' =2y, y(2) =1,
7) (2x%y + 2y +5)dx + (2x° +2x)dy =0, y(0) = 2;

8) (x*Inx—2xy®)dx+3x?y%dy =0, y(1)=2;
9) (x+sinx+sny)dx+cosydy =0, y(0)=0;

10) (2xy? —3y>)dx+ (7 -3xy?)dy =0, y(1)=-1.
14. BnsHauntu Tmnun HasegeHux [P-1 Ta 3iHTerpysaTu Ix:

1) xy’:x0032(¥j+y;
2) €'y =(x-y) (€ +D);
3) (x—y+4)dy +(x+y—-2)dx =0;
4 ] — 2 X2_
)y t2xy=ye" ;
5) y =3x-2y+1;
. .2
6) (szx+xjdx+ y-Sn°xly 0.
y y2
7) (L+y?)dx = (2xy + L+ y*)*)dy;
8) y'Incosx+ ytgx =0;

9) (x> +eY)y =3x?;

10) (3x2 + 6xy2)dx+ (6x2y+ 4y3)dy =0;
11) (2x—-y)dx+ (4x—-2y +3)dy =0;

12) y*(x—3y)dx+ (1-3xy?)dy = 0;

13) (By—7x+7)dx—(3x—7y—-3)dy =0;
14) y'[xcos x+ y[(xsin X +cos X) =1;

15) (4x —3y)dx + (2y —3x)dy = 0;

16) 2y’|nx+¥ =y Lcosx;

17) (X% + y? +1)dy + xydx = 0;

dy _ 1 :
18) ax Xcosy +sin2y’
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Y .
19 +1y = + Xy,
) (Y+Dy N

20) (x3 —m—ﬂjdw(l +1jdy: 0.
X X y

BianoBiai
1. 1) Tak; 2) Hi; 3) Tak; 4) Hi; 5) Tak; 6) Tak; 7) Tak.
2. y=b=y'(x-a).
3. 2(x=-3)y'=y-2.

4.1) x> + y2 :In‘sz‘; 2) In%/ _XTY -
3) In®x—ctg®y =C; 4) Jy =Jx+In Cy|;
5) In(y? +3) =2(C-xe X -e¥): 6) 23inx+|ntg%‘:c;
- —x3 1
7) acsiny=e X +C; 8) cos— +Iny|=C;
X
_ Carcsinx y _ 1-x°
9 y=e ; 10) 5 —55 +C.
5.1) y=e ¥A9X, 2) y=(xInx—x+1)%;

1+ X2 2
3) y= , 4) In“y=2(x-2);
X++1+ X2

3
5) (1+e¥)3tgy =8: 6) y?+’zT: arctg e*;
2 +1
Y _\2 =1 y It
7) el -y +x=1, 8)In—Sin +X 5"
6. 1) arctg(x+y)=x+C; 2) —2yX-y=x+C, y=X;

3) Ctg(y—ng:x+c, y—-x=2nk, kKUZ;

4) 2x+y-1=Ce"; 5) X+2y+2=0;
6) \A4X+2y—-1-2In(y/4x+2y-1+2) =x+C;
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4

7) x+1:Ctg(y;X+7—Tj, y—-x=21nk, kJZ

8) Xx+ty= a[ﬂg(C+y) X — y—

: y:1+4/\/_.
.y =2/X.

‘1) y* =2x°In Cx|;

3)y = xe"

5) —2X_ = || Cx|;
X=y

7) arctg%—ZIn\ X| =

9) arcsin%—ln\x\:
13) )?/++2Xx =Cx;
15) zlgi = 4x?;

17) x2+y2+xy—y+x:C;

19) (Yy-x)%> =C(x-1):

10. 1) y:(%sin5x+cjex

2

3) y= ( arctgx +C) 12
X

5) y:(x—%sin2x+C)Bin_2x;

7) y=(sinx—-=sin” x) B——;

+2le kJZ.

4) arctg%zln(x“);
6) y=xlarcsinx;
8) e¥'* =ely:

10) y = xIn? x;

3X .
1-8x°"

12) y=

2
14)5arctg= —Inw ;

16) y° =3x°(In[x/ +C);
18) x2—y2+xy+3y—x:3;
20) (2y +3)(3x+y—-12)? =5,
2) y=(XInx=x+C)[x

3
X~ +1 C
4) y= +

—arctgx.

6) y=arctgx—1+4e

8) y:Inzx—Inx;



9)x:Cy2—%;

11. 1) xy(C+In2 X)+2=0;

_ 1 .
3 y_(x+1)cosx’

5) y=e*{/x%+9;

1
Hy= ;
Y= cosx (x3 +1)

-y .
9) X= ;
) V23

12. 1) x3y+ y3+2x:C;
3) x¥ =C;

5) InX|+tgxy + y* =C;

4
Y _ 4.
7) ylnx+ J 4;

9) x> + 2y2x +cos? y=1;

2
13. 1) In|X —y7 =C;

3) e +2=C;
y

5) xy2 —2x2y—2:Cx;
7) Sarctg x + 2xy =0;

4

10) x=y* + 2.

2
2) y:(%exﬂj e
4) y=(In}+C)*x*;

X2

2 e

Y T x+c)
8) X=—1 ;
y(Iny| +1)

10) X=z=y C—y2.

2) sinx? +xe¥ +siny=C;

4) SiNX?y + x+cosy =C;

3

6) arctgx+x°e¥ +y=C;

8) Sinxy—lZ=O;
X

10) sin® x+ X’y +arctgy = 0.
2

X, X .
2)y+2 C:

4) x2Iny+%«/(y2+13 =C,;

6) 2x—Iny =4;
8) x3(lnx—1) + y3 = 7x%;

9) 2e*siny +2e*(x—1) +e*(sinx—cosx) = -3;

10) x2—3xy—§:11.

14. 1) tg% =In|Cx|;

3) x2+2xy—y2—4x+8y:C;

_ e(x-1) +x%/2+C

2
)Y X +1

4) y:C—x;



2.2 .2
5) 6x— 4y —1= Ce 2. ) XL 1Y ,SNTX_c.
2 y
7) x:(y+C)(1+y2); 8) y=ClIncosx;
9) x> =(y+C)&Y; 10) x> +3x2y? +y* =C;
2
11) 5x+10y +C =3In10x-5y +6|; 12) X -1 _3xy=C;
2y
13) (x+y-1°(x-y-1*=C; 14) y=(smx+fcosx);
15) y2—3xy+2x2:C; 16) yzlnx:sinx+C;
17) y* +2x2y? +2y? =C; 18) x=Ce¥"Y - 2(1+siny);
2 2
19) y+Inly|=arcsinx+%.-+C; 20) X4 INY*HY
2 2 2

KnroyoBi TepMiHn

3BnyanHe gudepeHuianbHe pPIBHAHHA NEepLIoro nopsaky; PiBHAHHS,
pO3B’sA3aHe BiOHOCHO MOXIQHOT;, PIBHAHHA Y YaCTUHHUX MNOXIOHWX; PO3B’A30K
PIBHSHHS; IHTerpanbHa KpuBa; 3arasfibHUA PO3B’A30K;, YaCTUHHUW PO3B’'A30K;
3ararnbHuUi iHTerpan; YaCTUHHUK iHTerparsn; ciM’s iHTerpanbHUX KpuBKX; 0cob-
NMBUIN PO3B’'A30K; NoyaTkoBa yMoOBa; 3agadva Kowi; piBHAHHA 3 BigOKpeMIIo-
BaHUMWN 3MiHHMMW; OOHOPIOHE PIBHAHHA; NiHIMHE PiBHAHHA; MeTon beprynni;
MeTO[ Bapiauil AO0BINbHOI cTanol; PiBHAHHA BepHynni; PIBHAHHA Yy MNOBHMUX
AandpepeHuianax; iHtTerpyeasnbHUA MHOXHMUK.

Pe3rome

BucBITNEHO 03Ha4YeHHA NOHATb, NOB’A3aHUX 3i 3BUYAUHUMUN OudbepeH-
LianbHUMKN piBHAHHAMW nepworo nopagky (AP-1). PosrnaHyto metoawm
pO3B’A3aHHSA HaMOINbL BMBYEHUX TUMIB PiBHSAHL: [P-1 3 BigokpemneHuMmu Ta
3 BiJOKPEMIIOBAHUMMN 3MIHHUMU; OOHOPIAHWUX; NiHIMHWX; Y NOBHUX OudepeH-
Lianax i Takux, Wo 3BOAATbLCS A0 HUX.

INlitepaTtypa: [1; 6; 10; 14; 16 — 18; 20; 26; 28].
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17. OndpepeHuianbHi PIBHAHHA BULWMUX NOPSAAKIB

Y mamemamuui € c80s1 Kpaca, K y )Kugorucy ma rnoeaii.
M. €. XKyKkoBCbkui

Te, wo s ecmue nisHamu, — 4ydoeo. Criodigarocsi, make
X Yyydose me, WO MeHi wie 0ogedembCs rni3Hamu.
Cokpar

MeTa: HaBuUMTU ManBYTHIX draxiBUiB YMiHHIO 3a WBUAKICHUMW (TpaHNY-
HUMW) BENMYNHAMM, LLIO OMNMUCYKOTb EKOHOMIYHI npouecn abo cknagosi iHop-
MaUiHUX CUCTEeM, BIATBOPKOBATWU IXHi 3ararnbHi XapaKTepuCTUKM (3ararbHi
BUTpaTU, 3ararbHUN OOXiA, EHEPri0 CUrHasny ToLo).

MutaHHA TemMum:

17.1. O3Ha4YeHHA OCHOBHUX MNOHATL. Teopema Kolui.

17.2. AndpepeHuianbHi piBHAHHA gpyroro nopsaky (AP-2), aki 3BoaaTb-
ca go OP-1.

17.3. AndpepeHuianbHi piBHAHHA BUWwmMx nopagkis (OP-n), wo npunyc-
KatoTb 3HMKEHHS MOPSaaKy.

17.4. Jeski 3agadvi 3aCTOCOBHOIO Xapaktepy B NPUPOOHUYUX Haykax i
€KOHOMIL,i.

KomneTeHTHOCTI, WO hOpPMYHOTLCSA NiCNA BUBYEHHS TEMMU:

3azanbHOHayko8a: BOMOAIHHA 3acobammn 3HaXOMXKEHHS HEBIOOMOT GOyH-
KUil 3a BiZOMWM CMiBBIAHOLEHHAM MK Helo Ta 1l noxigHuMu Big nepwol Ao
BULLIMX NOPSAOKIB, IKE € MaTeMaTUYHOK MOZESNI0 AeAKOro npouecy.

3azanbHonpoghecitHa: NiaroToBMeHIiCTb OO0 aHanidy wsuakicHnx (rpa-
HUYHUX) XapaKTePUCTUK GOYHKLIOHaNbHUX 3aneXHOCTENn 3 MeTo 0B6pobku
iHpbopMmaLii, Ky HecyTb 4YacoBi (CUrHanbHi) OyHKLUIT; YMiIHHSA BApoBagXyBaTH
AnepeHLianbHi piBHAHHA Yy NobyaoBy MatemMaTUYHUX Mogenen pisHOMaHiIT-
HWX 32 NPUPOJOKD NPOLLECIB.

CnieuianizogaHo-rpocgecitHa: yMIHHA BNpOBapKyBaTuU AndpepeHuiarbHi
PIBHAHHA Yy NoBynoBY aHaNiTUMHUX MOAeNen CTOCOBHO KOMMHOTEPHUX HayK i
B npovuecu ynpasniHHA iHopMaUiHUMKW cUCTeEMaMK, | aHanisyBatn pesyrib-
TaTn IXHbOro (PYHKLiOHYBaHHS.
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17.1. O3Ha4YeHHSA OCHOBHUX NOHATL. Teopema Kouui

AundcpepeHuianbHUM piBHAHHAM BULloro nopaaky (AP-N) HasmBaoTb
PIBHSIHHSI, sIke MOB’AI3ye He3amnexHy 3MiHHY X, HeBigomy dyHkuito Y = y(X)
Ta ii noxiaHi 40 N-ro NopsiaKy BKMOYHO (N = 2), i B cumBonax onucyoThb Tak:

FOGY YL YY) =0, (17.1.1)

[le niBa YacTuHa TNymMa4dnTbCsa AK PYHKUiA Big (N + 2) 3MiHHKX.

Axkwo HesigoMa PYHKUISA € PYHKLIEI KiNbKOX apryMeHTIB, TO PIBHAHHS,
sike 3B’A3Y€ He3anexHi 3MiHHi, HEBIAOMY (PYHKLIO Ta I YAaCTUHHI NOXigHi Big
nepworo 4o N-ro nopsiaky BKNKOYHO, Ha3MBaeTbCa audepeHuianbHUM piB-
HAHHAM BULLOro NOPAAKY Y YaCTUHHMX noXiaHuX. [Npukrnagom Takoro pis-
HAHHSA € piBHAHHA MakcBenna (gus. n. 16.5).

Bid3Hayumo, W0 B OKpeMUX BUNagKax apryMmeHT X uu (i) wykaHa yH-
kuist Y(X) abo noxiaHi NOPSAKY HUXKYE, HiXK N, MOXYTb HE BXOOUTU Y PIiBHSH-

HS IBHMM YMHOM, ane (17.1.1) noBnHHe 06OB’A3KOBO MiCTUTK y(n)(x).

Hanpuknad: 7yY =12 =0, y" - y'tgx +5y =0, y"-3xY =0¢
F(y(S)) F(Xayiy!y) F(X’y)
andpepeHuianbHUMKU PIBHAHHAMM 5-10, 3-ro, 2-ro Nnopsaky BignoBigHO.

Axkwio piBHAHHA (17.1.1) nogaHo PIBHICTHO

vy = £ (XY, Y, Y Yy, (17.1.2)

Oe npaBa vacTuHa € (yHkuielo (N+1) 3MiHHMX, TO BOHO Ha3MBaETLCH
po3B’'AA3aHUM BiAHOCHO cTapuoi noxigHoi. (HYu moxnueo HaBeaeHi piBHAH-
HA 3anucaTu y Burnagi (17.1.2)?)

OyHkuis Yy = ¢(X), Bu3HaueHa Ha iHTepsani (a,b), i Taka, wWo npu nig-
cTaHoBLi ii 3amictb Y(X) y piBHSHHS (17.1.1) (abo (17.1.2)) oTpumyemo

TOTOXHICTb, Ha3MBaETbLCA PO3B’A3KOM, abo iHTerpanom, [IP-n Ha (a,b):
y =¢(x) — posp’asok IP-n =
Ox0(a,b): F(xd(X),d'(X),....0M™ (x)) =0, (17.1.3)

a rpadik pyHkuii Yy = ¢(X) Ha3uBaTb iHTErpanbLHOK KPUBOIO.
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3BuuanHo, Yy =¢(X) noBuHHa OyTM OudepeHUiioBHOW N pasiB Ha
(a,b) dyHkuieto (vomy?); Bunagkn a = —co, b = +oo He BMKMOYAOTLCS.
MMpuknad: HeBaxKo 3GarHyTh, WO PO3B'A3KOM pPiBHAHHA Y —Yy =0

OxOR e doymkuia $(X) =€”. Ane sona He eauna: Y =¢(X) =C, +C,e*, ne
C,, C, — posinbHi ctani i3 R, Tex 3agoBonbHsE 3agaHe piBHSHHS (Mepeko-
Haumecs). ®

Teopema 17.1.1 (meopema Kowi icHysaHHs i €OUHOCMI PO38’'sI3KYy
AP-n). Axkwo y piBHaRHI (17.1.2) dyHkuia T (X Y, Y, VY',..., y(n_l)):

1) HenepepBHa 3a Bcima aprymeHtamu X, Y, Y, Y, ... y(n_l) y [OesKin

obnacti D ix 3amiHloBaHHS;
2) mae HenepepBHi B obnacti D yacTuHHI noxigHi 3a aprymeHTamu

VoV, Vs YU 10670, Of /3y, Of /3y, Of /oY, ..., af/ay(”_l) , TO icHye

€OVHMI po3B'A30K Y = @ (X) piBHSAHHS, KU 3240BOSNBHSE YMOBM:

! n

y‘x:xo = Yo: y"x:xo = Yo, Y 0 (=D

voxg = Y0 Y =y @719

X=Xqg

Mpuimaemo TeopemMy 6e3 fOBEAEHHS, 5K | HacsidoK 3 Hel: SKLWO YHK-
uaga Ty, Yy, y,.., y(n_l)) B obnacti D 3apoBonbHsSE yMOBM Teopemu

Kowi, To piBHsHHSA (17.1.2) mae 6e3ni4 po3B’a3KiB. W
Onsa [OP-2 y'=f(xy,y) novyaTtkoBi ymMOBM MawTb BUMSA;

V(%) = Yo, Y (X0) = Yp- Y ubOoMy BUNagKy 3 2e0Mempu4yHOi MoyKu 30py Te-
opema Kouwi o3Havae, Wo Yepes 3agaHy Touky (Xg,Yo) D nnowwmnHu xOy
NPOXOANTb €AUHA KpMBa i3 3ajaHMM TaHFEHCOM KyTa Haxuny 4OTUYHOI yb no

oci OX; npoTe Yepes Touky (Xg, Yg) NPoxoauTs 6e3niy iHTerpanbHUX KpUBKX.

[ns onucy 6e3nivi po3e’saskie AP-N, sk i gna OP-1, BBOAATb NOHATTA
,3araribHU po3B’A30K".

3aranbHUM pPO3B’'A3KOM uepeHuianbHOro piBHAHHA N-ro Nopsiaky
(17.1.2) HasmMBaeTbCA (PYHKLISA

y=0(x,C,Cy,...,Cp), (17.1.5)

sika MicTUTb N ymcnosux napameTpiB Ci, I =1 N (—o0 <C; <+00) i Taka, LWo:
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1) 3a0BONbHSE PIBHAHHA NpU Byab-siKMX OiNCHUX 3HaYeHHsx C; (Tomy

napametpn C; Ha3uBalThb Le AOBINBHUMMU CTanUMMm);
2) aki 6 He 6ynn no4vaTkoBi ymoBu (17.1.4), MOXHa 3HaAWUTK Taki 3Ha-

YEeHHS Cio R, wo dyHkuis (X, Cf,Cg,...,Cr?) 3a0BOIbHAE 3adaHi noyat-

. — ] — ) " — n -1 —_ -1
osi ymosu: Y(X) = Yo, Y (%0) = Yo, ¥"(%0) = ¥, - YV (x0) = yg .
Byob-gKkuin po3B’A30K, AKMW OTPUMYETLCA i3 3araribHOro po3B’sA3KYy piB-
HAHHA NPU NeBHUX (hikCOBaHUX, KOHKPETHUX) 3HaveHHax napametpis C,

| =1, N, Ha3MBaETLCA YaCTUHHMM pO3B’siskom [IP-n.

3ajaya BigLyKaHHA YaCTUHHOrO pPO3B’'A3KY 3a AaHMMW MOYaTKOBUMMU
ymMOBaMu HasuBaeTbCs 3apayero Koui.

lidcymok (,MOBOI reoMeTpii”): 3aranbHUN PO3B’SAI30K PIBHAHHS ONUCYE
MHOXMWHY BCiX iHTerpanbHUX KpuBMUX, SKYy Has3nBalTb N-napameTpuyHOLO
CiM’€r0 NiHIN;, YaCTUHHNA PO3B’A30K BM3HA4Yyae oAdHY 3 HuX; 3agadva Kowli i3

ciM'i KPMBMX BUAINSAE MiHilo, IO NpOXoauTb Yepes 3agdaHy Touky (Xg,Yg), i
noxigHi sikoi 3afoBonbHsOTL ymoBK: Y (Xg) = Yo, --- y(”_l)(xo) = yén—l)_

Mpuknad. Mokaxemo, wo Yy =0(x,C;,C,)=C, +C,e* IxOR (ame.
NpvKnag BuLLE) € 3aranbHUM PO3B’A3KOM PiBHSAHHA Y — Yy = 0.

Ansa uboro nigTBEPAUMO BUKOHAHHA YMOB O3Ha4Y€HHA 3aralfibHoro
PO3B’A3KY:

1) pinicHo, [IC;, C, ia R maemo: (Y =Ce*, y'=Ce*) = y"=V';
2) 3apamo gesiki novatkosi ymoBu: Y(Xg) = VYo, Y (Xo) = Yo, Y BUpasu
ons Yy i y' nigctaBumo 3HayeHHst Xg, Yo, Yo, | oTpumaemo CITAP 2x 2 Big-

HocHo ctanux C;, C,:

C,+C,e0 =y, N CY=Yo— Vb

y=Cp+Cpe” N ‘ y(%) = Yo
CEO=yy  [C=ype

y' =C,e* Y'(%) = Yo

3a 6yab-sKMX NO4YaTKOBMX YMOB BU3HAYHUK MaTpULi CUCTEMM BigMiHHUIA
Big Hyn4a (nepesipme), Tomy CJIAP mMae eguHun po3B’sa3ok.
Ons TpueianbHux (HannpocTiwmnx) ymos: Yy(0)=0, Yy'(0)=0, maemo

TpuBianbHuin po3s’siaok CIAP: Clo :Cg =0, i 3apaHoro piBHsHHA: Y(X)=0.e
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BucHoeok (r1opsi0ok pose’sizaHHs 3adadi Kowi): gpna BU3HA4YeHHA na-

pametpie C;, I =1,n, 3a noyaTkoBUMU ymoBamMu Tpeba y Bupasm ana y, y',
vy, . y(n_l), LLLO BiANOBiAalTb 3aranbHOMY PO3B'A3KY, MiACTaBUTU 3HAYEH-
HA X9, Yo, Yor Y0r -+ (()n_l), a notim pose's3atn otpumany CJIAP nxn

BiJHOCHO AOBINbHUX CTanux.
YacTo npu po3B’asyBaHHi [IP-N 3aranbHuMin po3B’A30K 3HaX04ATb Y HEAB-

Hi cpopmi: P(X,Y,C;,C,,...,C,) =0, 3 kol He 3aBXauN BOAETLCSA BUPA3UTU

y vepes x i G, i=1n.
oyrkyis P(x,y,C,C,,...,C,) =0, aka HesiBHO BM3Hauae 3aranbHui

PO3B’A30K PiBHAHHSA, HA3MBAETLCA 3arasibHUM iHTerpanom [1P-n.
CniBBiOHOWEHHSA, OTPUMaHe i3 3aranbHOro iHTerpasna npu KOHKPETHUX

3HaveHHsAX napameTpis C; :Cio (i=1,n): d(x, y,Clo,Cg,...,Cr?) =0, Hasu-
BAaeTbCs YaCTUHHUM iHTerpanom [IP-n.
[HTerpyBaHHA andepeHuianbHUX PiBHAHL N-ro NOpAaKy — 3HaXOMKEHHS

3aranbHMUX pO3B’A3KiB (3aranbHUX iHTerpanis) — 3aranom € Ginbl cKnagHok
3agadyeto NopiBHAHO 3 po3B’a3aHHaAM [P-1.

17.2. OudpbepeHuianbHi piBHAHHA apyroro nopaaky (AP-2),
fIKi 3BoasaTbca o AP-1

BignosigHo go (17.1.1) i (17.1.2) [P-2 B cumBOsfiax OMuUCYyTbLCA He
po3B’A3aHMM abo pO3B’sA3aHNM BiAHOCHO CTapPLUOI MNOXIAHOT PIBHAHHSAM:

F(x,y,y,y")=0 abo y"=1f(xy,Y). (17.2.1)

[na po3s’asaHHs 3agadi Kowi 3agatoTbCs ABi NO4aTKOBI YMOBW:

Yex, =Yor Vlxey, = Yo 360 ¥(X0) =¥0. Y(X) =Yo-  (17.2.2)

[ns BugineHHs eanHOro po3B’a3Ky PiBHAHHA OOHIET YMOBU HELOCTATHBLO
(Hasedimsb BIANOBIAHI MiPKYBaHHS).

Y mexaHiyHomy cmucni pisHaHHA F(t, Yy, Y, y") =0 Bupaxae y koxHui
MOMEHT Yacy t sanexHicTb Mix npoigeHum wnsxom Y(t), weuakictio VY i

MPUCKOPEHHSAM Vi MPAMOIHINHOTO pyxy Touku. Pose’sizok Y(t) Takoro pis-
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HSIHHS € 3aKOHOM PyXY, AKUA 03BoNSA€ y 6yab-akMiA MOMEHT Yacy t Bu3Hauu-
TW MOSNOXEHHS TOYKM Ha NPSAMIN.
AKWo He3arnexHo 3MIHHOK € LiHa ToBapy P, TO AudepeHuianbHe piB-

HaHHA F(p,U,U",U") =0 Bupaxae (B eKOHOMiYHOMY cmuci) Onsi KOXKHO-
ro P 3anexHictb Mixx Bupydkoto U (p), weuakictio U'(p) i Temnom U"(p) ii
3MiHoBaHHS. Po3B’a3ok U (p) Takoro piBHSIHHS € 3aKOHOM pearni3auyii ToBapy,

AKUIN [o3BONSA€E 3a 6yaAb-AKOK LiHOK BU3HAYUTK BiAMNOBIOHY BUPYYKY.

binbw nocuneHUM ONst BUBYEHHSI € PIBHSHHSA, pO3B’si3aHe BiAHOCHO
ApYroi NoxigHol, ToMy y noganswomMy dygemo BMBYaTU NEpeEBaXXHO came Taki
PIBHAHHS.

PiBusHHA Burnsgy V' = f(X,y,Y'), ki 3Bogateca go OP-1, knacudi-

KylOTb 32 TMMaMU 3anexHo Bif TOro, AKi 3 aprymeHTiB X, Y, Y MicTuTb npasa
YacTMHa; caMe 3HWXKEHHS NopsaaKy NpoBOANTLCA 3aMIHOK 3MIHHOL.

|. MpaBa YacTHa MICTUTb TifIbKU He3arnexHy 3MiHHY:
y' = f(x). (17.2.3)

SHWKEHHS MOPSAKY 34INCHIOETbCA 3aMiHoo Y = P, ae p = p(X):

y'=f(x) = |yY=p=y=p| = p=f(x)-AP-1 =
= | BigHoBnoemo P(X)| = p=p(x,C)) :I f(X)dx+C;, =
= Y =p(x,C;) = |sigHosnoemo Y(X)| =

= Y= I p(X,Cy)dx+C, — 3aranbHuin po3B’S30K PIBHSAHHS.

Y nigcymky, po3B’A3aHHSA PIiBHSAHHA 3BOAUTLCA OO0 ABOKPATHOIO HEBU-
3HA4YEeHOro iHTerpyBaHHSA NpaBol YaCTUHW.
Mpuknad. Onsa piBHAHHA Y' = 6X—2 3HaiTK: 1) 3aranbHUin PO3B’'A30K;

2) po3B’si3ok 3agavi Kowi 3 noyatkosmumu ymosamu: y(1) =2, y'(1) =1.

1. BiOHoesoemo iHTerpyBaHHAM 3a APYroko NoxigHow nepluy noxigHy, a
3a Het — caMy PYHKLLiO:

y = [(6x=2)dx+C; =3x° —2x+C; = y=[(3x*—2x+C)dx+C, =
p(x, Cp)
= x3 - x? +C;x+C, — 3aranbHuii po3B'sa30K PIBHSHHS. ®
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2. 3Haxo0UMO YaCTUHHUA PO3B’A30K 3rigHO 3 MOPSAKOM pPO3B’A3aHHSA
3apadi Kouwui:

{y:xs—x2+C1x+C2

’ ’ ’ :11211
y =332 - 2x+C, = (%0, Y0, o) = (12])| =

2=1-1+C; +C C+C,=2 _ _
= {123—2+C1 2 5 {C1=12 = (C;=0,C, =2).

3_%2+2. e

YacTuHHMI po3B’a30K — po3B’A30K 3agadi Kowi: 'y = X
(Po36’sximb piBHSIHHS, BUKOHYOUM 3aMiHy Y = p(X).)

Il. MpaBa yacTMHa MICTUTb He3anexHy 3MiHHY i NoXiagHY HeBigomMoI
pYHKUT:
y'=f(xY). (17.2.4)

SHWKEHHS MOPSAKY 34iNCHIOETbCS 3amiHoro Y = P, ae p = p(X):

= p=f(x,p) - AP-1 =

y'=f(xy) =|y=p=>y=p
= p=p(xC) = Y =p(xC) = y=]p(xCdx+C,

— 3aranbHUN PO3B’A30K PIBHAHHS.

Mpuknad. 3HanTn 3aranbHU PO3B’SI30K PIBHAHHA Y = 6X —2Y'.
BukoHyemo 3amiHy y'=p(X), Togi y" =p/, i piBHHHSI HabyBae BUrMsAY:

p' =6x-2p - NAOP-1 (o6rpyHmytime).
Po3e’s13yemo noro (metogom bepHynni abo metogom JlarpaHxa):
p+2p=6x = p=3x-15+Ce ¥
Bidnosmoemo y(X): |p=Yy'| = Yy = 3x—L5+Cle_2X =
=y=[(3x-15+ Ce?¥)dx+C, = y=15x(x-1)-C;/2e > +C,

— 3aranbHUN PO3B’A30K PIBHAHHS. ®
(Un moxHa oro 3o06pazumu iHakwe: Y =3X(X—1) + Cle_zx +C,?)
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lll. MpaBa YyacTMHa He MICTUTb SIBHO He3arieXHy 3MiHHY (MiCTUTb
HeBiZOMY OYHKLit0 Ta 1T NOXigHY):

y'=1(y,y). (17.2.5)

SHWKEHHS1 NopaaKy 3ailMcHIoETbCA 3amiHoo Y =P, ge p=p(y). Y
LIbOMY, HabinbWw OBTSHKNIMBOMY BUNAAKy, Y' € cknageHor yHKUie Big oc-

HOBHOTO aprymeHTy X: y' = p(Y(X)), Tomy Yy = py LYy, 10610 y" = p'p.

p="f(y,p)-AP-1 =
= p=p(y.C) = Y=p(¥.C) = y=]p(xCdx+C,

— 3aranbHUN PO3B’A30K PIBHAHHS.

Mpuknad. Ona piBHAHHSA Y —3y2 =0 3HanTK: 1) 3aranbHWii po3B’s30K;

2) po3e’si30k 3apadi Kowwi 3 nouatkosumun ymosamu: y(0) =1, y'(0) =+/2.
1. 3HUXyemMO NOPAOOK PIBHAHHS:

y'=3y? =|y=p=y =pp| = pp=3y*-OP1 =

d
- d_sp:Byz = pdp:3y2dy = jpdp:Bjyzdy+Cl =

= p?2=y3+C, = p?=2(y3+C) = p=+20/y*+C =
= y’———+«/§ y +C, = dx=

dy -
iﬁﬂ/y3+q
= [dx= +—f(y +C)V2dy+Cy, = x=t—— I(y +Cp) H2dy+C,.

Y npasin YyacTuHi iHTerpan Big GiHoMianbHoro gudepeHuiana (oue. Te-
opemy 11.3.2 (nidcmaHosku Yebuwesa), y. 2), skui npu pgosinsHomy C; He

m+lq-
n

6epeTbes y ckiHueHHomy Burnsai: (M=0, n=3, p=-1/2) =
[MpoTe, 3apgayvy Kowi po3B’a3aTtn 3MOXEMO, AKLLO MiCNA BCTAHOBIIEHHS
PyHKuii pP=Y =+J20 y3 +C, BusHauumo C;:
(y(0)=1, y'(0)=~2) = C,;=0.
61



2. BHaxodumo Yy = y(X):

_dy_ 5. .32 I _ N2
=—2=42 dx=— dy+C X=—>"%=+C
P= VY = J /—ny y+C = gt e =

— | Bu3Havaemo C,: 0=—/2+C, = C, =42 | = -2
| 2 2 2 | y (x—2)?

YaCTUHHUW PO3B’A30K — PO3B’A30K 3adauvi Kowi. @
(lepekoHalimecs y NnpaBUITbHOCTI 3HAUAEHOro PO3B’SA3KY.)

BioMmimumo: npun po3B’sidaHHi 3agadi Kowi AouinbHO 3HaA4YeHHs cTannx
C,, C, Bu3HauaTtu y npoueci po3B’s3aHHsi, a He MIiCNsi 3HaXOMKXEHHS 3aranb-

HOro PO3B’'A3KY.
IV. OgHopigHi 1P-2 BigHOCHO wWyKaHol oyHKLIT Ta Ti NOXigHUX:
F(xy,y,y")=0a6o y' - f(xy,y)=0,
FOy. Y.y
ne F(X,AY,AY, AY) =A"F(xy,Y,Y").

(17.2.6)

3BeageHHs o [1P-1 3agincHioeTbea 3a gonomorot niocmaHoeku Eline-

pa. y= e/ ne 7= 2(X) — ,HoBa", mOMOMiXKHa, YHKLIS.
[incHo:

y:e[ZdX — yr:ejZdX &:yz — y":y’Z'I'yZ’:yZZ'l'yZ’. (1727)

3amiHy y = e[ZdX MOXHa BUKOHYBATW i Y BUNAAKy, KON X He BXOAUTb Y

piBHﬂHHFl ABHNM YNHOM.

Mpukad. 3HnanTn NopspokK pisHsHHS Y'Y — y2 =0.
[lepesipsiemo niBy YaCTUHY Ha OOHOPIAHICTb:

AY) TAY') - (A)? = A*(Y"Y' = y?) - onropiana dyHkuis 2-snmipy.
3acmocosyemo nigcraHoBky Ennepa:

3

y(22+z’)yz—y2:O = |y#0]| (yomy?) = z°+22-1=0-[P-1. ®
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SAKLIO BpaxyBaT, WO Y 3a4aHe PIBHAHHA apryMeHT X He BXOOWUTb IBHUM
4nHoM, To noknagemo Y' = p(y), Toai y' = py P, i AP-1 matume surnaa:

p,p>=y? = pPdp=y’dy = p=v,=3y*+Cy.

(Akomy, Ha sawy OymMKy, 3 nigxonis cnig sigoatn nepesary?)

17.3. OudbepeHuianbHi piBHAHHA BUWMX nopaakis (AP-N),
O NPUNYCKaTb 3HWXKEHHA NOPAAKY

AKWo andepeHuianbHe piBHAHHA N-ro nopsaky (N = 2) 3aMiHOK 3MiH-
HOI BOAETbCH 3BECTU 00 AndoepeHuianbHOro pPiBHAHHA MEHLLOro, HiXXK N no-
PAOKY, TO KaXYTb O BOHO MPUNYCKAE 3HMXKXEHHS1 NOPAAKY.

Takumu, sk NpaBuIio, € PIBHAHHSA, WO MICTATb He BCi apryMeHTn yHKLil

i3 (17.1.1): F(X, ¥, Y, Y", ..., y(M).

|. Ctapwa noxigHa y(n) € PyHKUiEO He3arneXxHoi 3MIHHOI X:
y(n) = f(X). (17.3.1)

3ararnibHUn PO3B’A30K PIBHAHHSA TaKOro BUMMSAY 3HAX04ATb N-KpaTHUM

iHTerpyBaHHsiM 3 ypaxyBaHHsim, wo Y = (y(”‘l))’, J'y(”)dx =y 4.

n—l Xn—2

(-1 -2

y= jjf(x)dx dx+C;

n N pasis

+Ch1x+Ch. (1732

lpuknad. Po3e’asatn 3agadvy Kouwi:
y"=snx-x; y(0)=2, y'(0)=1, y"(0)=0.

3Haxo0umo 3ararnbHUN PO3B’A30K, A9 YOro IHTerpyeMo rnocnigoBHO Tpu
pasu niBy i NpaBy YaCTUHW PIBHAHHS:

X2 _ X3
y”:_COSX_7+C1 = y':—SInx—€+C1X+C2 =
X4 X2
= Y=C0SX=5 + C17 + C,X + C3 — 3aranbHuin po3B’s3ok.
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Budinsiemo 3a no4yaTkoBUMM yMOBaMW YaCTUHHUW PO3B’A30K, OS1 4YOro
cknagaemo i poss’asyemo CJTAP 3% 3 BigHocHo ctanux C;, C,, Cj:

2=1+C4 G =1 4 2
1=C, = |C=1= y:cosx—x—+x—+x+1.o

0=-1+C, |Cs=1 242
(Hu moxHa 6yno 3Hantn Ci, C,, Cgz, He cknapatoun CITAP?)

Il. PiBHAHHA He MICTUTb sIBHO HeBigoMmy dyHKuilo Yy = Yy(X) Ta i

noxigHi oo (K —1)-ro nopsagky BKnO4HO:

Fox,y®,y®D yMy=0, 1<k<n. (17.3.3)

Mopsnok Takoro piBHAHHSA MOXHa ameHwutn o nopsaky (N—K) sio-

HOCHO HOBOT cpyHKUiT P(X), AKWo noknactu y(k)(x) = p(X); Toai BinnosigHo:

y(k+1) — pr, " y(n) — p(n—k),
a piBHAHHSA HabyBae BUrNsaQy:
F(x,p,p,.. "y =0. (17.3.4)

IMpuknad. Poss'szaty piBHaHHA: Y — X = y"/X.

[lposodumo Bi3yanbHUW aHani3 i BUBOAUMO, WO PIBHAHHS HE MICTUTb
SIBHMM YMHOM HeBigoMy doyHKUito Y = y(X) Ta i nepwy noxiaHy y' = y'(Xx).

OTxe, ANs WOro po3B’si3aHHA BuKopucTaemo migctaHosky Y' = p(X),
Togi YY" = pP'(X), a piBHSAHHSA cTaHe niHiHum OP-1 BigHocHo dyHkuii P(X):

p'(X) -% p(X) = X. (17.3.5)

Pose’siayemo (17.3.5) metogom bepHynni abo metogom JlarpaHxa (ams.
n. 16.4): p(x) = X(x+ C;) — 3aranbHuit po3B’'A30K (MepekoHalimecs).

3rigHo i3 3amiHoto y" = p(X) npuxoaMMo [0 PiBHSIHHSA, PO3B’SI3aHOrO
BiJHOCHO cTapLuol noxigHoi (17.3.1):

Y = X(x+Cy).
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BioHosnoemo Y = y(X) HEBM3HAYEHUM iHTErpyBaHHAM (OBiYi):

3 2
Y =[O +Cpdx="3 +C, 5 +Cp =

3 2 4 X3
= Y= J‘ —+C1—+C2 dX_12 €+C2X+C3

— 3ararnbHuin PO3B’A30K BUXIOHOIO PIBHAHHS. @

lll. PiBHAHHA He MICTUTbL ABHO He3aneXHol 3MiHHOI X:

F(y, Y,y y") =0. (17.3.6)

Taki pIBHAHHA NPUNYCKaKOTb 3HWXKEHHS NOPSAKY Ha OOUHULIO, SKLLO PO-
3rnsaaTv neplly noxigaHy Yy, sk cknageHy yHKUiH0 3 NPOMKHUM aprymeH-

ToM Yy = y(X), To6TO noknacTu:
Yx = P(Y), (17.3.7)

i BUpaauTV BGi iHwWi noxiawi ans Y(X): V", v, ..., YV, yepes Hosy dyHKLito
p = p(y) Ta ii noxiaHi 3a 3mMiHHOW Y:

Yy = Py IV = Py Ips vy = (yy)y Do =[py Do+ (py)*10p;
Vi = (¥3)y Do =[Py [p* +4py [0} [p+(p)°] ;... (17:39)

O =) O

3rigHo 3 (17.3.8) 3agaHe piBHSAHHSA 3BOAUTLCA 00 OndepeHUianbHOoro
piBHsIHHSA (N — 1) -ro nopsiaky BigHocHO dyHKLii p = p(Yy):

oy, p, P, .., p"P) =0. (17.3.9)

Mpuknad. 3HanTn iHTerpanbHy KpuBy piBHAHHA YY" = Y'y", saka npo-

xoauTb TouKy (Xg, Yo) = (L1) 3 noxigHumu: y'(1) =1, y"(2) =1.
AHanizyemo 3apfiaHe piBHSHHSA | BCTAHOBJIKOEMO, O BOHO HE MICTUTb Y
SIBHOMY BUIMSZi @pryMeHTy X, TOMY BUKOHYEMO 3aMiHy: Yy, = pP(Y).
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H " n . . .
[Midcmaensiemo BUpa3n Ana Yy Ta Yy Y BUXiOHE PIBHSAHHS i 3Haxo0uMo

p = p(y), Busnavatoum ctani C;, C, y npoueci po3s’si3aHHs:
yx = Py Lb, , ,
m_ o : = Yipy[p+(py)Ith=pyp° =

yx =[Py Do+ (py) %] Y Y Y

= Doy May=Lay  ip,|+Inp =inly +Inc,| =
py p y —— -~ I -

0 £0 £0 £0

= In

pyp =INyC| = pyp=Ciy = |Yo=Lyp=1=C =1 =
Yx
= pdp=ydy = p°’=y°+C, =

= [yo=1yp=1=C,=0| = p=y.
Po3g’sisyemo oTpumaHe HaunpocTiwe [OP-1:

_dy _ _ . (x-C
Y™ dx-7 = x-In\y\+C3 = y—ie(x 3),

3agaHMM no4YaTKOBMM yMOBaM BinoBigae nuwe 3Hak ,nntoc” (Hase-
0imb MIpKy8aHHS):

(% =Lyy=1=>C3=1 = y= e _ pose'sisok sapavi Kouwi.

CT0COBHO BUKOHaHHA ymoB TeopemMu Kowi (17.1.4) maemo:

mo_ POy — y'y" r_ y'y" o Y" y'
—_ f , , ju— - f —_— ) f =, f ] — |,
y AR y ( y y y yJ

TO6TO NpaBa YacTMHa 3abeaneyye iCHYBaHHS i EAUHICTb IHTErpanbHOI KPUBOI,
LLIO MPOXOAUTL Yepe3 Byab-siky Touky (Xg, Yp) nnowman XOY 3 HeHyrnboBOW

OpPAMHATOI, AKa OMUCYETbCA HeMNepepBHO i ABiYi HenepepBHO AndepeHLUi-
MOBHOK (PYHKLIED. ®

(Obmipkyime, 3a AKMX YMOB PO3B’A3KOM € EKCMOHEHTa Y = ex.)
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IV. OgHopigHi [IP- N BiAHOCHO WyKaHOI hyHKUiI Ta iT noXigHUX:

FO4,Y, Y, Y™)=0 a6o y(”)— f(xy, y’,...,y(”_l)zzo,
FO6Y, Yoy ™)

ne F(XAY, AY, AYy) =A"F(x,y,Y,Y"), m — Bumip ogHopigHocTi.

(17.3.10)

3HWKEHHA nopsaky OP Ha oauHMUO 34IMCHIOETLCA 3a OOMOMOrow rnid-

cmaHoeku Elinepa: Yy = el 2 e z = z(x) — ,HoBa”, 4OMNOMiXXHA (PYHKLiS.
[incHo:
y=e®@ o y=e =y
y' = yz+yZ =yZ2+yZ,; (17.3.12)
Y =y +3yzZ +yZ oy ™ =y Yy

Ha koxHOMy HacTynHOMY KpoLi AndepeHLjitoBaHHA 3aMicTb Y’ nigcTas-

nseMo YZ iy nigcymKy oTpuMaemo piBHsaHHA (N —1)-ro nopsaky:
d(x,2,2,..., 2"y =0.

. X -
38MIHy y= e[Zd MOXHa BUKOHYBATU U Y BUNAAKy, KON X He BXOOAUTb

Y PIBHSIHHS ASBHUM YMHOM.
lpuknad. Po3B’a3aTn piBHAHHSA:

2 m I N

y2y" =3yyy" + 2y + y(yy' - y'?) - y*x=0.

[lepesipsiemo niBy YaCTUHY Ha OOHOPIAHICTb | MEPEeKoHYEMOCH, Lo BOHA
€ OAHOpIAHO (hyHKUie 3-BMMIipY BiGHOCHO 3MiHHUX Y, V', y", y".
3acmocosyemo nigcraHosky Evnepa, 3any4datoum (17.3.11):

Z2+3Z +7' -32(2* +Z)+222+7 -x=0 = 2"+7 =x,

i oTpumyemo [IP-2, ske Tex npunyckae sHWKeHHS nopsaaky (ame. (17.2.4)):

'"+72=x > |Z=p=>Z7=p

= p'+p=x

— NAP-1 i3 3aranbHUM poss’siskoM (nidmeepdims ue): pP(X) =x-1+Ce .
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BioHosnroemo yHkuito Z = z(X) 3a ii noxigHoto:

Z(X)=x-1+Ce " = z(X)= x2/2— x-Ce * +C,,
| 3HaxoOuMo iHTerpan Big Hel:

_X3 X2 —X
fz(x)dx—g — 5 +Ce T +Cx+ Gy

3arnucyemo 3aranbHUin PO3B'A30K BUXIOHOMO PIBHAHHS:
(x3/6-X%/2+C1e T +Cpx+Cy)
y=¢e . ®

(HYu moxHa Ona po3B’A3aHHsA PiBHAHHA 2" +2' = X Tex 3actocysatw,
BOpYre, niactaHoBky Evnepa?)
AKwo i3 3agaHOro pPiBHAHHA BUITYYUTWU BIiflbHWUW Big MOXiOHWUX YSlEH:

(— y3x), TO OTPMMAEMO:

2 m I, n I3 n I2 —_
yoy  —3yyy +2yT+y(yy' -y ) =0,
i nigcraHoBka Einepa npueoautb Ao piBHsAHHA: Z2' + 2 = 0.
(Hu moxHa pna Noro po3B’si3aHHs TaKOX 3acTocyBaTu, BApyre, nigcra-
HOBKY Ennepa?)

17.4. esiki 3apadi 3aCTOCOBHOIMO Xxapaktepy B NpUpoAHMYNX HayKax
i eKOHOMiILi

Mamemamuy4Ha Mmodenb pyxy nnaHem Haekosio CoHus

HiMeLbknit acTpoHom WMorarec Kennep (1571 — 1630 pp.) eMnipuyHuM
LUNAXOM — LWISAXOM aHanidy cnocrtepexeHb pyxy Mapca Haskorno CoHug,
30INCHEHMX JaTCbkuM acTpoHoMoM Tuxo bpare (1546 — 1601 pp.) — BUBIB
TpW 3anexHocTi (Ha3BaHi 3akoHamu Kennepa), WO ONUCYOTb PyX NraHeT
HaBkono CoHus.

MpnbnusHo yepes 70 pokiB lcaak HblOTOH nNoknas 3akoHM Kennepa B
OCHOBY CBOIX 3aKOHIB pyXy i rpasitauii. HbloTOH nokasas, L0 i3 3aKOHY Bce-
CBITHbOrO TSKIHHS BUNNMBaKOTb 3akoHW Kennepa, i Takum ymHoMm Gyna noby-
AoBaHa MaTemaTu4Ha Mofernb pyxy nnaHeTt HaBkoro CoHUS.
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Ha puc. 17.4.1 y nonsipHux KoopamHaTax 3obpaxeHa opbita nnaHeTu
3emMna — eninc, — B 0gHOMY i3 OOKycCiB sikoro saHaxoautbca CoHLe.

Bioomo, wo Hanbnmkya o CoH-
s Todka opbiTn (nepueernid), a Han-
Aanblia Big HbOro Toyka (agperniu)
BM3HA4YalOTbCs BiANOBIAHO BigCTaHSA-
Mu: 147,5 MnH kM, 1525 MIH KM,
To6TO BiacTaHb Mk dokycamm 2C
ckrnagae nuwe 5 MnH Km.

PiBHAHHSA eninca mae BUrnaa;:

2 2
x*0”, ¥ 4

a2  a’(l-¢€%)

ne a=150 mnH kM, ¢ =2,5 MIH KM,

Puc. 17.4.1. Opb6ita nnaHeTn 3emnsa
e=c/a=1/60.

TobTo
(x+25°%, y* _
150°  149,98°

1. (17.4.1)

Uepe3 manunsHy ekcueHTpucutety € opbita 3emni 6nusbka Ao kona.
Came Take piBHAHHSA eninca gae mateMaTtudHa mogenb pyxy 3emii.

BuBenemMo piBHAHHSA, WO ONMUCYe pyx MNraHeTM 3 Macok M HaBKoMo
CoHust Mmacu M . Bnnue iHWIKX NnaHeT Ha HUX BpaxoByBaTu He Gyaemo.

3a 3aKOHOM 8CeCc8imHb020 MSKIHHS ABa Tina, siki 3HaxoaaTbCsl Ha Bif-
CTaHi I' oauH Bia oaHoro, i Aki MatoTb macu M i M npuTaryloTbCs 3 cunoro

(17.4.2)

ne Y — rpasiTauiiina ctana (y = 6,67 10 M um? k).

3rigHo 3 dpyaum 3aKOHOM HbIOTOHA NMPUCKOPEHHA MaTepiaribHOT TOYKN
a npsamo nponopuiiHe cuni F, wo Ha Hei gie, Ta HanpsamneHe B Gik Ail wiel
CcUnu:

a:% abo F =ma, akwo m—const.
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3a mpemim HbIOTOHIBCLKMM 3akoHOM ¢ Fp 5 i Fpj, WO BUHMKaKTL

Npwn B3aemMofil ABOX Tifl, € PiBHUMU 32 MOOYNEM i NPOTUNEXHUMN 3a Hanps-
MOM: F12 = _F21.

3any4yatoun apyrum i TpeTin 3akoHM HbloTOHa 3annwemo:

abo a=—£2, ne k=yM —const. (17.4.3)
r r

Hexann CoHue 3HaxoguTbcsa B nontoci (ame. puc. 17.4.1), a NnonoxeHHd
nnaHeTu B MOMeHT 4acy [ onncyeTbCcsi napaMeTpudHO 3adaHor OYHKLIEI:
x=x(t), y=y(t), ne X, y — koopauHaT1 AeKapTOBOi CUCTEMM KOOPAMHAT,
CYMIiLLEHOT 3 MONAPHOK. Y MOMSAPHIN CUCTEMI KOOPAUHAT NPUCKOPEHHSA € OpY-

roto MoxigHot 3a Yacom Bif padiyca-Bektopa I =(X,y),a I =4 x2 + y2 .
Ha uux nigctaBax piBHAHHSA i3 (17.4.3) 3anuweTbcs y BUMMSl OABOX
B3a€EMHO 3B’A3aHUX AnepeHuianbHUX PiBHAHD:

k ..:_ _2
a= -{X kr = cos, (17.4.4)

127 |y =—kr2sing.
Ypaxosyioun, Wwo COSP = X/r, SiNd = y/r, r =+ X* +y?, npuxoanmo

00 TakuX pPiBHAHb (r1epeKkoHalmecs), WO ONMUCYTb 3aKOHW pyXy NiaHeT:

o 2 . \,2\-2/3
{x_ (+Y) ™" e x=x(t). y = y(1). (17.4.5)

y = —ky(x® +y?)™%3,

Axwo B (17.4.5) nepentn 0O NONSAPHUX KOOpAUHAT (BUKMag NnpoBOAUTU
He Gyaemo), To oTpMmaemo AudepeHuiansbHe piBHAHHSA BigHocHo I =1 (),

PO3B’'AA3KOM SIKOr0O € DYHKLIA:

r:r((l)):—C/k , C—-const,
1+ecosd

siIKa OMnUCcye KpuBY 2-ro NOpsiiKy 3 €KCLLEHTPUCUTETOM € Y NOMAPHIN cUCTeMI
KoOpAuHar.
Ons 3emni ue piBHsAHHA mae Burnsg: r(¢) =155/(1+1/60[cosd); ca-

Me 3 HbOro oTpuMyemo (riepesipme) piBHAHHSA (17.4.1).
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Po3paxyHOK eflekmpuYHUX J1aHUro2ie

Po3paxyBatn enekTpuyHuUA MaHulr — ue o3Hadae 3HauTu BESTMYUHU
CTPYMIB, LLO NPOTIKaTb Y KOXXEH MOMEHT Yacy t yepes KoXXeH enemMeHT naH-
utora, abo, B ekBiBaneHTHOMY CEHCi, BKaszaTu noTeHuian y KOXHOMY BYy3ni
naHutora B KOXXeH MOMEHT 4acy.

HoBeneHo, wo nepwmin i opyrmun 3akoHn Kipxroga (3eadatime ix) pasom
i3 3aKkOHaMM (PYHKLIOHYBaHHA e€fieMEeHTIB naHulora gatoTb OOCTATHE 4YUCNO
PIBHAHb AN BU3HAYE€HHA HEBIOOMUX CTPYMIB i Pi3HUUb MOTEHLianiB Ha KOX-
HOMY erleMeHTi.

Ha uux nigctaBax 6yayetbcs Tak
3BaHa aHasimu4yHa Moloesib enekTpud-
HOro naHutora: ckrnagarTbCs AndepeH-
LianbHi piBHAHHA, €Ki BigobpaxyoTb
(onucyoTb) pearnbHUIN JTaHUoT. L 30

HanmnpocTiwmnm npuknagom enek-

a

TpuuHoro naHuora (puc. 17.4.2) € Ko- R

nuBanbHUn KOHTYp, abo RLC-naHutor, 1

AKUMA MICTUTb pe3ncTop (akTuBHUM onip b

R), kotywky (Hoyktuehuin onip L) i Puc. 17.4.2. RLC-naHujor

koHOaeHcaTop (eMHicHuin onip C).
3akoHu pyHKuioHyBaHHA enemMenTiB R, L, C onucytoTbesa piBHocTAMM:

u=Ri (3akoH Oma), u=Li', i=Cu, (17.4.6)
oe u=u(t), i =i(t) — Hanpyra i cTpym — € OYHKUISMM Yacy; LWITPMUX O3HaYaE
noxigHy 3a 3miHHoto T.

3a neplumm 3akoHoM Kipxroda (npo cymy cTpymiB i y By3anax):
lap (1) = lpe(t) =ica (1)

no3Ha4yMmo uen cTpym Yepes i =i(t).
3a gpyrum 3akoHom Kipxrodgpa (npo cymy nagiHHsa Hanpyr U):

Ugp (t) + Uy (t) +Uga(t) =0;
a 3a 3akoHamu (17.4.6):
Uyp = Ri, Uy = Li’, Uz:a :l/C
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I3 oBOX NnonepeaHix cniBBigHOLEHb OTPUMYEMO:
Ri+Li'+u,, =0 = |andepeHuiemosai| = R'+Li"+i/C=0 =

= i"+%i’+%i =0 (17.4.7)

— AudoepeHuianbHe PiBHAHHA 2-ro NOPSAKY, WO ONUCYE KONMBAITbHUA KOHTYP.

HannpocTiwmm i WMpoKOo pO3nNOBCIOLXKEHUM €NEKTPUYHUM NaHLUIOroM €

namnoBun reHepatop i3 Tpiogom (puc. 17.4.3). BiH sBnsie coboto konmBanb-

HUI KOHTYp bdae, nos’asaHwuii i3 Tpiogom Yepes enemeHT, KM Ha3MBaKThb
83aEMOIHOYKUJEHO.

OcCTaHHIn € YOTUPUMNONKCHMUKOM

a
cgdb, skuin cknapaeTbcs 3 OBOX iH-
OYKTUBHOCTEN, WO 3a00BOSbHAIOTL
R PIBHOCTI:
g

Mgd CF Uy = Licg +Mibg.
- ) (17.4.8)

L, L Upg = Llpg +M leg s

| ne Ly i L —ingykTusHoCTi;

c b e M (M >0) — koediuieHT B3aemo-

Puc. 17.4.3. NNamnoBwii reHepaTtop  IHAYKLIT.

3akoHn (PYHKUiIOHYBaHHA Tpioga 3 AOCTATHbOK TOYHICTIO OMUCYETLCA
CNiBBiAHOLLIEHHAMMN:

g (t) =0, i (t) = f(ug(t)), (17.4.9)

ne dyHkuis (U (t)) — Tak 3BaHa BonbTamnepHa xapaktepucTuka Tpioaa,
LLIO OMUCYE 3anexXHiCTb aHOAHOrO CTPYMY I, Bifl CITKOBOI Hanmpyrv Ueg: — 3a-
AaHa i 3anexuTb Big PI3NYHMX XapaKTePUCTUK KOHKPETHOI namnu.
BuBegemo piBHSIHHA, WO onucye poboTy namnoBoro reHepatopa. ep-
lwnn 3akoH Kipxrogpa onda Bysna a fae piBHAHHS:
lda ~lac = lae; (17.4.10)
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a 3a apyrmm 3akoHoM Kipxroda ans koHtypy aebd maemo:
Upg + Uga +Uge =0.
3 ypaxyBaHHsM (17.4.6) oTpUMYeEMO:
Lipg + Riga +Uge =0.

OpHopasoBe AudepeHuitoBaHHA Ta 3akoH (YHKUIOHYBAHHS €MHOCTI
NPUBOANTb OO0 PIBHAHHS:

Lipg +Ri(’ja+%:o. (17.4.11)

[ani, BpaxoBytouun BiACYTHICTb CITKOBOro CTpyMmy, 3rigHo 3 (17.4.9) i3
PIBHSAHHSA B3aeMOiHAYKLT (17.4.8) oTpUMYEMO:

ch =M Il’)d ,
i TOMY
ipc = F(Mipg). (17.4.12)

SAkwo Tenep niactaBuTh iy i3 (17.4.12) B (17.4.10), a oTpUMaHui Bu-
pa3 Ans ize — B (17.4.11) i, KpiM TOro, NO3HAYUTM Iy =lg4q =ize YEPES I, TO

NPUXOOUMO A0 PiBHSHHS, WO ONUcye poboTy NamMnoBOro reHeparopa:

|_i”+Ri’+i_ :M_

c C (17.4.13)

3ayeaxkeHHs1. AHaArOryHO OMNUCYKTBLCH FreHepaTopu erfieKTpPoOMarHiTHUX
KONMMBaHb Ha TpaH3ucTopax. PakTUYHO XOOeH NiOPYYHUK 3 TeOpeTUYHUX
OCHOB €MeKTPO- i pagioTexHikM He o0bxoauTbca 6e3 BUKOPUCTaHHA audepeH-
LianbHUX PIBHAHb.

AHani3 noeeldiHKU eKOHOMIYHUX QUHaMiYHUX cucmem

[1ig, eKOHOMIYHOIO CUCTEMOKD PO3YMIitOTb CYKYMHICTb YCiX BUAIB €KOHOMIY-
HOT AiSANIbHOCTI Ntogen y Npoueci iX B3aemogii, cnpsiMoBaHOl Ha BUPOBHMUTBO,
0OMiH, po3noain, CNoXuBaHHSA TOBapIB i NOCMYr, Ha peryntoBaHHA €KOHOMIY-
HOT gisnbHOCTI. MHamMiyHa cuctema — maTeMaTuMyHa abceTpakuid, npusHaveHa
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Anga onncy i BUBYEHHA CUCTEM, LLIO €BONIOLIOHYIOTL 3 YacoM. Ha nigctasi ma-
TeMaTU4YHNX Mogenen gMHaMiYHMX CUCTEM MOXHA MPOrHo3yBaTuU MambyTHE i
NO-HOBOMY OLHUTU MUHYIE.

PoarnaHemo ogHy i3 3agady 36yTy i cnokmMBaHHA ToBapiB Ta nocnyr. He-

xav nonut d Ta Npono3suuis Ha ToBap S BM3HAYalTbCH CMiBBIAHOLLIEHHAMMU:

d=gp'+ta,p +agp+ay;
S:k).l.p” +b2p’+b3p+b41
ae p = p(t) — uina Ha ToBap;
p' = p'(t) — TeHaeHLUia dopMyBaHHS UiHU;
p" = p"(t) — Temn amiHn LiHK;
a, by (i=14)-const.
Y no4aTKOBMN MOMEHT 4acy:

P(0) = po, d(0)=dp, s(0)=s.

3Hangemo 3anexHicTb UiHu Big Yacy: p = p(t), ypaxoBywoun BUMOry

BiAnoBigHoCTI monuTy Ao nponoauuii: d = S.
3agava 3BoAUTLCA 00 PO3B’sizaHHA 3agadi Kowi ana gudepeHuianbHo-
ro PiBHAHHA 2-ro NOPSAKY:

G p’+cyp +czptcy =0, (17.4.14)
ne ¢ =g -h (i=14).

(o siko2o0 mury BUBYEHNX PiBHSAHbL CIif BioHECTU PiBHAHHSA (17.4.14)7)

MobygoBaHa maTtematnyHa Mofenb € 6inbll THYYKOH, MOPIBHSHO 3
andpepeHuianbHMM PIBHAHHAM 3akKOHY nonuty i npono3uuii (gme. n. 16.6),
OCKiJSTbKM BOHA BpPaxoOBYE He TifIbKM TEeHAEHUiI0 PpopMyBaHHA UiHWM, a N Temn
3MiHW LiHW.
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3annTtaHHA ANA caMoAiarHOCTUKKU 3aCBOEHHA MmaTtepiany

Bignosigi Ha BCi 3anuTaHHa cpopMynionUTe CIIOBECHO, 3anuwWiTb Yy CUM-
BONiYHiN dopmi, obrpyHTYnTE (Ha NigcTaBi O3Ha4YeHb, TEOPEM, NpaBui, gop-
MYyJ1 TOLWLO), HaBeAiTb BiANOBIgHI KOHKPETHI NpuKagu.

1. Wo posymitoTeb nig aAndpepeHuianbHUM PIBHAHHSAM BULLLOTO MNOPSAKY
(AP-n) i ak noro 3anucytoTb y cumeonax?

2. Ak 3anucyeTtbes B cumBonax [P-nN, po3s’sizaaHe BIQHOCHO NOXigHOI?

3. Aka pyHKUia Ha3mBaeTbCca po3B’a3kom [P-N i wo Take iHTerpanbHa
Kpusa?

4. lllo Ha3mBaTb 3aranbHUM PO3B’A3KOM AnepeHuianbHOro PiBHAHHS
N-ro nopagky?

5. o HasmBaloTb N-napaMmeTpuU4HOK CiIM'E0 PO3B’A3KIB?

6. AKnI PO3B’A30K PIBHAHHSA HA3NMBAaETLCHA YaCTUHHUM?

7. lLlo HasuBaoTb 3aranbHUM | YaCTUHHUM IHTerpanamMmm piBHAHHA?

8. Aky 3agadvy HasuBaloTb 3agadeto Kowi onga andepeHuiansHoro pis-
HAHHA N-ro Nopsaaky?

9. Cchopmyntonte Teopemy Kowi npo iCHYBaHHS i €OUHICTb PO3B’A3KY
AndpepeHuianbHOro piBHAHHA N-ro NopsaKy.

10. Axa 3amiHa 3MiHHOI BUKOPUCTOBYETBLCA AN1K IHTErpyBaHHS PIBHAHHA:

a)y' =f(x); 6) y'=1f(xy); By =1(y,¥):; 0D F(xy,y,y)=0, ne
FOGAY.AY AY) =ATF (X, Y, Y, y")?

11. Y yomy nonsrae MexaHiYHUN i EKOHOMIYHUI 3MICT audbepeHuianbHo-
ro PiBHAHHA OPYroro nopsaky?

12. Aki TNKM andepeHuianbHUX PiBHAHb N-ro nopsaky (N> 2) npunyc-
KaloTb 3HMXKEHHS NMOpsaaKy i 3a 4OMOMOror AKMX NigCTaHOBOK?

3apadi Ta BnpaBu

1. 3HanTn 3aranbHi abo YacTuHHI po3B’a3ku (iHTerpanu) 3agaHunx [OP-2,
sk 3BoaaTbes go AP-1:

1) y" =cos2x+ % ;

2) y" =sin® x+ Xsin2x;

3) y'(x+2°=1, y(-1)=112, y(-1)=-14;
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4) y' =x[&*, y(0)=y'(0)=0;
5) y' =2xIlInx;

6) y'31-x* =1, y(0)=3, y(0)=1;

7)Y [Q4+x%)=2;
8) (x+4)[y" =x+1,

9) y" =4cos’ x+2sin?(x/2) +/x+2;
10) xy" =Vy';
11) xy"+y' =0;

12) xy" = 1+ 2x%)y';

13) Xy" =y + X%;

14) xInx[y" =y

15) xy" =y n 3, yO=0, y(O)=1L
16) 2xy'y" = (y)?+1, y(1)=1/3, y'() =1;
17) X2y +xy' =1;
18) Xy +x°y' =1,

2

19) 2y =¥ + Y =V2/5, y () =2/2;

20) Xyn _ yr - XZeX,

!

21) xy' =y +x@n L, YO =yQ=12;
22) y"+y'[tgx =sin 2x;
23) y'(x*+1)=2xy’, y(0)=1, y'(0)=3;
X .
(1-x2)3
25) xy"+y' =Inx, y@=-2, y(@)=-1,

24) Xyn + yr —

!

26) ¥ -L5=x(x=1), y(0)=Y(0)=0;

27) y'lctgx+y' =2, y(0)=0, y(0) =2;
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28) Xy"' -3y =- 5 ¥(3=0,y(3=0;

9-x
29) y' = (Y)%;
30) ¥ =1-(y)?;
31) Y =1+(y)%
32) y' = 1+Yy;
33) y"+y +2=0, y(0)=0, y'(0)=-2:
34) y' =y (@+y);
35) YO/ = (y)*;
36) yy' +(y)* =0;
37) yY' =Y +(¥)%
38) 2yy" =1+(y)?, y(0)=1, y'(0) =1;
39) Yy’ =-1, y(1) =1, y(®) =1;
40) yy' = (y)* = y°Y;
a1) y'=e”, y(0)=0, y'(0)=1;
42) y'=2yy', y(0)=1, y'(0) =1,
43) 3yy" =2y, y(0)=1, y(0) =1,

a4) 2y' =3y°, y(-2)=1, y'(-2) =-1;

45) y' =2y°, y(0)=1, y(0) =1;

46) (Y)? =yOy' -1, y(0)=~/2, y(0)=1;
a7) y' +(y)? =27,

48) y'=2-y, y(0)=2, y'(0)=2;

49) 2yy" +y* = (y)? =0, y(0)=1, y'(0)=1;
50) y' =1+ (y)*;

51) 2yy" —3(y)? = 4y*;

52) 3y" =+/(1+(y)?)?;
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53) yy' -y (2/yy - y) =0;

54) y'(y -1) - 2(y)* =0;

55) yy' = (¥)* =y°Iny, y(0)=1, y'(0)=1;
56) 4y°y" =y* -1, y(0)=~/2, y(0) =~2/4;
57) X°yy" = (y - %)%

58) Xy (yy' = (¥)%) = y(¥)? +x*y°.

2. 3HanTn 3aranbHi abo 4YaCcTUHHI po3B’a3kM (iHTerpanw) 3agaHux [P
BULLIMX NOPSAOKIB, O NPUNYCKaKTb 3HKEHHS NMOPSALKY:

1) y" =e® +x%; 2) Y'=2Inx+x+2;
3) y" =sin X+ COS X; 4 y"v =x;
m In [ n

5 Y =5 YO=0.y®=1 y®=2
6) Xym_y”:O; 7) XyV _y|V :O,
8) X2y’" — (y”)z; 9) X2y”’ _ Xy” — _1;

nm n — 1 —_ r —_ n —_1-
10) y"+y lgx=_. ¥(0) =2, y(0) =1 y(0)=1;
11) y" [xInx=y"; 12) xHy" +2x3y" =1;
13) (Y +(y')? =1, 14) y Y =3(y")?;
15) (Y2 - yy" = (y/x)’; 16) y" =1-(y")?;
17) y" +(y")* =0; 18) y" =1+ (y)?;
19) x*y"V +2x3y" =1; 20) y'V - 2(y" -1)ctgx = 0;

21) xy" -y +x°=2=0, y(1)=2, y(1)=-Y3, y'1)=-3.

BianoBiai
1.1) y= —%costHn\x\ +Cx+Cy;
2) yzzllx2 —%xsian—%cost+C1x+C2;
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12(x+2)%
3 S .3

5) y:%lnx—ﬁx +C x+Cy;

3) Yy

4) y=(Xx-2)[&" +x+2;

6) y=xl@arcs NX+HV1-X2 +X+2;

7) y = x[arctg(x/2) - In(x* +4) + C;x +Cy;

2
8) y:%—3(x+4)(ln\x+4\—1)+C1x+C2;

521 1

9) y:Zx Ecost——cos4x+cosx+—

32
10) y=C;x* +C,;

12) y=Ce¥ +Cy;

14) y=Cx(Inx-1) +C,;

/ 3
_‘]_6) yzu;

3
18) y:%+C1In\x\+C2;

20) y=¢€*(x-1) +C1x2 +C,;

22) y:—x—lsin2x+Clsinx+C2;

2

24) y=C,InX+C, —In|1+v1-x ‘ :
4 3

26) y="g

28) y=£1/(9-x2)°-3//(9->®)*

30) y=C, —cogx+Cy;

3
32) y:(x+1§‘,l) - X+Cy;

34) y=C, - In‘l— eX+Cl‘;

36) y2 =Cx+Cy;
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2(x+2)° +Cx+Cy

11) y=C,In[x|+Cy;

3
13) y:%+C1x2+C2;
15) y=e **(-x-1) +2;

n°|x

|
17 y=—; +C,In[X| + Cy;
_V2x
19) y= 5

21) y=(x?+1) [arctgx— x +1;

23) y:x3+3x+1;

25) y=x(Inx - 2);

27) Yy =2X;

29) y=C, —In/x+Cy;

31) y=C, —Injcos(x +Cy)|;
33) y=-2X;

35) y = C,e%;

37) y= g (€% +1);



X2

38) =75 +x+1; 39) y? =2x-1;
Y |- . _ .
40) In =Cx+Cy; 41) y=-In1-x|;
_ 1. _(x+3)3,
42)y—1_x, 43) y= 27
44) = 4x72; 45) -1
y ’ y 1-x’
46) X+IN(1++2) =In y++/y? —4; 47) & +Cy = (x+C,)2:
48) y=2sinx+ 2; 49) y=sinx+1;
50) Iny +Cy +/(y + C)2 =1 = x+Cy;
51) ycos®(x+C,) =C;; 52) (x+Cp)° +(y+C)* =9;
53) Cy — INCyy +1 = x+ Cy; 54) (Cx+Cy)(A-y) =L,
55) len‘ln\y\ﬂ/lnz\yhl ; 56) In‘ y2—1‘:x;
57) y=C,xe VX, 58) y:CSeJ/SmXZ”LCZ)M.
1 1 1
1) y=§ezx+@x6+§C1X2+C2X+C3;
1 1 1
2) y::—3x3lnx—§x3+§C1x2+C2x+C3;

2
3) y:cosx—sinx+C1X7+C2x+C3;
5
X
4) y:m+CLx3+C2x2+C3x+C4;
3 1.

- _Xn2 o2 _
5 y= 2In x+2x 2x+2
6) y:C1X3+C2X+C3;

X° X3 X2
NY=Cpp+Cag ¥ G * X+ G

2
8) ¥ =Cy 5~ CE(x+Cy) I x+ i+ Cox+ C;

9) y:%x(ln\x\—l) +Cx3 + Cyx +Cg3;
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10) y=—-SINX—COS X+ 2x +3;
2
11) y:C1X7(2Inx—3)+C2X+C3;

12) y:—C1In|x|—2—1X+C2x+C3;
13) y:S.n(X+C1)+C2X+C3;
14) x=Cy® +C,py +Cy;

15) y = C,(x [&%2X —é e“1X) + Cg;

16) y=C3+Cyox—sin(x+C,);

17) y = (x+Cyp)In| x+ C; |+ Cox+C;

18) y :%(e)”cl —e ")+ C,x+ Cy;

19) y:—%ln|x|—C1(xIn|x|—1)+C2x2+C3x+C4;
20) y:%Clsin2x+%(1+ 2C,)x3 +Cyx? + Cyx + Cy;

4
21) y:—%—x2 +2x+i—:23.

KnroyoBi TepMiHn

AundepeHuianbHi piBHAHHA BUWMX nopagkis (OP-N); po3B’a30K piBHAH-
HA, iHTerpanbHa KpuBa; 3aranbHUW PO3B’A30K; NMapamMeTpu (JOBinbHI cTani);
YaCTUHHUKW PO3B’A30K; 3adadva Kowi; 3aranbHWi iHTerparn; YacTUHHUW IHTer-
pan; N-napamMmeTpuyHa ciM'ss poss’askie; OP-2, wo 3sogateca go [OP-1;
AP-N, Wwo npunyckaTb 3HWXKEHHS NMOPSALKY.

Pe3rome

BBoOsATbCA O3HAYEeHHSA MOHATbL, NMOB’A3aHUX i3 AndepeHuianbHUMKN piB-
HAHHAMW N-ro nopsaky (OP-Nn). Busvatoteca OP-2, ski 3Bogatbca Ao gude-
peHuianbHMX piBHAHb 1-ro nopsagky. PosrnaHyto pisHosman [OP-n, wo
NPUNYCKarTb 3HWKEHHSA NOpsAaKYy. YKa3zaHO €KOHOMIYHUM | MexXaHiYHUN cMuC-
nn [IP-2. HaBegeHo 3agadi 3aCTOCOBHOMO Xapakrepy.

INitepatypa: [5; 6; 11, 14; 16; 17; 24; 28; 32].
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18. JliHinHi gudpbepeHuianbHi PiBHAHHA N-ro NOpPsAAKY

)KodHa iHwa Hayka He Hasyae mak SCHO po3ymimu
2apMOHI0 rpupodu, SK Mamemamuka ...
M. Kapyc

lMepwa ymosa, siky Hanexumb 8UKOHyg8amu 6 mMame-
Mamuuji, — ue 6ymu moyHum, opyzae — bymu SICHUM |,
HacKIifnbKuU MOXHa, rnpocmum.

J1. KapHo

MeTa: HaBuUMTU ManBYTHIX draxiBUiB YMiHHIO 3a LWBUAKICHUMW (TpaHNY-
HUMW) BENNMYNHAMM, LLIO OMNMUCYKOTb EKOHOMIYHI npouecn abo cknagosi iHop-
MaUiHUX CUCTeM, BIATBOPKOBATWU IXHi 3ararbHi XapaKTepuCTUKM (3ararbHi
BUTpaTU, 3ararbHUN OOXiA, EHEPri0 CUrHany ToLo).

MutaHHA TemMum:

18.1. O3HayeHHA OCHOBHUX NOHATL. Teopema Kouwui. BpoHckiaH.

18.2. JliHinHi andpepeHuiarnbHi piBHAHHA OpYyroro nopsiaky 3i ctanumm
koedpiuieHTamn (JIAP-2): ogHopigHi i HeogHOPIAHI.

18.3. JliHinHi gudpepeHuianbHi PiBHAHHA BULWKMX MOPSAKIB 3i cTanumm
koediuieHTamun (JIAP-N): ogHOpigHI | HEOAHOPIAHI.

18.4. J1IAP-N 3i 3MiHHMMU KoedilieHTaMK, SKi 3BOAATLCA 40 PIBHSAHb 3i
cTanumMm koediuieHTammn abo o piBHsAHbL 6e3 (N —1) -1 noxigHoi.

18.5. [leqki 3agavi 3aCTOCOBHOroO xapakTtepy.

KomneTeHTHOCTI, WO hOpMYyHOTHCSA NiCNA BUBYEHHSA TEMMU:

3azanbHOHayko8a: BOSNOAIHHA 3acobammn 3HaXOMXKEHHS HEBIOOMOT GOYH-
KUil 3a BiAOMWUMU CNiBBIAHOLLIEHHSIMN MiXK HEtO Ta T NOXiAHUMMN.

3azanbHornpoghecitHa: NiaroToBMeHIiCTb OO0 aHanidy wsuakicHux (rpa-
HUYHUX) XapaKTepPUCTUK (OYHKUIOHANbHUX 3anexHocTen y 3ajadvax [ocni-
[KEHHSI €KOHOMIYHMX OMHaMIYHMX cucTem, OO NobyaoBM MaTemMaTUYHUX
Moerien Ha OCHOBI iHGbopMaUil, Ky HECYTb YacoBi (CUrHanbHi) QYHKLIT.

CnieuianizogaHo-rnpogecilHa: BONoaiHHA ocHoBaMun nobyaoBm matema-
TUYHUX (@HaniTUYHUX) Modernen, MeTogamu Ta anropuTMamm ix OOCHIOKEH-
HA; YMIHHA BNpoBaXyBaTu AudpepeHuiarnbHi pPiBHAHHA B MOAESIHOBaHHS
€KOHOMIYHUMX MpoueciB Ta NPOoLECiB yrpassiHHA iHpopMaLinHUMKN CUCTEMaMN.
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18.1. O3Ha4YeHHAA OCHOBHUX NOHATL. Teopema Kowi. BpoHckiaH
OudbepeHLianbHe piBHAHHA BULLIOrO nopsaaky — AP-n, oe N = 2 — Hasu-
BaeTbcst NiHiHUM (JIOP-N), siKlwo B HbOro Hesigoma yHKUis Yy = y(X) Ta i

noxigHi 4O N-ro nopsaky BKmwodHo: Y, V', ..., y(”), BXOAATb Y MepLiomy

CTeneHi i noB’a3aHi NiHIMHOK 3anNeXHICTHO:

Yy + p )y + L+ p ()Y = f(X), (18.1.1)
ne pi(x), i =1n, f(x) - sigomi, HenepepsHi Ha iHTepsani (a,b), dyHKLiT.

NAP-n HasuBaeTbca HeomgHopiaHum (HIAP-N), abo piBHAHHAM i3
npaBoo YacTuHoo, skuwo f(Xx) Ha (a,b) He € ToTOXHUM Hynem:

NAP-n HeopHopigHe = [Ox0(a,b): f(x) 0. (18.1.2)

3a CMMBOMIYHUM 3anucom cghopmysiotiime O3HaAYeHHS OAHOPIAHOro
(6e3 npaBoi yactuhn) J1IOP-N:

NnAP-n ogHopigve = [Ox[O(a,b): f(x)=0. (18.1.3)

O3Ha4veHHsa noHATb, HaBegeHux anga OP-n (gus. n. 17.1) — po3B’A30kK
(iHTerpan), iHTerpanbHa KpuBa, 3aranbHUA PO3B’A30K, YACTUHHUIA PO3B’A30K,
noyaTkoBi ymMoBU, 3agadva Kouwui, 3aranbHun iHTerpan, YacTUHHUIA iHTerpan —
6e3 3MiH NnepeHoCcATbLCA Ha NiHinHI P-N.

PiBHsaHHA (18.1.1) po3B’aA3yBaHe BiAHOCHO CTapLlol NOXigHOI:

y" = -_%p. )Y+ f(x), (18.1.4)

i ANa Hboro cnpaseanmea Teopema 17.1.1 (meopema Kowi icHygsaHHS i €0u-

Hocmi po3e’s3ky [JP-n), 6o npaBa 4YactuHa (18.1.4) (no3Ha4ymmo ii f[):

1) HemepepBHa yHKLiA 3a BciMa aprymeHTamn X, Y,y ,y", ...,y D y
neskin oonacti D ix amiHoBaHHSA (06rpyHmytime);
2) Mmae HenepepBHi B obnacti D yacTuHHI noxigHi 3a aprymeHTamu

Yoy Y e YO BFE /oy =—p (%), i =1n,
(O6nacte D BusHauaetbes iHTepBanom (a,hb)).
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Teopis JIAP-N notpebye BBeAEHHS MOHATb, aHANOMYHUX TUM, SIKi pPO3-
rnaganucs npyv BUBYEHHI CUCTEM N -BUMIPHUX BEKTOpIiB (amB. n. 4.2, 4. 1).

Hexam {yi (x)}|1n — MHOXMHa (cuctema) yHkUin Y4(X), Yo(X), ..., Yh(X),
BU3HAYeHMX Ha iHTepsani (a,b). Cuctema dynkuiin {y; (x)}|1n Ha31BaETLCS
niHiMHO 3anexHoto Ha (a,b), sKwo icHyloTb Taki ctani Oy, Oy, ..., O, He
BCi piBHi HYMIO, WO ANs Beix 3HadeHb X [1(a,b) cnpaBeanuea TOTOXHICTb:

a1y1(X) +aoya(X) +...+apya(X) =0. (18.1.5)

. n . e
Cuctema yHKLIN {yi (x)}|1 Ha3WBaeTbCA NMiIHINHO He3aneXHow Ha

(a,b), sKkwo ToToxHicTb (18.1.5) BUKOHYeTbCS Tinbkn npu o; =0 Ui =1,n.

I3 (18.1.5) BunnuBae, WO NpMHaANMHI OOHY i3 OYHKLIN CUCTEMWN MOXHA
BMpa3uTK (noaaTu) Yepes iHwi. Hanpuknag, Hexan 041 Z 0, Top;

o o
yl(x)+o(—2y2(x)+...+—”yn(x) =0,
1 aq

3BigKu
Y1(X) =B2Y2(X) +..+Bryn(¥); Bj =-a;/ay, j=2n. (18.1.6)

CnisBigHoweHHA (18.1.6) MOXHa MOKNacTM B OCHOBY O3HAYEHHS JiHIN-
HOT 3anexHOCTI. Y pasi NiHINHOT He3aneXHOCTi CUCTEMU (PYHKLIN XXOOHY i3 HUX
HEMOXITMBO BMPa3nTU Yepes iHWi, TO6To nogaTtu y BMrnaai niHinHoI kombiHa-
LiT oyHKLUIN cuctemu.

3okpema, npy N=2 niHiiHa 3aneXHiCTb CUCTEMM (DYHKLIilA {yl(x),yz(x)},

onucyeTbest ymoBoto: 04 Y;(X) + a5 Yo (X) =0. Togi:

y1(X) =_Y2 _ Ya(X) = c—const (c = —ﬂ) (18.1.7)
y2(X) 0y y2(X) -

Mpw NiHiAHIA HesanexHocTi BigHoweHHs Y1(X)/ Yo(X) un Yo (X)/ y;(X)
He € ctanot Ha (a,b). (O6mipkyiime, kol Gyae, 3a KOHTEKCTOM BuKNagy,

cucteMa OBOX YHKLN: { y1(X), y2(x)}, AKLLIO OjHa 3 HUX — TOTOXHUIN HYMb.)
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lpuknadu cuctem NiHIMHO He3aneXHUX i JTIHIMHO 3aneXHUX PYHKLIN:

1) {eX, ezx} nikifiHo HesanexHa Ha R : €2%/e* = € ne e cranoio;

2) {X, 2X} niHiNHO 3anexHa Ha R : 2X/X =2 — cTana BenuuuHa;

3) {l,x, XZ} NiHiMHO He3anexHa Ha Gyab-akomy iHTepsani (a,b)R:
TOTOXHICTb 0;1+ 0 ,X+ 03X =0 He BUKOHYeTbCA, 60 KBaApaTHUIA TPUUNEH
MOXe CTaTu HyNeM TiNlbku Y ABOX TOYKaX;

: n
4) {x'}‘o niHinHO HesanexHa Ha Gyab-akomy iHTepsani (a,b) R, 6o

PIBHAHHA N-rO CTeneHs He MoXe MaTu BinbLue, HPK N KOpeHiB (ypaxoBykoun
IX KpaTHICTb);

5) {Sinix}|8 niHiNHO 3anexHa Ha R (ykaximb, Ha akin nigcTasi?).
Hexai {Yi (x)}|1n — cuctema (N —1) pasis gudepeHuiioBHmx Ha (a,h)

byHKUiN. BusHayHmK N-ro nopsaky, enemeHtamu i-ro pagka sikoro (i 2171)

e noxigHi (I —1)-ro nopsaky gyHKUii cUCTEMW, HA3UBAETLCA BU3HAYHUKOM

n .
BpoHcbKkoro ans cuctemu { Yi (x)}|1 , 200, KOPOTKO, BPOHCKiaHOM:

Y1(X) Y2 o Yn(X)

Wl Yooyl WEo =| A0 Y200 000 g g

VWA vy ..y D)

(KO3ed BpoHcbkuin (1778 — 1853 pp.) — NonNbLCbkM MaTeMaTuk T1a i-
nocod.)

3anexHo Big TOro, sikuMm Gyae MOPIBHAHO 3 HyrnemM BPOHCKiaH CUCTEMU
dYHKLIN, MOXHa 3pO0BUTM BUCHOBOK CTOCOBHO 11 MiHINHOI 3aneXHOCTi YN He-
3aneXHOoCTi.

Teopema 18.1.1 (HeobxiOHa ymosga JliHIUHOI 3anexHocmi). HAKWO cuc-

Tema {Yi (x)}|1n andepeHuinoBHmx Ao (N—1)-ro nopsiaky dyHKUiA MiHIMHO

3anexHa Ha (a,b), To BpoHckiaH cMCTEMU TOTOXHO AOPIBHIOE HYIO:

{Yi (X)}|1n NiHiINHO 3anexHa — W[ yl,yz,...,yn]EO. (18.1.9)
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L oeedeHH A 3a 03HaYeHHSAM NiHINHOI 3anexHocTi (aus. (18.1.5))
icHytoTe O 20, 1 0{1,2,...,n}, Taki, wo: ayy;(X) +apY5(X) +...+ a,Yn(X) =O0.
OundpepeHuitoroum (N—1) pasie niBy i NpaBy YacTUHM L€l TOTOXHOCTI,
npuxoammo o ogHopigHol CJIAP nxn BigHOCHO Hesigomux Oy, Oo, ..., O ,:

(ay1(X)  +aoys(X) +..ta,y,(X) =0,
4a1y:’L(X) T oYo(X)  Fotanya(x) =0

(18.1.10)

oy )+ oy () + 4oy (x) =0,

BusHayHnkom cuctemn (18.1.10) € BpOHCKiaH i3 JHIMHO 3anexHumMm
ctosnusmu-sektopamn Y, = (i (X), Vi (X), Y/ (X),..., yi(n_l) (X))T y KOXHIN TOoYLj
(a,b), 60 0,Y;+0,Y, +...+0 Y, =0. Takum unrom, W[y;, ¥s,...,¥,]=0. =

OGepHeHe TBepxeHHs HenpasunbHe, To6To W(X) Moxe npuimaTu

HyNbOBE 3HAYEeHHS | B TOMY BUNaaKy, Konu 3agaHi yHKUiT yTBOPHOKOTL NiHIN-
HO He3anexHy CucTemy:

W[V, Vo, Ya] =0 2 {yi(x)}|1n NiHiiHO 3anexHa. (18.1.11)

Mpote ymoea W(X) # 0 € goctaTHbol0 (Hagedimb MipKyBaHHS1) Ans ni-
HIMHOT He3aneXxHoCTi:

W[y, Yo, Yyl 20 = {yi (X)}|1n NiHIMHO He3arnexHa. (18.1.12)

3ayeaxeHHs1. KputepieM niHIMHOI 3aneXHOCTi (He3arexHocCTi) cMctemu
dyHkuin Ha (8,b) € ToToxkHa piBHICTb (HEpPIBHICTL) HyMO BU3HaAYHKUKa pama

F[yl, Yo, yn] — BU3HAYHMKa 3 enemeHTamu Y, siki € Bl Big AobyTkiB i3

ABOX (PYHKLUiN CUCTEMN:

b {y, (X)}|n NiHINHO 3anexHa < F[yl, Yo, Y ]EO,
Vi =] 0 (o "
a

({yi (X)}|1n NiHiNHO He3anexHa < F[yl, y2,...,yn] % O).

(Tpam Wopren MeTepceH (1850 — 1916 pp.) — AaTCbKMii MaTeMaTuk)
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18.2. JliHinHi andcepeHUianbHi PiBHAHHA APYroro NnopaaKy
3i ctanumu koedpivieHtamu (J1OP-2): ogHopigHi | HeoaHopIAHI

OOHOPIOHI niHiliHi QughepeHyianbHi pieHSAHHS Apy2020 NopsiOKy
3i cmanumu koegpiyienmamu (OJI4P-2)

|. O3HaueHHs1 i BnacTuBocTi po3e’askiB. Pisnanna F(y,y',y") =0,

niHiiHO 3anexHe Big HeBigoMoT yHKuii Y = y(X) Ta ii noxigHux y', y":

y'+py +aqy=0, (18.2.1)
Ae P i q — crani BENMYMHKU, Ha3NBaETLCH OAHOPIAHUM NiHINHUM AndepeH-

LianbHUM PiBHAHHAM APYroro nopsaAaky 3i cranumm KoedilieHTamu.

OJIAP-2 € okpemum BMMNagKkoM piBHAHHSA (18.1.3) 3a ymoBM, wo N=2:
V' + (XY + p(X)y=0, i p(X)=p, p(X)=q — crani. Jo Takux pis-
HAHb YacTo NPMBOAATL 3a4adi EKOHOMIYHOT JUHAMIKM | MPUPOAHNYNX HAYK.

Nerko nokasatu, wo ¢yHkuis Y (X) =0 OxO(a,b) OR € po3s’askom
PiBHAHHA (18.2.1) npu OOBINbHUX AiNCHUX P i (; Noro HasnBalTb TPUBIanb-
HUM (HeopUriHarbHUM) PO3B’A3KOM.

PiBHSIHHSA pO3B’si3yBaHe BiAHOCHO CTapLloi noxigHoi: y' =—py —qy, i
3a40BOJIbHAE YMOBM ICHYBaHHS i €QUMHOCTI pPO3B’sI3Ky (auB. Teopemy 17.1.1
(meopema Kowii icHygaHHs1 | eOuHocmi po3e’sisky [P-n)). [lincHo, noro npaea
yactuHa f(y,y') =—py —qy € niHinHow dyHKUieo 3MiHHMX Y, Y', a 1T Yac-

TWUHHI NOXiAHI — cTani BENNYUHMN:

(Y'=-py-ay., fy=-q, fy =-p) = C'd(X):9"(%) = f (Yo, Yo)-
%/_/
f(y,y)OC(D)

Teopema 18.2.1 (npo niHitHy KOMbGIHauit0 YacmuHHUX PO38’'s13Kig). Ak-
wo Yy = Y1(X), Yo = Yo(X) — YacTuHHi po3B’sA3kM PIBHSHHSA, TO iXHA MNiHiMHA
kombiHauis Y =Cy; +CyY,, pe C;, C, - posinbHi cTani, Takox €

PO3B’I3KOM PIBHAHHS.
L oeedeHHs3B0anTbCAa 00 6e3nocepeaHbOl NEPEBIPKNA.

3a ymosoto Yj+py;+qy; =0 i Yy, + py, +Qy, =0. MNokaxemo, wwo
y'+py +ay =0, skwo y=Cyy; +Cyy;:
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(Y=Cy1+Coy, = Y =Cy+Coyo = Y =Gy +Coys) =
= (Cy1 +Coyo) + p(Cry; +Coys) +q(Cry; +Cyys) =

=G (it P+ ay) +Co(y2 + Py +ay) =0. m
(=0) (=0)

(18.2.2)

(Hki enacmusocmi NOXiAHOT BUKOPUCTaHI Npy AOBEOEHHI TeOpeMn?)

Teopema 18.2.2 (npo cmpykmypy 3acarnibHo2o po3e’sidky OJI[P-2).
AKLLO YaCTUHHI PO3B’'A3KM PIBHAHHA Yj, Yo NIHINHO He3anexXHi, TO IXHA NiHin-
Ha KOMbiHaLlis

y=Cy1 +Coy, (18.2.3)

€ 3aranbHUM PO3B’A3KOM piBHFIHHFI.

L oeedeHHs 3B0OUTbCA OO NEPEBIPKU YMOB, SKi MOBUMHEH 3a40-
BONbHATU, 3a O3HAYEHHAM, 3aranbHun po3s’a3ok [P-2 (gus. (17.1.5)).

1. MiHiiHa kombiHauis Yy =Cy; +C,Y, 3ap0BOMbHSAE PIBHSAHHS Npw
Byab-skmx AiNcHUX 3HaveHHsx napameTpis C;, C, (auB. (18.2.2)).

2. [Nokaxxemo, WO 3a Oyab-AKUMU 3aJaHUMU MOYATKOBUMU YMOBaMMU:
Yo = Y(X0), Y(X) = Yo, MOXHa 3HaWTK 3HAYEHHS Clo Cg i3 R, npu sikux
dyHkuis Y =Cy; +C,yY, 3an0BonbHATAME NOYATKOBI YMOBM.

Hexaii y Touui Xg LJ(a,b) ans cdyHkuint y; = Y;(X), i =1, 2, maemo:

Y1(X0) = Yo1» Yi(X0) = Yor:  Y2(X0) = Yoz, Y2(X0) = Yoo-

Cknagemo 3rigHO 3 MoYaTKoBUMU yMOBaMU CUCTEMY NiHIMHUX PIBHAHb
BigHocHo C;, C,:

{y:Cly1+C2y2, N {CIYO1+CZYO2 = Yo
Yy =Cy1 +Coys5 C1Yo1 +C2¥02 = Yo-

[i BU3HayHukom € BpoHckiaH W(Xy) niHitHo He3anexHoi Ha (a,b) cuc-
TeMn OYHKLIN { Y1 y2} y Touli Xg. lNokaxemo, Lo BiH BiAMiHHWIA Bif, HYNS.
lNpoBegemo gokas Big MPOTUNEXHOrO.
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Mpunyctnmo, wo

Yoi Yo
Yo1 Yoo
i pO3rnsiHEMO MOro siKk BU3Ha4YHUK ogHopigHoi CJ1AP:

{C1YO1 +Cy Y02 =0,
C1Yo1 +CoYo2 =0.

W(xg) = 0,

(18.2.4)

Cuctema (18.2.4) cymicHa i HeBM3Ha4eHa. [lincHo, 3 ogHoro 6oKy cuc-
TeMy 3a10BOMNbHSE TpuBianbHuit po3e’sasok Y, (X) =C;[0+C,[0=0 3 novart-

koBummn ymoBammn Y;(Xg) =0, y;(Xy) =0; 3 apyroro — dyHkuia y=y(X) =
=Cy; +CyY, 3 Tumu x noyatkosumu ymosamu: Y(Xg) =0, Yy'(Xy) =0. Ane
3a YMOBOI TeopeMn Vi, Y, MiHINHO He3anexHi YacTuHHI po3s’askn (18.2.1),

TOMY XOZEH i3 HUX He TpuBianbHUW. BuxoauTb, WO Yepes TOYKY (XO,O) npo-

XOOUTb ABi iHTerpanbHi KpMBi, a ue cynepeyntb Teopemi 17.1.1 (meopema
Kowi icHysaHHs i eQuHocmi po3e’si3Ky [AP-N).

Otxe, W(Xy) #0. 3a npaBunom Kpamepa cuctema piBHSIHb BifHOCHO

napameTpis C;, C, mae eaunHnii poss’sasok: Cf, Cg. n
Cuctema {yl(x),yz(x)} OBOX NiHiiHO He3anexHux Ha (a,b) poss’askis

Ha3uBaeTbCs pyHAaAMeHTanbHOK cuctemoro po3B’'askiB (PCP) OJ14P-2.

Y CBITAi LbOro 03HA4YeHHS MOXHa 3pOOUTU 8UCHOBOK: Osis 8i0WYKaHHS
3azallbHo20 p038’s3Ky pieHsIHHA (18.2.1) docmamHbo 3Hamu DCP (3Bigku i
Ha3Ba — pyHAaMeHTarnbHa ('pyHTOBHA) CUCTEMa PO3B’A3KiB).

Il. Po3B’'sisaHHsa OJIOP-2. BigMiHOKO Takux piBHSAHb Bif yXXe BUBYEHUX €
Te, WO BOHM rpuryckarome po3B’a3aHHA 6e3 3any4eHHs HEBU3HAYEHOro iHTe-
rpyBaHHs. OINCHO, AKLWO LWyKaTW YaCTUHHUIA PO3B’A30K Yy BUMMAAI NOKa3HUKO-

BOT pyHKUIT Y = ekx, ne K —uucnosuii napameTp (cTana), To OTPMMYEMO:

(y=¢e*

Y, Y, Yy niBy yacTuny pigHsHHS | = eX(k?+ pk+q)=0= |[e* 20| =

=y = ke = Yy =kzekx) = ‘ nigcTaBNSEMO BMPa3n Ans

- k+ pk+q=0. (18.2.5)
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KBagpaTtHe piBHAHHA (18.2.5) BigHOCHO napameTtpa K HasuBaioTb xa-
pPaKkTepuUCTUYHUM piBHAHHAM OJ1OP-2.

BucHo80K: 8i0wyKaHHsI YaCmuHHO20 pP0O38’'513Ky dughbepeHUyiaribHo20 pi-
8HSIHHS 3800UMBCS 00 PO38’sA3aHHS Xapakmepucmu4yHO20 PIGHSIHHS.

lpasuno: Wob 3anucatn (CKNacTu) xapakTepucTUYHe PiBHSAHHA Tpeba
y OudepeHLianbHOMY piBHAHHI hopmanbHO 3amiHUTM Y Ha K, a nopsigok

NOXigHOT — NOKa3HMKOM CTeneHst 3 ocHoBow K:

" ! y” « k21 y’ « k’ 2
y' + py +qy:0 = = Kk +pk+q:0. (18.2.6)
y(o) o k9=1

lpuknadu:
1) y'+2y'+y=0 = k?+2k+1=0;

2)y'=0 = k?=0;
3y yV-3y=0 = k? -3k =0;

4) y"+5y=0 = k?+5=0.

3adaya 18.2.1. 3HalTV YaCTUHHI Po3B’'A3KM piBHSAHHA Y+ py +qy =0

. . . 2 -
3anexHo Bif ONCKPMMIHAHTa xapakTepucTudHoro pisHsAHHA K< + pk +q=0.

Po3eg’sizaHHsi. KopeHi xapakTepUCTUYHOIO PiBHAHHA SIK 3B€AEeHOro KBa-
pPaTHOro PiBHAHHA 0OYNCHIOITLCS 32 POPMYINOH:

__P
ky»==5#/D, (18.2.7)
ne D= p2/4—q — INCKPUMIHAHT KBaZpaTHOMo PiBHAHHS.

PosrnsaHemo moxnuei Bunagkun po3ss’askie (18.2.7) i HaBegemMo BignoBsigHi
YAaCTUHHI PO3B’A3KM AndrepeHLianbHOro PiBHAHHA.

1°. D>0 = «kopeni ainicHi i pisHi (k; Zky): y; = ehax, Y, = ek2X ¢ pi-
k1X _
HIlIHO He3anexHUMU PO3B’A3KaMu, aaKe Yi_e” - elka~k2)X £ congt
Y2 gkeX
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2°. D=0 = oauH asokpatHuit kopitb (K =k, =K), abo kopeni airic-

Hi | piBHI: Y=Y, = ™ ¢ ninitHo sanexHumu PO3B’A3KaMW, OCKINbKK
kx
Y2 e

3°. D<0 = «KopeHi KOMNMEKCHi (B3aEMHO CrpsKeHi): ki, =azhi,

ne a=-p/2, b:—D:q—p2/4>0, 60 ky , =—p/2++J-DM, a i =/-1-

yABHa oAVHMLA; PYHKUIT Yq :e(a+b|)x, Yo :e(a—bl)x JIIHIUHO He3arnexXHi.

y; _ el@thx 621X £ ong
Yo B a(a-bi)x - '

3adayva 18.2.2. 3HaiTu 3aranbHuii po3s’asok ONOP-2 y"+ py'+qy =0,
AKLLIO Y XapakTepucTudHoro pisHsaHHA: 1) D >0;2) D =0;3) D <O0.

Po3e’'si3aHHs I'pyHTYeTbCA TeopeMi 18.2.2 (npo cmpykmypy 3a2asibHo20
pPO36’513Ky), Aka noTpebye ABa NiHIMHO He3arneXxHi YaCTUHHI PO3B’A3KK, | pe-
3ynbTaTax po3B’aA3aHHA 3adavi 18.2.1.

1. dkwo D >0, 70 Y1, Yo NiHINHO He3anexHi, i ToAi

y=Cy; +Coy, = y=C.e"* +Cef2* (18.2.8)

2. Axkwo D =0, 1o no cyTi M1 Maemo TinNbK1M oANH YaCTUHHUIN PO3B’A30K
V1 :ekx, ne k=- p/2. Cnpobyemo wykaTu gpyrmn 4acTUHHUA PO3B’A30K

Yo = Yo(X) y Burnagi Y, =u(Xx)y4(X), ae u=u(x) — nonomixHa, noku Lo
HeBigoma, dyHkuis. i BAMMSAL ycTaHOBMMO 3a YMOBW, LO y2:u[y1 €
PO3B’A3KOM 3a1aHOr0 PiBHAHHSA.

3Hanpemo BUpasv Ans Yo, Yo

Yo —uE* = Yo =U [ + kue™ = e*(U' + ku),
aHanoriyHo (npoeedimp aeTanbHU BUKNag) OTPUMAEMO:
Yo = (" + 2ku' +k2u),
i nigcTaBUMO X y piBHAHHS Y5 + Py, +Qy, =0:
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e (u" + 2ku’ + k2u + pu’ + pku +qu) =
=e*[u" + (2k + p)u’ +u(k® + pk + )| = 0.
%/—/ %/_/
(=0) (=0)

Bupas y nepwux (apyrvux) Kpyrnmx Ay>KKax AOPIBHIOE HYIH, OCKINbKK
k=- p/2 (D =0). Takum YnHOM, BiAHOCHO AOMNOMIKHOI (PYHKLii OTPUMYEMO
PIBHSIHHSA e*u"=0,a60 u" =0.

[BOKpaTHMM HEBM3HAYEHUM IHTErpyBaHHSAM 3HAXOO4UMO:

u'=[0dx=A = u=[Adx+B = u=Ax+B,
ne A, B — gosinbHi cTani.

Moknapgaemo: A=1, B=0, To6To BMGMpaemMo HainpocTiwy niHilNHy
dyHKUio: U = U(X) = X. OTxe, Yo =U(X)Y1(X) = xe*, ne k= - p/2.

kx

OcratouHo: sikwo D =0, to y; =e™, vy, = x€* niHifiHO He3anexHi

doyHKUT, | TOAI:
y=Ciy; +CoY, = CeX +Coxe® = y=e"(C; +C,X). (18.2.9)

3.fkwo D<O0, 7o, sk 6yno nokasaHo, dyHkuii y;= e@PIX

Yo= e(a—bi)x NIHINHO He3anexHi, | ToAai:
y=Cy+CGy, = y= Cle(a+bi)x + Cze(a_bi)x

— 3aranbHUK po3B’s30K. (3BMYAMHO Ha NpakTUui Lieto hopMyno He Kopuc-
TYOTbCS.)

3anyuatoun cdopmyny Eiinepa (ame. (5.1.15), Y. 1) gf = cosp +ising
npu ¢ =xbx, oTpumyemo:

y, = el@rbx - gaxghix _ (%S e (cosbx +isinbx),
y, = eld X = gdXgbix y, = e™(cosbx—isinbx).
I3 y; i Yo cknagaemMo ABi NiHiNHI KOMBIHaLiT, AKi AaloTb ABa NiHIKHO He-
3arexHi YaCTUHHI PO3B’SI3KK yl, 92, LLIO HE MICTATb YSBHOI OAUHUL:
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Y1 :%Y1+%YZ = e cosbx,

_ 1.1, _ g
2= 175 Y2 =€ sinbx.

3anucyemo BignoBigHM 3aranibHUM PO3B’A30K:
y=Cy; +C,y, = y=e*(C,coshx +C,sinbx). (18.2.10)
(5K suensidamume 3aranbHWi Po3B’A30K, AKWO Kq i Ko ysBHI yncna?)

HaBegemo 3a2anbHul nopsidok po3e’asaHHAa OJI[P-2:

1) cknadaemo xapakTepPUCTUYHE PIBHAHHS | pO38’13yEMO MNOrO;

2) suriucyemo ®CP i 3aranbHUin PO3B’S30K AK IXHIO NiHiINHY KOMBiHaUito;
3) po3e’sa3yemo 3agady Kolwi, aKLo 3agaHo novaTkoBi YMOBW.

lpuknadu Ha BifLLyKaHHSA 3arafibHOro po3B’A3Ky i po3B’A3Ky 3agadi Kowwi:

A. y" -3y —10y =0: y(0) =1, y'(0) =5.

2_3¢_10= 3, [9,1023.7 _ [k=5
1)k 3k 10—0 = klz—zi 4+10—2i2 = |:k2 _2

(KOpEeHi xapakTepUCTUYHOro PiBHAHHSA MOXxHa (i 6axaHO) 3HaxoguTU 3a Teo-
pemMoto Bieta abo 3a oopMyno KOpeHiB 3aranbHOro, a He 3Be4eHOro, KBaa-
paTHOrO PiBHAHHS);

2) (=€, y,=€ %) = y=Ce™*+Cpe

3 y:CleSX"‘Cze_ZX, _ ‘ y(0)=1‘ _ {C1+C2:1,
y' =5C,e>* - 2C,e” % y'(0) =5 5C,—2C, =5

= (G=1,GC=0) = y= e°X _ poss'asok sagavi Kowi. e

=

B. y”+4y’:O.
1) k?+4k=0 = k(k+4)=0 = (k =0, k, =—4)

(HENOBHI KBagpaTHi PIBHAHHS 3BMYaMHO pPO3B’A3YOTbCA 6€3 3acToCyBaHHS
dOpMYnK NOro KOPEHIB);

2) (=" =1 y,=e®) = y=C+Ce™ o
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B. y"+4y=0.
) k?+4=0= k*=-4 = k,=+J/-4=22 = (a=0,b=2)
(SKLLO KOpEeHi KOMMMEKCHI: k1,2 =az*Dbi, To 060B’A3KOBO BUMUCYEMO iX AiNCHY

YyacTUHy a i moaynb ysaABHoI b);
2) (yp =€0s2X, Yy, =Sin2x) = y=C;c0s2x+C,sNn2x. e
r.y'-6y +9y=0; y@ =0, y(1) =ed,
1) k?-6k+9=0 = (k-3)?=0 = k =k, =3;
2) (yy =€, y,=x€¥) = y=e>(C,+Cp);

3) y =e¥(C; +Cyx), y@®)=0 :{Cl+C2:0, _
y =e¥(3C,+3C,x+Cy) |y =€®|  |8C+4C, =1

: ‘
= (C,=-1,C,=1) = y=e*(x—1) - poss'szok 3anavi KoLui. ®

AK niacymok HaBeaemo 3aranbHi po3s’asku OJIOP-2 (tabn. 18.2.1) ana
MOXNMBUX BMNAAKIB CTOCOBHO KOPEHIB XapaKTePUCTUYHOIO PiBHSAHHS.

Tabnuus 18.2.1

3aranbHi po3B’'a3kn ogHopigHux NOP-2

O3Hakn KopeHiB
Ne dyHaameHTanbHa ,
XapaKTepuCTUYHOro . Burnsa 3aranbHOro pos3s’sasky
n/n . cucTtemMa po3B’A3KiB
PIBHSHHSA
AIVCHI | Pi3HiI: KX koX _ KX koX
Y kg#ky (ko OR) {e®, e} y=Ge™ +Cae
KpaTHi: kx kx kx
2 = +
g = ky = k (e, xe®) y=e%(Cr+Cox)
KOMMIIEKCHI:
3 . ax X, e¥sinbx} |y =e* +C, s
., =athi {€® cosbx, e sinbx} | y = €®(C, cosbx + C, sinbx)

3ayeakeHHs1. Ha Takmx camumx NpuHUUNOBUX 3acagax, siK i po3rnsHyTe,
nobynosaHa 3aranbHa Teopia ONNAP-N ana N> 2; y nnaHi po3B’a3aHHsA au-
doepeHLuianbHNX PIBHAHb BUCOKUX MOPSOKIB YTPYOHEHHS BUKINMKAE TOYHE
PO3B’A3aHHA XapaKkTePUCTUYHMUX PIBHSHb BMCOKUX CTEMNEHIB, TOMY, SK rnpaBu-
no, IXHi KOpPeHi 3HaxoaATb HABNMXKEHO (YMCENBbHUMM MeToLaMN).
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HeoOHOpIiOHI niHiliHi dughepeHyianbHi pieHSIHHS Opy2020 NOopPsiOKy
3i cmanumu koegpiyieHmamu (HJI4P-2)

|. O3Ha4yeHHA, CTPYKTypa 3aranbHOro po3B’'A3Ky. [udepeHuianbHe
piBHaHHA F (X, Yy, Yy, y") =0, niHiiHo 3anexHe Big HeBigoOMOI yHKLUIi

y= Y(X) i 1T noxXigHWMX y’, y”:
y” ' py’ Ty = f (X)’ (18.2.11)

ne p i q - crani Benuuuum, f(X) — Bigoma dyHKuUis, Ha3MBaeTLCA HEOQHO-
piaHUM niHIMHUM audepeHUianbHUM PIBHAHHAM ApYyroro nopsigky 3i
cTanumm KoedilieHTaMM.

HNOP-2 € okpeMum BUNaakom piBHAHHA (18.1.2) 3a ymoBY, Wo N=2:

Y+ Py +p(X)y=f(X), i p(X)=p, p2(X)=qg - crani. o Takux
PIBHAHb TAKOX 4YacTo NPUBOAATbL 3afaudi eKOHOMIYHOI AMHAMIKM M IHLWMX HayK.
Axwo npaea yactuHa f (X) HenepepBHa Ha feskomy iHTepsani (a,b),

TO HeoAdHOpigHe PIBHAHHSA, AK i OAHOpIAHE, 3a[40BOJSIbHAE YMOBWU Teope-

mMu 17.1.1 (meopema Kowi icHysaHHs1 i eQuHOcmi po38’sa3ky [P-N).
OpHopigHe piBHsHHA Y + py' +qy = 0, oTpMmaHe i3 HeogHOPIAHOTO 3a

ymosu, wo f(x) =0, HasnBaeTbCA BigNOBIAHMM piBHSHHIO (18.2.11).

Teopema 18.2.3 (npo cmpykmypy 3az2arnbHo20 po3e’sa3ky HIIP-2). 3a-
ranbHuii po3B’a3ok Y = Y(X) HeogHopiaHoro piBHsHHSA (18.2.11) € cymoto 3a-

ranbHOro PO3B’I3Ky BiAMOBIAHOrO OAHOPIAHOrO PiBHSAHHS (V) i Gyab-siKOro

MOro YacTUHHOro po3B’aA3ky (Y ):

y=yty.
L oeedeHHs 3B0AUTbCA 40 NEPEBIPKM YMOB, SiKi NOBUHEH 3a40BO-
NBHATK, 3@ O3HAYEHHAM, 3aranbHun po3s’sa3ok AP-2 (gue. (17.1.5)).

3 ypaxyBaHHsM Teopemun 18.2.2 (npo cmpykmypy 3a2allbHo20 pP0o38’s3Ky
OJI[P-2) 3aranbHU po3B’A30K HEOAHOPIAHOrO PiBHAHHS 300paXyeTbCA Tak:

y:9y1+C2y%+§,
y

(18.2.12)

ne C;, C, — posinbHi cTani;
Y1 = Y1(X), Yo = Yo(X) — niHiiiHO He3anexHi YacTUHHI PO3B’A3KY.

95



1. dyHKUia Y = y+y 3a0BOSMbHSAE PIBHAHHSA NMpu B6yab-AKUX AiINCHUX
3HauveHHsx napameTpis C;, C, (cTocoBHO Y auB. (18.2.2)):
(y:y_i_"y‘ — y’:y"l'y’ — yn:yn_i_yn) —
= Yy +py+ay=(Y'+y)+p(y +y)+a(y+y)=

= (Y'+pYy +ay)+(y'+ py' +qy) = f(X).
(=0) (=1 (x)

Bupas y nepwmnx Kpyrnmx gyXkax € Hynem, OCKifibku Y fK 3aranbHum
PO3B’I30K BiAnoBigHoro ogHopigHoro piBHsHHSA: Y = Ciy; +CyY,, 3agoBonb-
Hsie ioro npu Byab-skux AiNcHUX 3HaveHHsx napameTpis C;, C,. Bupas y
APYrMX Kpyrnux gyxkax gopisHioe f(X), ockinbku y — PO3B’AA30K HeoaHopIA-
HOrO PIBHSHHSI.

2. Mokaxemo, wWo siki 6 He 6ynu 3agaHi noyaTkosi ymoBu: Yo = Y(Xg),

Y'(X0) = Yo, MOXHA 3HaWTW Taki 3HaYEHHs Clo Cg i3 R, wo dyHkyis
y=Cyy; +CyY, + Y ix 3aposonbHse.

CknageMo 3 ypaxyBaHHsIM MOYaTKOBMX YMOB CUCTEMY [ABOX MiHIAHUX
anrebpaiyHnx piBHsHb BigHocHo C;, C,:

{y =Cyy +Coy, +Y, _ {Y1(X0)C1 +¥,(%0)Cs = V(%) ~ Yo
Yy =Cy; +Coysa +Y' Y1(%0)C1 + ¥2(%)Co = ¥'(X0) ~ Yo -

i BM3HAYHMKOM, AK | B Teopemi 18.2.2 (mpo cmpykmypy 3a2aribHO20
po3e’sa3ky OJI[P-2) € BpOHCKiaH, KM 32 YMOBW NiHIMHOT HE3aneXHOCTi PyHK-

uii ¥ (X), Yo(X) BiaMiHHWIA Big Hyns:

100 ¥200)|

0.
yi(%)  Ya(Xo)

W(Xp) =

OTxe, icHye eauHnin poss’sizok: (C,C,) = (Cf,CS), anrebpaiyHoi cuc-

TEMW PiBHAHb, 9K BU3Ha4Yae po3B’A30K 3agadi Kowwi:

y=Cry;+C3y, +y. =
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3azanbHuli nopsdok po3e’s3aHHa HITOP-2 Takui:

1) 3Haxo0simb 3aranbHUIN PO3B’A30K BiANOBIAHOMO OAHOPIAHOIO PIBHAHHS;
2) 8i0WYyKyromb [EAKNIA YaCTUHHMIA PO3B’SAI30K HEOQHOPIAHOMO PIBHSHHS;
3) 3anucyrome 3aranbHUN PO3B’SA30K;

4) po3e’sa3yrompb 3agady Kouwi, aKWo 3agaHi nodaTkosi yMOBW.

Il. BiglwykaHHA YaCTUHHOro pPO3B'AA3KY HeOoAHOPIAHOro pPIiBHAHHA
MOXHa 34incHUTM MeToaom JlarpaHxka (MeTogoMm Bapiauil OOBiNbHUX CTa-
nnx). CyTb NOro nonsrae y Takomy (3icmasme 3 OAHOMMEHHUM METOLOM ANH
nape-1).

Hexaln 3HangeHo 3aranbHUM PoO3B’A30K BiANOBIAHOrO O4HOPIAHOrO piB-
HaHHA Y + py' +qy =0, acame: Y=Cy; +CoVs.

YacTMHHUN PO3B’A30K HEOQHOPIAHOMO PIBHAHHS y 6ynemo BigwykyBaTtu

Yy TakKOMy X BI/IFJ'IFI,EI,i, ane npum ubomy Cl’ CZ po3rnaaatn He 4K CTaJ'Ii, a 4K
chyniuii Bin X: Y =Cy(X)y; +Co(X) Yo

3andepeHLitneMo y:

Y =Ciy1 +Ciyp + Gy +Coyn = (Cryy +Cayo) +(Cryp +CoYa).

3piricHumo Bubip dyHkuin C;(X), Co(X) Tak, wob Bupas y nepLumnx kpyr-

NUX OyXXKkax AopiBHIOBaB HyMto (Ha poarnsaysaHomy iHTepsani (a,b)):

Ciy1 +Coy,=0. (18.2.13)
Togpni
V' =Cy; +Co¥s = Y =Ciyy+Cryi +Chys + CoVh. (18.2.14)

MigcTaBnsawyn y BUXIOHE PIBHSAHHA Y, 7, )7", npMxoaMmMo 0O YMOBMU
(nepekoHaumecs).

Cin +Cy, = f(X). (18.2.15)

Otxe, Y=Ci(X)y; +C5(X)y, 6yne pos3s’siakoM HeomHOPIAHOMO pis-
HAHHSA (18.2.11), sakwo dyHkuii Ci(X), Co(X) 3am0BONBHATUMYTE YMOBM
(18.2.13), (18.2.15):
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11 +Coy, =0,
{Clyl 2¥2 (18.2.16)

Ciy1 +Coys = f(X).

Lis cuctema BigHocHo dpyHkuin Ci(X), C5(X) mae eauHumii poss’si3ok,

60 susHauHnk W[ yi, Yo| = y1¥o — YiYo # 0, ockinbku dyHkuii Yy (X), Y (X)
NiHINHO He3anexHi.
PosB’'ssaBwu cuctemy (18.2.16), otpumyiots C(X), C5(X), a notim in-

TerpyBaHHam BigHosnoTe C;(X), C,(X), i 3anucytoTb LwykaHWi po3B’s3ok:

y =Ci(¥)y1 +Ca(X)Ys.

Mpuknad. 3HAaNTN YaCTUHHUIA PO3B’A30K PIBHAHHA YY" + Y = X.

3Haxo0umo 3aranbHuin PO3B’s30K BiANOBIAHOrO O4HOPIAHOMO PIBHSAHHS:
Y +y=0 = ‘kz +1=0 = ky, = =i \ — y=C,cosx+C,SnX.

Moknadaemo: C; =Ci(X), C, =C,(X), cknadaemo cuctemy piBHSIHb
(18.2.16) i po38’ss3yemo Ti:

v, +Coy, =0, = COSX COSX SinXx
Tt eaY2 =0, e A=| =1 =
Ciy1 +Cyy, =X Y, =sinx —sinx cosx
0 sinx . cosx O
= | A= =-xsinx, A, =| . = XCOSX | =
X COSX -sinx X

[Ci=A1/A:—xsinx, C, =—[xsinxdx = xcosx—sinx,
= r — )
C; =4, /A = xcosX C, = [ xcosxdx = xsin X+ cosx

(iHTerpyBanu 4YacTuHamm i B35 HAaUNPOCTIiLLi NePBICHI).
3arnucyemo 4aCTUHHUIN PO3B’A30K:
y = C;(X)cosx + C,(x)sinx =
= (XCoSX—SinX)cos X+ (XN X+cosx)snx = Yy =X.
3aranbHui pO3B’sI30K HEOQHOPIAHOMO PIBHSAHHSA TaKUN:
y=y+y=C;cosx+C,Sinx+X. e
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3ayeaxkeHHs1. 7k GaunMmo, NpaBa 4acTUHA PIBHAHHS He ckKnagHa:
f (X) = X, a po6oTH 3 BigwykaHHs Y 6yno 6araTo. IcHye knac dyHkuiin T (X)),
Ansa npeacTaBHUKIB i3 SIKOMO YCTAHOBMEHHSI YaCTMHHOrO PO3B’SI3KY MOXHa
30INCHUTK NMPOCTIille, He yaal4yunuchb A0 iIHTEerpyBaHH4, a came:

f (x) = e**(P,(X) cosBx+ Q,,(X)sin Bx), (18.2.17)
oe d, 3 —uucnosi napameTpu (cTani BENMUYUHK);

P,(X), Qn(X) — MHoOrouneHu cteneHsi N, M BigNoOBiAHO.

dyHKuiT BUrnagy (18.2.17), aki € 4o6yTKOM MOKa3HUKOBOI (PYHKLUIT 3 Cy-
MO A0OYTKIB MHOMOUSIEHIB i3 TPUFOHOMETPUYHUMN PYHKLISIMU — KOCUHYCOM |
CUHYCOM, — Ha3MBalTb KBa3iMHOrouneHamm (keasi Big nat. quasi — HEMOB-

6u, Haye, maixe). Y okpemmx Bunagkax mHorounenn P, (X), Qn(X) moxyTb

6yTI/I BUPOOXEHNMU B OOHOHIIEHN abo NPOCTO KOHCTAHTaMM.

lll. BipwykaHHA YacTUMHHOIro PoO3B’'sI3KY HEOAHOPIAHOIro PiBHAHHA 3i
crneuianbHOIO NPaBOK0 YaCTUHOK — KBa3iMHOIOYNIEHOM.

Teopema 18.2.4 (npo 4YacmuHHUU po3e6’'s30k HIJI[AP-2). YacTuHHuR

pO3B’A30K piBHSAHHA Y + py' + gy = f (X) 3i cneuianbHo NpaBolo YacTUHOM:

f (x) = € (P (X) cOSBX + Q(X) SINBX),

MO>XHa 3HanTU y BUrNA4I:

y =X e (M4(x)cosBx+ Ng(x)sinBx), (18.2.18)
ne Mg(X), Ng(X) — mHorouneHu cteneHs S= max{ n, m};
I — kpaTHicTb uncna O +[1 sk KopeHs XapaKTepUCTUYHOIO PIBHSAHHS,
TOGTO
0, skwo o +PBi 2Ky i o +Pi #ky;
r=|1 sakwo o+pi =k abo a+fi =k;
2, skwo o +Bi =k =k, =k.

L] oeeldeHHdTeopemun y 3aranbHoMy BUMaaKy rpomMisake, xoya i He-
BaXKke, TOMY MoKaxxeMo ii cnpaBeanueicTe 3a ymoBU, wo B =0, To6To konu

f(x) =e"P,(X).
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1-n Bunagok: ' =0, To6TO O He € KOpeHeM XapaKTepUCTUYHOro piB-
HAHHA. [Tokaxemo, Wwo Y moxe 6yTu 3HangeHe y BUrnagi:

y =e"*M,(X).

Ons uboro 3Hatidemo y', y":

y eXMn(X) = y (MH(X)"'GMn(X))
= ‘9":e“X(M;;(x>+2aMa(x>+a2Mn(x»,

nidcmasumo Y, Y', Y" y pisnauna Yy + py' + gy = e®*P,(X), noginumo nisy

| NpaBy YacTUHU Ha e 32pynyemo uneHu BigHocHo noxiaHux M, (X):

M/ (X)+ (20 + p)M [ (X) + (a2 + pa + QM (X) = P, (X). (18.2.19)

JliBa i npaBa YyacTuUHU PIBHOCTI € MHOrovrieHaMmu N-ro creneHd. Koegi-
uieHTn mHorouneHa M, (X) 3Haiiemo BiJOMUM MeTOAOM HeBU3HA4YE€HUX
KoeiLliEHTIB: NPUPIBHIOEMO KOeiLiEHTU MHOIOYSIEHIB MNiBOI | NpaBoOT YacTuH
Npu oaHAaKOBUX cTeneHsax X, wo aae cuctemy (N+1)-ro piBHsHHS 3 (N+1)
HEBIZOMUM BiHOCHO KoediLieHTiB MHorouneHa M, (X).

2-1 Bunagok: I =1, To6To O — OAHOKPATHMUIN KOPiHb XapakTepUCTUYHOIO
PIBHSIHHA. Y UbOMY BUNagky B MiBi YyacTuHi (18.2.19) mHorouneH (N—1)-ro

. 2 — . .
cTeneHs, ockinbkn 0° + pa +q =0, ToMy ToToXHOT piBHOCTI ioro 3 P,(X) He

Moxe OyTn. OTXe, y 4YaCTUHHOMY pPO3B’sA3Ky Tpeba 6paTm MHOrouneH He
n-ro ctenexs, a (N+1)-ro, 4o Toro x 6e3 BiNbHOro YneHa, 60 BiH BCe PiBHO

3HMKae nNpu andepeHuitoBaHHi; TOOTO po3B’A30K Tpeba GpaTu y BUrNsaai:
y = xe"*M ,(X).

3-# Bunagok: I =2, To6To O — ABOKPATHUI KOPiHb XapaKTepUCTUYHOTO
PiBHSIHHSI. PO3MipkoBYyHOUM, SIK | B nonepeaHbOMY BUMAAKy, MPUXOAMMO A0 BU-
CHOBKY, IO BMpas Ans Yy noBuHeH MIicTUTM MHoroudneH (N+2)-ro crenens

(0brpyHmytme), NpUYOMY BIifIbHUM 4YfEH | YneH 1-ro CTeneHs MOXHa He
BKNOYaTH:

y=x%€%*M (x). m
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3ayeaxeHHs1. 3BnyaiiHo MHorouneun M, (X) GepyTb y BUrnsgi:

Mo(X) = A,
M;(X) = Ax+B, (18.2.20)
M,(X) = Ax® + Bx+C iT. .
BigwykaHHAa KoeiuieHTiB MHOroyneHa YaCcTUHHOIO PO3B’A3KY — KpOriT-

ka poboTa, NpoTe BOHA HE BUXOAUTb 3a MEXi enneMeHTapHOol anredpu.
3Begemo B Tabnuuto (tTabn. 18.2.1) yacTkoBi BUNagky npasol YacTUHU

piBHsAHHA: T (X), AKki yacTo 3ycTpiyaroTbCa Ha NpakTULi, i BUO PO3B’A3KiB y
Tabnuusa 18.2.1

Burnap 4actTMHHUX pO3B’'A3KIB NpU AeAKMX 3HAYEeHHAX napamMmeTpiB
npaBoi YaCTUHUN PiBHAHHS

n?;:Zt:neeHTIgi'B Mpaea vactuHa f (X) BUrIsiA YACTUHHOTO PO3B'si3Ky Y
a=pB=0 P (X) x' M ,(X)

B=0 e™P, () x" €™M ,(x)

a=0 Pr(X) cosBx + Qu(X)sinBx | x" (M ¢(x)cosPx+ N¢(x)sinBx)
n=m=0 | e%"*(P,cosBx+Q,sin Bx) x" €**(Mg cos Bx + Ng sin Bx)

38epHimb ygaey, 10 3a hopMoto 306paeHHa YaCTUHHI PO3B’SA3KN Bia-
Pi3HAIOTLCA Big NpaBOl YaCTUHWN PIBHAHHSA TiflbKU MHOXHUKOM x".

Mpuknad. Po3B’'sskeMo PiBHAHHA YY" + Y = X sk PIBHSHHS 3i creuianb-
Hoto npaBoto YacTuHot f(X) = X, ANa SIKOro YaCTUHHUIA PO3B’A30K YyXe 3Ha-

xoamnun metoaom JlarpaHxa.
1. 3Haxo0umo 3aranbHWUin PO3B’A30K Y BIAMNOBIAHOINO OAHOPIAHOrO piB-

HAHHA:
y =C,cosx+C,SinX.

2. BidwyKyemMo 4aCTUHHUIN PO3B’A30K HEOAHOPIAHOro PiBHAHHA Y . (Bia-
3Ha4YMMoO, WO ue noTpebye BMiHHS aHanisyBaTu npaBy YacCTUHY PIBHAHHS 3
METOH NPaBUNbHOrO0 BCTAaHOBMIEHHS YOPMU YAaCTUHHOIO PO3B’A3KY.)
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3icmasnsiemo npaBy YacTuHy piBHsHHA f(X) = X i3 3aranbHuM BUrMS-
AOM crieuianbHol YacTUHM:

f(X) = €(P, (X) cosPx + Q(X) SinBx),
i gUMUCYyeMo 3HavyeHHsl napameTpis O, 3, N, M:

o =0, 60 HeMae MHOXHUKA Y BUTMNAAI NOKa3HUKOBOT A YHKLIT eax;
B =0, apxe BigcyTHi COSPX, sSinBXx;

N=1, 60 X — BMPOMKEHUA MHOTOYNEH MEPLIOTO CTEMEHS; OCKINbKM
sinBx =0, To HeBaxnuBo AkuM Byae M i mHorouneH Q.,(X); 3assuuait no-

knagaoTs M=0.

Takum YMHOM:
(a=0,=0,n=1) = y=x"My(X) (aue.Tabn.18.2.1).

YcmaHo8MoeMO 3HaYeHHs NokasHuka I, Ana 4oro MopiBHIEMO YUCIO
a +[i =0 3 kopeHsAMN xapaKTepPUCTUYHOTO PIBHSAHHA Ky, = 0% 1[i = +i:

(a+Bi=0#k,==%i) = r=0.

OTXe, YaCcTUHHMIA po3B’s3ok Mae Burnag: Y = M (X) = Ax+ B; BiH, sk i
npaBa YacTUHA PIBHSAHHSA, € MHOTOYIIEHOM 1-r0 cTeneHs.
3Haxodumo ctani A, B 3a ymosu, wo Y = AX+ B - po3ss’sisok 3agaHo-

ro piBHsAHHA. NS UbOro BU3Havaemo Y', Y i nigcTaBnsemo ix pasom i3 Yy y

PIBHSIHHSA:
(Y=AX+B = y'=A = y"=0) =
= (Y'+ty=x => AX+B=x = {gi]& = y=X).

Ha BigmiHy Big meToay JlarpaHxa — obinwnuca 6es iHTerpyBaHHS.
3. 3anucyemo 3aranbHUN po3B’A30K:

y=y+y = y=C;cosx+C,sinx+x.e
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Hexal npaBa yacTtuHa piBHAHHSA (18.2.11) € anrebpaldyHO0 CyMOI KBa-
simHorounenis: f(X) = f{(X) + fo(X), npu pisHux 3HaueHHsX napameTpiB O,
B, n, m.

Teopema 18.2.5 (npunyun cynepro3uyii) AKwo 91, 92 — YaCTUHHI
PO3B’A3kM piBHAHL i3 npaBumu yYactuHamu fi(X), f,(X) BipnosigHo, TO iXx
cyma: 9 = 91 + 92, € YaCTUHHMM PO3B’'A3koM BUxigHoro HIOP-2.

L oeedeHH A nonsrae B 6esnocepenHin nepesipLi CNyLWHOCTI TBep-
mKeHHs. MigcTaBuBLLIKM Yy NiBY 4YacTuHy piBHAHHA ' + py +qy = f(X) 3a-

MICTb Y (PyHKUiO Y, OTPUMAEMO MnpaBy YaCTUHY PIBHAHHSA:

Y+ py +ay = (Y +Y2)" + Py +Y2) +a(Yr + o) =
=(Yi+ pyL+ay) + (Yo + PYa + o) = fi(X) + Fo(x).
f1(x) f2(x)
HasegeHun nigxig Ao BigwykaHHS YacTuUHHOro poss’asky HJIOP-2 Ha-

31MBalTb NPUHLUUNOM cynepno3unuii (HaknagaHHs).
[Mpuknad. 3HanTn 3aranbHUN PO3B’A30K ANdIEPEHLianNbHOro PiBHAHHA:

y'+y -2y =xe 2 —e*(sin x-cosx).

lNpaBa 4YacTuMHa PIBHAHHA € CYMOK OBOX KBa3iMHOrOYSIEHIB i3 Pi3HUMMU
YMCITOBMMU NapameTpamMu:

f(x) = xe 2, f,(x)=e*(cosx-sinx),

TOMY OOBeOEeTbCA pO3B’FI3yBaTI/I C*)aKTI/I‘-IHO aBa piBHFIHHFI 3 OflHaKOBUMMU Tli-
BUMM i pi3Hl/IMI/I npaBMMmn 4YaCtmHaMu:

A) Y +y -2y =fi(x) = e,
B) '+ Y -2y = fy(x) =€*(cosx—sinx).

|. BHaxodumo 3aranbHUN PO3B’A30K BiANOBIAHOIO 3ag4aHOMy O4HOpPIgHO-
ro PiBHAHHA:

k2+k—2:0 — (k1:—2,k2:1) = (ylze_zx,yZ:eX) —

= y=Ce ¥ +Ce"
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Il. YemaHo81oemo oavH i3 YaCcTUHHUX PO3B’A3KIB PIBHAHHSA A, AN Yoro,

X

3icmaenswodu oro npaey YactuHy fq(X) =xe 2 i3 saranbHUM BUrMISAAOM

ksasimHorouneHa f (X) =€"*(P,(x)cosPx+Q,,(X)siNBX), eurucyemo 3Ha-

YyeHHs napameTpis O, 3, N, M, i po6uMo BiQNOBIAHI BUCHOBKM:

|:(q:—2,[320):((1+[3i:k1:—2)3r:1; ylzxeX(AX+B)-

(n=1m=0) = s=1= M{(X)=Ax+B
MeToaoom HeBM3HaYeHUX koedilieHTiB 3Haxoaumo cTani A, B.
OundepeHuioemo agivi Yp(X):
Vi =€ (AX®+Bx) = Vi =e[Ax®+(2A+B)x+B] =
= y;=e*[ AX® + (4A+ B)x+ (2A+2B)].

Cknagaemo i po3B’si3yeMo CUCTEMY AN BU3Ha4YeHHsA napameTpis A, B:

~

y1 yi 2y

6A =1, (A 1 B 1)
- j— :—; =——1.

4A+B 2A+B 2B SA+3B =0 = 6

2A+ 2B B 0

X1

XO

Taknm YnHom, yl = eX(X2/6— X/9) — 4aCTUHHWI1 PO3B’A30K PIBHAHHS A.

lll. YemaHoentoemo aHanoriyHMM YMHOM OAMH i3 YAaCTUHHUX PO3B’A3KIB
piBHsHHA B 3 npaBoio yacTuHolo f,(X) = e*(cosx —sinx).
Ananis f,(X) pae:

oa=B=1) = (a+PBi#k;,) = r =0; ~
{( B=D) = (a+Bi#ko) = Y, =e*(Acosx+Bsinx).

(n=m=0) = s=0= (Mg=A Ng=B)
[ns noxiaHux Y, Yo Maemo:
Yy, =€ [(A+B)cosx+(B~-A)sinx],

Y5 =€*(2Bcosx - 2Asin x).
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Cknagaemo i po3B’si3yeMo CUCTEMY AN BU3HaYeHHsA napameTpis A, B:

R A
B-A=L (A=0,2; B=0,4)
snx|-2A B-A -2B

Takum unHom, Y, =0,28*(COSX+ 2SiNX) — YaCTMHHWIA PO3B’S30K PiB-
HAHHA B.
3anucyemo 3aranbHui Po3B’30K 3a4aHOM0 PIBHAHHS:

Yy=Y+y+y, =
= y=Ce X+ Ce* +X(x%/6 - x/9) +0,2¢*(cosx + 2sinX).

(lepekoHalimecs B NpaBUNbHOCTI OTPMMAaHOI Bianosiai.)

18.3. INiHinHI gandepeHUianbHi piBHAHHA BULWIXUX NOPAAKIB
3i ctanumu koedvivwieHtamu (JIOP-N): oaHopiaHi | HeogHOPIAHI

Teopia JIOP-N (n > 2) NPUHLMMNOBO HIYMM HE BiOpPI3HSAETLCSA Big BMKNa-
[eHOT Teopii PiBHAHb APYroro nopaaky. Ii NONoXeHHs € y3aranbHEeHHSM po3-
MAHYTUX BiAOMOCTEWN, rMNOOKE 3aCBOEHHA SKUX — 3anopyka YCilWHOro
onaHyBaHHS HaBeaeHoro maTepiany. Moro Buknag FpyHTYeTbCA Ha 3aranbHuX
3acapgax, BucsitrieHnx y n. 18.1.

OOHOpIdHI niHiliHi dupepeHyianbHi pieHSAHHS N-20 NOPSAOKY
3i cmanumu koegpiuyienmamu (OJI4P-N)

|. OnepaTopHa ¢popma 3aBaaHHA. BnactuBocTi po3B'A3KiB. 3rigHO 3
(18.1.1) OJIOP-nN € piBHAHHA BUrNAQy:

y(n) + p]_y(n_l) +..+p,y= 0, (18.3.1)
ne pi, P2,..., Py — cTani.
[lna cTucnoro cMMBOMIYHOMO 3anucy MiBoT YaCTUHU PIBHAHHSA 3any4ynMo

NOHATTA iHIMHWIA onepaTop” (ams. n. 4.4, 4. 1), ane o6’ekTamu nepeTBOpPeEH-
HA OyayTb HE BEKTOPU, a ANdEepeHUINOBHI N pasiB dyHKLIT.
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Y mateMaTU4yHOMY aHanisi NiHinHMM onepaTtopom € aucpepeHUianbHUN
onepatop D (nosHaueHHs NarpaHxa) — onepatop, sikuit pyHkuii y = f(x) —

npoobpasy — cTaBUTb Yy BiAMNOBIAHICTb iT NOXigHY y' = f '(x) — obpas:

f(x) 08— f'(x), 70670 Df (X)=f'(X).
(npoobpas) (o6pas)

OnepatopoBi D 6e3ymoBHO NpuTamaHHi eslacmueocmi:
1) adumusHicmse (NoxigHa cyMmu (pyHKLUi OOPIBHIOE CYMi IXHiX NOXigHUX):

D(y1 +¥2) = Dy; + Dy,;
2) 0OHOPIOHiICMb (CTanMn MHOXHUK MOXHa BUHOCUTU 3a 3HaK MOXigHoI):
D(Cy)=CI[Dy, C-const.

HaBefeHi BNacTUBOCTI Y CYKYMHOCTI MOXHa 3anucaTtin Tak:

D(Cyy; +Cyy,) =C,Dy; +C,Dys. (18.3.2)

BnacTtusocti onepatopa D y3aranbHioiTbCs Ha Gyab-AKY CKiHYEHHY
KinbKicTb goaaHkiB. (Hasedimb BignoBigHI MipKyBaHHS.)

lNliBa vactuHa piBHAHHA (18.3.1) Tex € niHinHUM gudepeHuianbHUM
onepaTopomMm, KW No3HavawTb Yepes L:

Ly =y™+p,y" D+ +p.y. (18.3.3)
LincHo:
1) L(y1 +Y2) = (V1 + Y2)™ + py(y+ o) "D+t (v + ¥o) =Ly + Ly,
2) L(Cy) =(Cy)™ + py(Cy)"™ +...+ p,(Cy) =CLy.

Onepatop L koxHin dpyHKUiT Y cTaBWTb y BigNOBIAHICTL NMiBY YaCcTUHY

piBHSAHHSA (18.3.1), TOMY CTUCMO BOHO 306paXyeTbCsl Tak:
Ly =0. (18.3.4)

MogaHHs ONAP-n (18.3.1) y Burnsgi: Ly =0, HasuBaeTbea oro one-
paTopHO POopMOIO 3aBAAHHSA.
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HaBenemo ysaranbHeHi (Ha BMNagok N> 2) BNacTMBOCTI PiBHSHb, BU-
BYeHUX B N. 18.2. Hexan Y = VY4(X), Yo = Yo(X) — po3s’s3ku (18.3.4), Toai:
1) sKwo Yy — po3e’sizok (18.3.4), To i Cyy —ii po3s'szok (CUR):
Ly; =0 = L(Cyy)=0;

[lporioHyemo HaBeaeHi gani BNacTUBOCTI chopmyrntoBaT CaMOCTINHO.

2) Ly =0L Ly, =0 = L(y1+Y,)=0;
3) Ly1=0L Ly, =0 = L(Cy1 +Cpy2)=0. G;,C; UR.

Teopema 18.3.1 (npo niHitiHy KoMbiHauio YacmuHHUX PO38’53Kie):

- n
LYi =0,i=1Ln = L(ZCI yi)=0, (18.3.5)
i=1
ne Y; = ¥i(X) — yacTuHHi po3B’'A3KM PiBHSAHHS.

Teopema 18.3.2 (npo cmpykmypy 3azarsibHo20 po3e’sisky OJI[P-N):
n n
{y (X)}|1 —®CP = y=>Cy, — 3aranbHuii po3B'a30K. (18.3.6)
i=1

[loBegeHHa Teopem 18.3.1, 18.3.2 ans OOBINIbHOrO CKiHYEHHOro N AOo-
CTOTY cniBnagarwTb i3 gokasamu Teopem 18.2.1, 18.2.2 ana N =2, Tomy no-
BTOptOBaTH IX He Byaemo.

Il. Po3B’sizanHHa OJIAP-N. Ak i ana piBHsHb 2-ro NOpsakKy, WYyKaemMo 3a

5 . , . . ok
EnepoM 4acTUHHWIA PO3B’A30K Yy BUIMALi NOKA3HMKOBOI yHKUIT Y =€, oe

K — uucnosuin napametp (ctana):

L(y) = L(€X) = (k" + pk " +...+ p,_ik + p,)e¥ =0 = |e¥ 20| =
= k"+pk"t+. . +p,k+p,=0. (18.3.7)
AnrebpaiyHe piBHAHHA N-ro cteneHs (18.3.7) BioHocHo napameTpa K
Ha3MBalOTb XapaKTepUCTUYHUM piBHAHHAM OJ1P-n.

BucHoe0K: BigLyKaHHA YaCTUHHOIO PO3B’A3KY AndepeHLuianbHOro pie-
HAHHS 3BOAUTLCA 4O PO3B’sI3aHHS XapakTEPUCTUYHOrO piBHAHHSA (18.3.7).
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lpaeuno: Wwob 3anucatn (CKNacTu) xapakTepucTUYHe PiBHAHHA Tpeba
y AndgoepeHuianbHOMY PIBHSHHI popMarnbHO 3aMIiHUTU y(i) (i = O,_n) Ha ki :

lpuknadu:

1) y"-3y=0 = k3-3=0;

2) y(4)+y”:0 - k*+k?=0;

3) y19+5y®) _10y'=0 = k'%+5k>-10k=0.

3ayea)keHHs1. Ha xarnb He iCHye TOYHUX OOPMYI KOPEHIB ANSA PiBHSAHb
BULLLE YeTBepTOoro nopsaaky, ana N = 3,4 BoHu rpomisaki. HabnwxeHi metoan

PO3B’A3aHHA BMBYAKOTLCA B HABYanbHi aucunnnidi ,;MucenbHi metoan”.
LLlo6 3HainTK 3aranbHuit po3B’'a30k piBHSAHHA LYy =0, Tpeba matn B pos-

NOPSAOKEHHI N YaCTUHHUX NiHIMHO He3arlieXXHUX PO3B’A3KIB — PO3B’A3KIB, LLO

yTBoptotoTb PCP: {yi (X)}|1n Burnag (cknap) ®CP 3anexutb Big TOro, ki y

XapaKkTepPUCTUYHOrO PIBHAHHSA KOPEHI: OIMCHI YM KOMMIEKCHI, pi3Hi 4n cepen
HUX € piBHI MixX coB0ot0. Y 3aranbHOMY BUNagkKy MHOXWHA KOPEHIB XxapaKkTepuc-

TUYHOTO PIBHAHHSA {kl,kz,...,kn} MOXe MICTUTKU: NPOCTi (OOQHOKPATHI) OiNCHI
KOPEHI; KpaTHi OINCHI KOPeHIi; KOMMMNEKCHO-CNPSKeHi KOPeHi; KpaTHI KOMMJieKc-
HO-CNPSKeHi KOPEeHi.
1. KopiHb xapakmepucmu4Ho20 pieHsIHHA dilicHul i npocmuldl.
lNMo3Ha4ymMmo noro 4epes k| ae | D{LZ,...,n}. TakomMmy KOpeHK BignoBi-

[lae pPo3B’A30K Y = ekix. AKLo BCi KOpeHi AincHI | NpocTi, TO Bigpa3y MOXHa

3anucaTtn ©CP:
{yi (x)}|1n :{eklx, gkox ek”X}_

2. KopiHb xapakmepucmu4Ho20 pi8HSAHHSA QilicHUU I - KpamHudu.
Hexalt Hum 6yne kj, 1< j<n-r+1, to610
kj = kj+l = kj+2 =..= kj+l’—l'
TakoMmy KOpeHIo BignoBigae I niHIMHO He3anexHUx po3B’aA3KiB (3a aHa-
norieto 3 Bunagkom D =0 gna ONAP-2):

{97 xg“in* . x e i)

108



3. Xapakmepucmu4He pieHSIHHSI Ma€ napy KOMIMJ1€KCHO-CPsiKeHUX
KopeHie: axhi.

Taknm OBOM KOpeHAM Bignosigae nBa NiHIMHO He3aneXHUX POo3B’Sa3Ku
(skiyBunagoky D<0 gna ONAP-2, aus. Tabn.18.2.1):

{€® cosbx, € sinbx}.

4. Xapakmepucmuy4yHe pi8HAAHHSI Ma€ rnapy KOMIMJ/1€KCHO-CPsKeHUX
KOpeHie kpamHocmi I = 2.

OcKinbKn KOXXHa napa nopog)xye ABa NiHIMHO He3anexHi po3B’sa3Kn, TO
BCbOro 6yae 2I ogHakoBMX KopeHiB. [loBeaeHo, o B LibOMY BUNaaky AobyT-

kn dyHkuin € cosbx, e® sinbx 3i creneHsiMu X, sik i y pasi kpaTHWX Ajiic-
HUX KOPEHIB, TEX € NiHINHO He3aneXHMMN Po3B’d3KaMn piBHAHHA. BignosigHi
MHOXWHN MaloTb BUrNN4:

{ ™ cosbx, xe® cosbx, ..., X" '™ cosbx} ;

{e™sinbx, xe™sinbx, ..., x"' ™ sinbx}.

3BUYaKrHO, 3aranbHa KifbKiCTb MiHIMHO He3anexHuUx po3B’s3KiB MOBUHHA
AopiBHOBaTM N. Y CYyKynHOCTI BOHM cknagatumyTtb ®CP, wo gossonse 3anm-
caTu 3aranbHUN Po3B’A30K piBHAHHA. HaBegemo (Tabn. 18.2.2) nigMHOXWUHM
®CP, qaki BignoBigaTb pi3HMM 3a O3HAKaAMM KOPEHAM XapaKTepUCTUYHOro piB-

HAHHSI.
Tabnuus 18.2.2

MHOXKMHM NiHIMHO He3aneXxHUX po3B’'A3KiB ogHopigHux J1IOP- N

Ne | OsHaku kopeHiB xapak-

: BignoBigaHi MHOXWHW NiHINHO H NEeXHUX B'A3KIB
n/n | TEPUCTUYHOIO PIBHAHHS A A O hesane pO3B A3

BCi KOpEHi AiNCHI i Pi3Hi:

. kix1n _ [ JKix Skox (9
1 ki #Kj npn 1# ] {€f }1—{6 , €7, e }—‘DCP
nivicHui kopitb K;i mae Kix ki x 1 Kix _
2 : {77 xe"", . X117} 1< j<sn-r+1

KpaTHiCTb I

3 iICHYE napa KOMMIIEKCHUX

ax ax
kopeHiB: a £ bi {e cosbx, e sin bX}

ax ax r-1_ax
, | icHye napa komnnexcHux {e® cosbx, xe®™ cosbyx,..., x" e cosbx} U

KOPEHIB KpaTHOCTI I r —1eax

U{e®sinbx, xe®™ sinbx, ..., x sinbx}
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lpuknadu. A. Po3ss’a3aTtu 3agady Kouui:
y"=2y" -y +2y=0; y(0)=2, y(0) =0, y'(0)=2.

1. Cknadaemo xapakTepUCTUYHE PIBHAHHS | p038°’53YEMO NOrO:

kK3-2k?-k+2=0 =

= ‘ pO3Knagaemo niBy YaCTUHY HA MHOXHWKU METOAOM rpyrnyBaHHS ‘ =
= (K3-K)-2(k*-1)=0 = (k+)(k-D)(k-2)=0 =
= (kg =-1 ky=1 ks =2).
2. Buniucyemo ®CP i nodaemo 3aranbHUin po3B’SA30K:
{e7%, e, e} = y=Ce *+C,e*+Cye™

3. Cknadaemo 3a faHMMM No4YaTKOBUMKW yMOBaMMU CUCTEMY PiBHAHb NS
3HaXOKEHHS 3HayYeHb OOBINbHUX CTanuX i po36’sA3yemMo ii:

y:Cle_X+C2eX+C3e2X, y(0) =2 C +Cr,+ C3=2,
1y =-Ce X +C,e* +2Ce”*, = | y(0)=0| = {-C,+C, +2C5=0, =
=Ce *+C,e* + 4C3e2X y'(0)=2 C+Cy+4C3 =2

= (C,=C,=1C3=0).
Takum unHom, Y = Ce X + C,e" — poss’sok 3apaui Kowi. ®

3ayea)keHHs. FKLO Y XapaKTePUCTUYHOrO PIBHSHHSA KoeduilieHTaMu €
Lini yncna, To Noro uifli KOpeHi cnig wykaTtu cepen AiNbHUKIB BifIlbHOro YneHa
(nepekoHalmecs Ha PO3rNsHyTOMY Npuknagi).

B. 3HanTtn po3e’a3ok 3agadi Kowwui:

y' +4y"=0; y(0)=2,y'(0)=0, y"(0)=3, y"(0)=8.

[liemo y nocnigoBHOCTI, SKOI AOTpUMYBanNucAa npu po3B’sa3aHHI nonepe-
AHLOro Npuknagy (komeHTap Hagedimb CaMOCTINHO).

1. k*+4k?=0 = k®(k®*+4)=0 = (k,=0; kg, =0F2i).
2. {v1. Y2, Y2, Va} ={ €%, xe®, cos2x, sin2x} ={1, x,cos2x,sin2x} =
= y=C; +C,x+Czc0s2x+ CySIN2X — 3aranbHuii po3B’s30K.
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3. [y=C;+Cyx+Czc082x+C,sin2x, y(0) =2
4y’:C2—2C3sin2x+2C40032x, . y(0)=0 _
y" = —4C5cos2x —4C, Sin 2X, y'(0)=3
|y" =8C;3sin2x-8C, cos2x y"(0) =8

(G +Cs3 =2,
C +C, =0,

- <C1+C22+4C3 4:3 = (G=2,C;=1,C3=0,C4=-1).
\ -8C,=8

Takum unHom, Yy =2+ X—SIN2X — po3B’sa3ok 3agadvi Kouui. @

HeoOHopidHi niHiliHi ughepeHyianbHi pieHAHHA N-20 NOopsiIOKy
3i cmanumu koegpiyienmamu (HJI4P-N)

|. O3Ha4yeHHA, CTPYKTypa 3aranbHOro po3B’A3Ky. [udepeHuianbHe
piBHsHHA F (X, Y, Y, Y", ...,y(n)) =0, N> 2, nixiiiHo 3anexHe Big HeBiZOMOI

dyHKUiT Y = y(X) Ta ii noxigHux Y, y', y(”);

L(y)=y™ +py" D+ +py=f(X), (18.3.8)
ne  Pq, Po,... Py — cTani Benuunny, f(X) — Bigoma dyHkuUis, Ha3nMBaeTbCs

HeO4HOPIAHUM NiHINHMM AaudepeHuianbHUM PiIBHAHHAM N-ro NOpAAKy
3i ctanumu KoedilieHTamMK.

Akwo npaea yactuHa f(X) HenepepsHa Ha gesikomy iHTepsani (a,b),

TO HEOAHOpPIAHE PIBHSAHHSA, SIK i O4HOpPIAHE, 3a40BOSIbHAE YMOBWU Teopemu
17.1.1 (meopema Kowi icHysaHHs1 i eQuHoCcmi po38’s3ky [P-N).

OpHopigHe piBHsHHSA L(Yy) =0, oTpumaHe i3 HeoaHopiAHOro 3a yMoBM,
wo f(x) =0, HasnBaeTbCs BigNoBiAHWUM piBHSIHHIO (18.3.8).

Teopema 18.2.3 (npo cmpykmypy 3a2arnibHo20 po3e’'si3ky HII[P-2) 6e3
3MiH y3aranbHieTbca Ha H/IQP-n:

y=y+y, 106710 L(Y+Y)=f(X),
n
ne y=> Gy — niniHa komGiHauis ®CP ogHopigHoro pisHsHHA L(Yy)=0;
i=1

~

Y — OOVH i3 YaCTUHHNX PO3B’'A3KIB HEOAHOPIAHOrO PIBHAHHA.
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3aranbHun nopsiaok po3e’asaHHs HITOP-N Ttakuh camuin, gk i onsa pi.-
HAHb OPYroro NopPsaakKy.

Il. BiglwykaHHA YaCTUHHOro pPO3B'AA3KY HeOoAHOPIAHOro pPIiBHAHHA
MeToaoMm JlarpaHxa (MeTogoM Bapiauii AOBiNbHUX cTanux). Y3aranbHEHHSM

cuctemu (18.2.16) Ha Bunagok N> 2 e cuctema sigHocHo Ci(X), i =1n:

(CLINM)  +Co()ya(x)  +..+C(X)Ya(x) =0,
Cyi(¥)  +C(¥)ya(x)  +..+Cr(¥)ya(x) =0,

CLO) "D () +CH(0) Y () +...+ Cr(¥) Y Y (%) = £(X).

Snanwoswn C; =C(X), BiAHOBMIOITL HEBU3HAYEHUM iHTErPYBaHHAM
cami dyHkuii C; =C; (X), 1 =1,n, cepen koxHOi ogHOMapameTpUYHOI CiM’i
nepBicHUX BepyTb OOHY i3 HUX i 3aNUCYIOTb YaCTUHHUN PO3B’'A30K VY .

[Npuknad. 3HanTn 3aranbHUN PO3B’A30K PIBHSAHHS: y(4) +ty= X2,

Po3g’sisyemo BignoBigHe ogHOpPIAHE PIBHSAHHS:
yP+y=0 = (k*-1=0 = (K®>-1)(K*+1)=0 =
= kip =FL ks =21) = { V1, Yo, V3, Yaf = {€7%, €%, cosx, sinx} =
= y=Ce *+C,e"+Czcosx+C,snx.

Cknadaemo i po3g’sizyemo cuctemy (18.3.9):

[ Cl(x) e +Ch(x)€* +Cy(x)cosx+Cy(X)sinx = 0,
4—Ci(x)e_x+C’2(x)ex—Cg(x)sinx+C;1(x)cosx = 0, N
Ci(x)e * +Cy(x)e* —C5(x)cosx-Cy(x)sinx = 0,

—Ci(¥) e " +Ch(x)e" +C3(x)sinx—Cy(x)cosx = X
e e cosx  sinx 1 1 cosx sSnx
_ p=m€ € -snx cosx|_|-1 1 -sdnx  cosx|_g
e* e -cosx -sinx 1 1 -cosx -sinx|
_e* e gnx -cosx| |1 1 sinx -—cosx
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Ana BU3HAYHUKIB Ai, I =14, wo BignosigawTb HEBIOOMUM, | HEBIOOMMX

C/ =C/(x), i =14, maewmo:

A =-2x%e7%, A, = 2x%€¥, A3:4xzsin X, DA, =—4x%cosx;

c =-1x%x Cz—lxzeX ci=1x?dnx, A, =-1x?cosx.

4 2 2

BidHosntoemo dyHkuii G =C; (X):

Ci(X) = —%j x%e dx :%e_x(xz +2X+2)+ 51
Cy(X) = %szexdx :%ex(xz —2x+2)+C,,
C3(x) :%szsin xdx = —xsinx+%(x2 -2) cosx+53,

C4(X) :%sz CoS Xdx = xcosx+%(x2 ~2)sinx+C,.

BusHa4yaemo BMrman YacTUHHOIO PO3B’A3KYy, NoKnagar4u Ci =0:

Y = Ci(X)e7* +Cy(x)e" +C(x) cosx + Cy(x)sinx = ¥=x°,

i 3anncyemMo 3aranbHUN PO3B’A30K 3aaHOr0 PIBHAHHS:

y=y+y=Ce X+C,eX+Cycosx+C,snx+x°. @

Mpukpo, Wwo nicns Takol 06’eMHOT poboTK OTpUManu Taknm ,,CKPOMHMIA”
pe3ynbTaT CTOCOBHO y: y(x) Bunwno 3a npucnis’am: ,[opa Hapoauna
mMuwy”. Akwo 6yTn Binblie NPOHMKNMBUM, TO, aHani3ylouu nisy i npasy 4ac-
TUHW PIBHAHHA, 3pa3y MNpuUXo4AUMO [0 BUCHOBKY, WO MWOro YacTUHHUM
PO3B’A3KOM € PYHKLIiS y: X2 (Hasedimp BIQNOBIOHI MipKYBaHHSA).

Y3aranbHoH4YUN 8UCHOBOK:

Ly=y"™ +p,y,
f(xX)=B.(x),n>k
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TOBTO AKWO NiBa YacTUHA PIBHSAHHA MICTUTb TiflbKM HEBIAOMY QOYHKLUIO Ta i
cTapuly rnoxigHy, a npasa YacTuHa — MHoroudneH cteneHa K, k <n, To roro
YaCTMHHMM PO3B’'A3KOM € BIHOLUEHHA NpaBol YacTUHW OO0 KoeduilieHTa npu

Y. (Ykaximb 6e3 coopManbHoro Buknagy surnag Y 3a ymosu: K=n.)
lll. BigwykaHHA YacTUMHHOro PoO3B’'sI3KY HEOAHOPIAHOIro PiBHAHHA 3i
cneuianbHOI NPaBoOK YaCTUHOK — KBa3iMHOIOYNeHOM.

Teopema 18.3.3 (npo yvacmuHHuU po3e’'ssi3ok HIILOP-n). YacTuHHui
PO3B’'A30K piBHSAHHA Ly = f (X) 3i cneuianbHo NpaBot YacTUHOL:

f (X) = €™ (R, (X) coSBx + Qu(X) Sinpx),
MO>XHa 3HanTU y BUrNA4I:

y =X e (M 4(x) cosBx + N¢(x)sinBx), (18.3.11)
oe I —kpaTHicTb uncna o + 3 Ak KopeHs xapakTepUCTUYHOrO PIBHAHHS,

Ms(X), Ng(X) — MHorounexu cteneHs S= max{ n, m}.

L oeedeHH s Teopemn 6asyeTbcs Ha NiHiNHOCTI onepatopa LY.

3 ypaxyBaHHSIM TOro, WO NoXigHMMK NOKa3HUKOBOI (PYHKLUIT, CUHYCa, KO-
CWHYyCa, MHOrouyrneHa € BignoBiAHO OYHKLUIT TOro X Tuny, Npu nigcraHosui Y

J'IiBy YaCTUHY piBHFIHHFI BMpasy ansga Yy Tex oTpumMaemo KBa3iMHOrou4neH i3

MHOro4sieHaMm TOro X CTeneHd, Wo i y NpaBii YaCTUHI PIBHSAHHS.
I3 ymoB:

X'M(X) =P, (%), X"Ng(X)=Qn(X),

oTpumaemo CJIAY anga Bu3Ha4yeHHs KoedilieHTIB Npu cTeneHax X y Bupasi
ans yY(X).

Hetani BuceiTnoBatn He 6yaemo. Y Teopemi 18.2.4 (npo yacmuHHUU
pose’'sizok HI1[P-2) netanisosaHo po3srnsaaecs sunagok B=0. m

[na BigwyKaHHA YaCTUHHUX PO3B’A3KIB PIBHSAHb, NpaBi YaCTUHU AKUX €
KBa3iMHOro4YnieHaMmn 3 pisHNUMM 3HaYeHHAIMM napameTpis O, B, M, N, Ak iy
Bunaaky HIIOP-2, 3acTocoBYyeTbCA MpUHYUMN Cynepno3uujr.

OpieHTnpu Woao BUrMsAYy YacTUHHOMO PO3B’A3KY PIBHAHHS MICTUTb Ha-
BeaeHa gani tabn. 18.3.2.
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Tabnuus 18.3.2

Burnsap yactmHHoro po3B’a3ky HITAP-N 3anexHo Big npaBoi YaCTUHU

Mpasa yacTUHa PIBHAHHS: Y Burnsag 4acTMHHOro po3s’asky:
Ne . ~
| T)=e(Py(x)cospx+ | napawerpie: | §=x"e™ (M ¢(x)cospx+
+Qm(X)sinpx) a, B, Ml NG (x)sinBX), ae s=max{n,m}
1 F () =P (x) a=p=0 y=x"Mp(x)
2 f (x)=e"*P,(x) B=0 y=x"e"*M(x)
020 y =x" (M ¢ (x)cosBx+
. f (X) = Py (x)cospx+ +Ng(X)sinBx)
+Qm(x)sinpx a=0; y =x" (M cosBx+ NgsinBx),
n=m=0 Mo, NO — cTani
f (x)=e*(PycosPx+ o ~ .
4 n=m=0 =x"e0X
+QuSiNBX), Py, Q, — cran y=x e " (MgcosBx+ Ngsinpx)
_ y =x" e (M, (x)cospx+
5 f (x) =e"*P, cosPx Q,=0 Y ( ”_( Joosp
+Np (X)sinBx)
_ y =x" e (M (x)cospx+
+Nm(X)sinpx)

lMpuknad. 3iHTerpyBaTn gudepeHuianbHe PiBHAHHS:
Ly=yV +2y"+y=eX(x-1)+x*+2.
Po3g’sisyemo BignoBigHe ogHOpPIAHE PIBHSAHHS:

k*+2k?+1=0 = (K®+1)?=0 = (kyp=-i,kgs=i) =
= { V1, V2, V3, Y4} ={ sinx, xsinx, cosx, xcosx} =
= y=C;sinx+C,oxsinx+Czcosx+CyXCosxX

— 3aranbHuit poss’asok OJ1OP-4.
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3Haxo0uMO YaCTUHHMIA PO3B’A30K HEOOHOPIOHOrO PiBHSAHHA Y =Y(X),

3aCTOCOBYHOYM MPUHLIMM Cyneprno3unLil:
f(X)=f(x)+f(x) = ‘ Ly; = f1(X), Ly, = fz(X)‘ =S Y=yt

3a ymosow: f(x)=e*(x-1)+ x> +2, TOMY PO3B'A3YyEMO (paKTUYHO
%/_/ | S —
f1(x) f2(x)

ABa PiBHAHHS 3 0AHAKOBMMMW NIBUMW | PI3HUMKU NpaBUMN YaCcTUHAMMN.
1. Ly=f(x)=e*(x-1); 2. Ly=fo(x)=x*+2.

. ins npaBoi yacTuHm pisHaHHA 1 — dyHkuii Burnsaay f(X) =e" P, (X) -

mMaemo (aus. Tabn. 18.3.2):

{(a =1 B=0)= (a+Bi £kys34) = =0;

y, =e*(Ax+B).
(=1, m=0) = s=1= M;(X)=Ax+B _ . e ( )

3HaXO,EI,l/IMO I'IOXi,EI,Hi yl 0O 4eTBepTOro nopAaKy BKIOYHO.
i=e[ Ax+(A+B)]; yi=e[Ax+(2A+B)];
yi'=e[Ax+(3A+B)]: V¥ =e[Ax+(4A+B)],
CKINaJJaeMO i pO3B’A3YEMO CMCTEMY ANnsA BU3Ha4YeHHsA napameTpis A B:

v(4

Y1 291" 91 AA=1
N 2A A = {8A+4B’:—1 = (A:]/4, B:—3/4).
x04A+B 4A+2B B

Takum unHom, Y; = €*(X = 3)/ 4 — 4acTUHHNIN PO3B’S30K PIBHAHHS 1.
Il. AHanoriyHO ans npaBol YaCTUHM PIBHAHHA 2 — dOYHKUIT BUrNsay
f (X) = P,(X) — maemo (amB. Tabn. 18.3.2):

a0=0,B=0 = (a+Bi Zk = r =0; ~
{( B=0) = (a+Pi#k34) . §,= AC+Bx+C.

(Nn=2,Mm=0) = s=2 = My,(X) = Ax* +Bx+C
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MNoxigHi:

Vi =2Ax+B; y/ =2A; y'=0; y1(4) =0.
Cuctema ans susHadveHHsa A, B,C Ttaii po3s’sa3ok, i 92:

ysP 25 ¥,

2 0 0 A A=1, _
1 = BZO, = 2:X -2
x| 0 0 B C=-2
0

0 4A C

3anucyemo 3aranbHUiA PO3B’I30K 3a]aHOMO PIBHAHHS:

y=y+y+y, =
1

= y=Cysinx+Cyxsinx+CgC0sx+Cyxcosx +€”(x~3) +x2-2. o

(lepekoHalimecsi B NpaBUNbHOCTI OTpMMaHOI BignoBiai; 3Haudime YCHO
92 y CBIiTNi BUCHOBKY (18.3.10).)
18.4. NAP- N 3i 3aMiHHUMM KoedbilieHTaMuU, sIKi 3BOAATLCA A0 PiBHAHb
3i ctanumum KoedilieHTaMu a6o Ao piBHAHL 6e3 (N —1)-i noxigHoi

OJ1AP-2 3i amiHHUMU Kkoegpiyienmamu: Y" + p(X)y +q(x)y=0

OpHopigHi NOP-2 3i ctanumn koedidieHTaMmn 3aBXaW iHTErpylTbCsa B
enemMeHTapHNX OYHKUIAX K TiNbKWM 3HaWAeHi BCi KOPeHi XxapaKTepUCTUYHOro
PIBHAHHA, TOMY MNPUPOLHO CTaBUTU MUTAHHSA NPO MOXIMBICTb 3BEAEHHS piB-
HAHHSA 31 3MIHHUMU KoedilieHTaMu 00 PiBHAHHSA 3i cTannuMu KoedilieHTamu 3a
A0MNOMOroK 3aMiHM He3arneXHoi 3MiHHOT abo LyKaHOT OyHKU,T.

3amiHa He3anexHoi 3miHHOI. MNMoknagemo t =Y(X). Togai:

Ve SV =V W05 Yy = (v By = v W' (0]% + y; W' (),
| piBHAHHA HabyBae Burnagy:

Vi OO1% + v " (x) + p() LW ()] +a(x) [y =0.
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3a ymosu, wo YP'(X) 0 Ha posrnaaysaHomy iHTepBani, OTPUMYEMO:

VR L A GV IO,(X)JJr ax) =g 18.4.1
s yt[ﬁ[w'(xnz v ) oo oD

3rigHo i3 3agymom doyHkuito P(X) HeobxigHo BMBpaTK Tak, Wwob koedi-

LieHT npu Y ByB cTarnoto.

a(x) _1 o
— s =" 0- St), = )
Bepemo : '(x)]2 2 (c£0—const), toai Y'(x)=c\/q(x)
3Bigku
t=yY(x) = cjﬂ/q(x)dx (18.4.2)

— HeobxigHa ymoBa cTanocTi koedilieHTiB y piBHSAAHHI BigHOCHO .

BucHoeok: skuwo piBHaHHA Y + p(X)Yy +g(X)y =0 sBiaHe 0o piBHAH-
HS 3i cTanMMu KoediuieHTaMn 3aMiHOK He3aneXHol 3MIHHOI, TO TifbKM 3a
dopmynoto surnaay (18.4.2).

3a koedyiuieHTaMn BUXIOHOrO piBHAHHA 6e3nocepeaHbO Ai3HaKTbCA,
3BoauTbcs BoOHO go OJ1AP-2 3i ctanmmun koedilieHTamMu Y Hi.

MoxHa nokasaTwu (getani HaBoguTn He Bygemo), Wo AoCTaTHbOK YMO-
BOIO € NEeBHe criBBigHOWEHHSA Mixk dyHKuiamm p(X) i g(X), a came:

p(x) = pcy/q(x) — ( ) a6o p(x) = pcyq(x) — EQIn q(x))’, (18.4.3)

ne P —crana, siky 06paHo koediLieHTOM Npu V; y PiBHSIHHI BiGHOCHO t.

Akuo cyHkuii p(x) i g(X) noes’asaHi pisHicTio: P(X) =—(Ing(x))'/2,
TO piBHAHHS Vi + py; +qy =0, pe y=y(t), nepeTBoptoeTbCS Y ABOUNIEHHE

(y niBin YaCTuKHI) PiBHSAHHA, WO HEe MICTUTb NepLloi NOXigHOI:
y; +ay =0, (18.4.4)

sKe nerwe iHTerpyetbca (aus. (17.2.5)).
HaBegemo Ba BMpasHUX PIBHAHHA, SKi 3BOOATLCA 00 PiBHAHb 3i cTanu-
MW KoedilieHTamn.
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1°. PiBHsIHHA Eiinepa 2-ro nopsioky — L PIBHSIHHS, B SIKOMY KOXHMWIA
A04aHOK NiBOT YAaCTUHWU MICTUTb MHOXHUK Y BUrNSA4I CTENEHA apryMeHTy X i3
MOKa3HWKOM CTeneHd, piBHUM MOopAaKY NOXiOHOI Y BiANOBIAHOMY OO4aHKY:

X2y" +axy' +a,y =0, abo y”+%y’+a—§yzo npu X% 0. (18.4.5)
X

Ae &y, Ay — KOHCTaHTW; 0bmipKytme cuTyauito, konn X = 0.

BusHauyaemo nigctaHoBky, 6epy4n ogHy i3 nepsicHux HI:
Inx, x>0,
t=g(x) =cfa(x)dx= CJ.\/ dx = J.‘x‘ _{_m(_x) x<0

BukoHyemo 3aminy: t =In x, a6o x = €' (x >0):

C_

x=€ = (t=Inx = dt=e"'dx) = |y, =y O =y @

V=T = (T -ye)e = v =(y - ye

[nsi Bin'eMHUX 3HaueHb X (X < 0) Gepemo t = —In(=x), a6o x = —e .

Topi (18.4.5) Habyne surnagy:

" a‘ ] a‘ n ) - a
VLY HBy=0 = (f-ye e tyie+ 2y=0 = e =

= VYi+t(a;-Dy; ta,y=0 (18.4.6)
— OJ14P-2 3i ctanumMn koeiuieHTamu.
3a Ennepom yacTuHHI po3B’a3kn piBHAHHA (18.4.6) 3HaxoaATb Y BUMMA-
ai: y= ekt, nNpoTe 3 ypaxyBaHHAM TOro, Lo x=€', yacTunHi PO3B’'SA3KM piB-
HAHHA (18.4.5) MOXHa 3pasy wykaTu, He 3A4INCHIoYKM nepexia A0 HOBOI
3MiHHOI, SK

y = xX, (18.4.7)

[MigcTtaBnsw4Yn y BUXigHE PIBHAHHSA 3aMiCTb Y CTeniHb xk, npuxoanmo

[10 XapaKTepUCTUYHOrO PIBHAHHA BiaHOCHO nokasHuka K. (Ykaximb, Ak Bu-
rnsagaTume nigcraHoBka (18.4.7), SIKWO NepenTn 4O CTENEHSA 3 OCHOBO €.)
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MMpuknad. 3HanTn 3aranbHUN PO3B’A30K PIBHSAHHS: x2y”+3xy’+2y:O.

Noknagaemo y:Xk, Anga NoXiAHUX MaeMo:
y =kK Yy =k(k-1)xK?,
MMiactaBnsgemo Bupasun gna vy, y’, y" y 3aaHe PiBHAHHA:
x?k(k =)xK 72 +3xix T +2xK =0 = k(k -1)x¥ +3kxk +2x* = 0.

Ckopouytoun niBy i NpaBy YaCTUHN PIBHSIHHS Ha xk, OTPUMYEMO:

k(k-)+3k+2=0 = k> +2k+2=0 — XapaKTepUCTUYHE PIBHAHHS.

Po3B’a3yeMo ue piBHAHHA, cknagaemo ®CP i 3anucyemo 3aranbHum
PO3B’A30K:

k2+2k+2=0 = ko =-1+1 = {y,y,}={x,x?} =
= {xcost, xtsint} =t =Inx| ={x " cog(In x), x*sin(In x)} =
= y= X_l(Cl cos(In x) + C, sin(In X)) — 3aranbHui po3B’s30K PIBHSAHHS. @
2°. PiBHsIHHS YeBuwesa — NP-2 surnsay:

Ly = (1-x2)y" - xy +b%y =0; \x\<1, bUR. (18.4.8)

Oinmo niBy i npaBy YacTuHm piBHAHHA Ha (1— X2), | giemo 3rigHo 3
(18.4.2):

2

b 2
5Y=0 = [q(x)=
—X

=

y'- X y'+
1—x2

= t=y(x) = cjw/q(x)dx: CI,/l?iz dXZ‘ subepemo c=-1/b ‘ =

:—j 1 dx=arccosXx = x=cost = dx=-sintdt = t;(:—.i.
1-x° sint

1 1- %2
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[ns noxiHux Yy, Yy Maemo:
1= Eﬂr - _ .yt ,

y = - Yt = Yt 3 = — Yt _ cost - Yt _ cost .
X lsint sint)! % (sint gp2t) Sint  gn2t gndt’

Ly =sint0/" —costy +n’y = Ly= yi +n?y.

Takmm YnHom npunxoanmMmo 0o ABOYITIEHHOIO piBHFIHHFI:
y{ +b%y =0, (18.4.9)
AKe J1erko iHTerpyeTbCﬂ:

k?+b*=0 = ki, =tbi = {y;,y,}={cosbt, sinbt} =
= y=C,cosbt + C,sinbt = y=C, cos(barccosx) + C, sin(barccosx)

— 3aranbHUN PO3B’A30K PIBHAHHS.

3ayeakeHHS.

akwo b=nON, To nepwa dyHkuia ®CP BM3Ha4ae Tak 3BaHi MHOro-
unenu Yebuwesa: T,(X) =cos(narccosx), siki BigirpaoTb BaxnuMey ponb Y
Teopil anpokcumaldii (HabnuxeHHs) YHKUIN;

iCHYIOTb cnocodu 3BeaeHHs gosinbHoro JIOP-2 3i 3MiHHMMK KoedilieH-
TaMu, a He TiNbKn piBHSAHHA Yebuwesa, 40 PiBHSAHHS, 9Ke HE MICTUTb YfieHa 3
nepLo NoXigHoto.

JNlininHa 3amiHa wykaHoi PyHKLUiT — 3aMiHa, sika He NopyLlye MiHINHOC-
Ti  ogHOpPIAHOCTI BUXigHoro piBHAHHA: YY" + p(X)Y' +q(X)y = 0.

lMoknagaemo

y=a(x)(z, (18.4.10)
ne z=2(X) — HoBa wWwykaHa QyHKLUIS;

a =a(X) — gonomixHa, HeBiaoMa MoK Lo, YHKLIA.

Topi: y'=a'z+az'; y"'=a"z+2a'z' +az", i piBHaAHHA HabyBae BU-
rmnagy:
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a"z+2a'zZ +az" +(a'z+az)p(x) +azq(x) =0,
abo

z"+[2—‘”+ p(x)}z’{“—"&' p(x)+q(x)}z:o.
a a a

®yHkuito a(X) BUOKMpaeMo Tak, Wob koedilieHT Npyu Z' cTaB Hynem:

20'/a+ p(x) =0,

3Biaku 3Haxoaumo a(X):

(Ina(x)) =-p(x)/2 = a(x)=e[PXI/2dx
Takum 4nHom, nigctaHoska (18.4.10) onucyeTbCs CNiBBigHOLLEHHAM:
y= e [ P(¥)/20 5 (18.4.11)

a piBHAHHSA BigHOCHO yHKUiT Z(X) Take:

, 2
z' —{ péx) + P AEX) - q(x)}z =0. (18.4.12)

(FporioHyemo nepekoHaTuca y cnpaseanmeocTi (18.4.12).)

3ayea)keHHs1. FAKLWO OTPUMaHe PiBHAHHSA NiAOA€eTbCs IHTErpyBaHHIO, TO
BUXigHE PIBHAHHA TaAKOX IHTENPOBHE; B OKPEMUX BUNAAKaX PIBHAHHS BiAHOCHO
2(X) cTae (3a AKux ymo8?) piBHAHHAM 3i cTanuMmn KoediuieHTamu.

Mpuknad. 3iHTerpyBaTu piBHAHHSA: Y +2Xy' + X2y =0.
3HaxoaurMo AOMOMiKHY dpyHKUilo O = (X):

_ _ 2
a(x)=e [P g =2x| = a(x) = XX =g 2,
ToAi 3rigHo 3 (18.4.11) maemo:
y=e X2z,

[MponycTnMo TexHiYHi BUKMagn nepexoay A0 PIBHAHHSA BiAHOCHO Z(X),

a CKopMCTaeMocCh cniBBigHOWEHHSM (18.4.12) sik roToBOK (hOPMYIIOHO:
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: 2
péx)+ pAEX)—CI(X):1+x2—x2:J~ = 2'-2=0

— ogHopigHe PiBHSAHHSA 3i cTanMMmu KoedoilieHTamu.

3Haxo4AMMO MOro 3arasnibHUN Po3B’A30K, a MOTIM i 3aranbHUA PO3B’SA30K
3aJaHoro pPiBHAHHSA:

(k*-1=0 = ki =+1) = {z,2,}={e €} =
= z=Ce " +Ce* = y:e‘xz/Z(Cle‘X+C2eX). .

Mig kiHeub K 00GIOKY BiA3HAYMMO: SIKLWO BiAOMWUA OOWMH YaACTUHHUMN
po3e’sizok Y;=VY4(X) piBHsHHa Y" + p(X)y' +q(X)y =0, To 3acTocoByiouu

NigCTaHOBKY Y= zdX, ona HoBOI HeBigomoT dyHKLiT Z=2Z(X) oTpumaemo:
1

7= Clyize_.[ p(X)dX,

a 3aranbHU PO3B’A30K PIBHAHHS MaTUMe BUMMSAA:
_ ~2,~ p(x)dx
y= yl(j Cy, ‘e dx+C,) - opmyna AGens.
(Hinbc NeHpik ABenb (1802 — 1829 pp.) — HOpBE3bKMIN MaTEMATHUK.)

OJig4P- N 3i 3MiHHUMU KoegbiyieHmamu:

Yy + p (x)y"D + L+ p(x)y=0

Poarnanyti Buknagm 6e3 npuHUMNOBUX 3MiH y3aranbHIOOTbLCA Ha piB-
HAHHSA (18.1.1) nopsigky N>2, NpoTe TEXHIYHMIA Bik yCKNaaHIETLCS.
3amiHa He3anexHoi 3MmiHHOI. Moknagaemo t=(X). Toai HeobxigHa

yMOBa CTanocTi koedilieHTiB y piBHAHHI BiZHOCHO HOBoro aprymeHty { (gus.
(18.4.2)) pna OJ14P- N Habysae Burnsay:

t =P(x) =c[Y p,(x)dx. (18.4.13)

Taka nigctaHoBka 3abesneyye ctanicTb KoediuieHTa npu Y, ane ue He

O3Hayae, Wo BCi iHWIi koediuieHTn ByayTb cTanumm (MOXNMBO, 3@ BUHATKOM
aeskunx). OgHak iCHYTb PiBHAHHA, AN akux ymosa (18.4.13) € i ocTaTHbOL0.
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1°. PiBHsiHHA Einepa. PiBHsiHHSIM Eiinepa HasusaioTe OJAP-N Bu-
rnagy:

Xy + px" 1y D 4 4p o xy +p,y=0, (18.4.14)
ne p; (i =1,n) - crani BenM4YMHM.

3BefeHHS piBHAHHA (18.4.14) 0o piBHAHHA 3i CTanuMun KoediuieHTamu
30IMCHIOETBLCSA 3aMiHOIO:

x=¢' akwo x>0 x=-e ¢, akuwo x<0. (18.4.15)
LincHo:

=y &

x=€¢' = (t=Inx = dt=e'dx) = =y @
(AHanoriuko anst Xx<0: x=—€ ' = dt=€'dx = y, =y, &')
V= (i )y = (T —ye e = v = (v - ye

ym = (™ 4 ay Dt kg y)e™ (18.4.16)

ne & (i =1, n—1) - HoBi koediuieHTU (CTani BeNuYnHM).

Akwo 3rigHo 3 (18.4.15) i (18.4.16) y BuxigHOMYy piBHSAHHI (18.4.14)
3aincHMMo nepexig oo 3MiHHOI T, To oTpMMaemo andepeHuianbHe PiBHSAHHS
N-ro nopsaky 3i ctTanMmm KoeiuieHTamu:

yt(n) + b_l_yt(n_l) +___+bn_1y{ + bhy =0, (18.4.17)
ne b, (i =1,n) — HoBI KOEILIEHTH (CTani BENUUMHY).

YacTuHHI po3B’aA3kn gndepeHuianbHoro piBHsAHHA (18.4.17) 3HaxoaaTb
3BMyanHo 3a Ennepom: y:ekt, npoTe 3 ypaxyBaHHAM (18.4.15): x=¢€' abo
X:—e_t, YACTUHHI PO3B’A3KN PiBHAHHA (18.4.14) MOXHa 3pasy LuykaTu, He
30INCHIOKYM Nepexig 40 HOBOI 3MIHHOT, y BUMMAai:

y=xK (x>0) abo y=(-x)"¥ (x<0). (18.4.18)
124



lNpuknad. 3iHTerpyBaTn gudepeHuianbHe PiBHAHHS:

X3y —xy'+2y=0 (x>0).

AHanisyemMmo niBy YaCTuHY PIBHAHHSA | NPUXOANMO OO0 BUCHOBKY, LLO BOHO

: o — K
€ PIBHAHHAM El/lnepa, TOMY noKnagaemo: y=X".

HAvdpepeHuitoemo Tpuyi:
y =&y =k(k=1)x2, y"=k(k-1)(k-2)xK"3,

MinctaBnsemo Bupasu ans y,Y',Vy",y" y BuUXiOHe PIiBHSHHA, NOTIM

PO3B’A3YEMO OTPUMaHEe — XapaKkmepucmuyHe — PIBHAHHSA BigHOCHO K :
xk(K-D(k-2)xK 3 —xkk T4 2xK =0 = \ xK # o\ N
= k(k-1)(k-2)-k+2=0 = (k—2)(k2—k—1):O =
(k =2, kp =(1++/5)/2, k3 =(1-+/5)/2).
Cknagaemo ®CP i 3annucyemo 3aranbHuUin po3B’s30K:

(v, Vo, yab = {52, x&V9)12 (=V5)/2)

= y=Cx°+ C2x(1+f5)/ 2

+ CSX(l—IS)/z

— 3aranbHUN PO3B’A30K PIBHSAHHS. ®

AKL0 3HAaXOAUTU PO3B’A30K PIBHAHHSA 3a ymoBY, Wo X<0, To PCP ma-

X) (1+\/§)/2, (

TUMe BUMNSA; {(—X)Z, (- —X)(l_ﬁ)/z}; nepekoHalimecs.

2°. PiBHsiHHA JlarpaHxa — y3aranbHeHHs piBHAHHA Ennepa Ha Buna-
AOK, KON OCHOBaMU CTEMNEHIB Y KOXXHOMY OOAaHKYy IiBOI YaCTUHU € He X, a
niHinHa dyHKUia Big X, Tob6To ax +b:

(ax+b)"y"M + (ax+b)" L p,y" D+ +(ax+b) p4 Y + p,y=0, (18.4.19)

BinosigHa samina: ax+b=e', a6o cnouatky noknactm ax+b=T, wo npu-
Bede A0 piBHAHHSA Ennepa BigHOCHO T, a NOTIM B3ATU T = et.
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JNininHa 3amiHa wykaHoi PYHKLIT — 3aMiHa, gKa He NopyLlye MniHinHOC-
Ti 1 OQHOPIQHOCTI BUXIOHOrO PIBHAHHSA, | Y 3araribHOMY BUMagKy npuBoauTb
00 PIBHAHHSA, 9Ke HE MICTUTb NOXIAHOT (n—l) -ro NopsAAkKy.

Ak iy (18.4.10), noknagatotb: Y =a(X) [z, pe z = 2z(X) — HoBa wWykaHa
dyHKUiga; A = O((X) — AornomMiXHa (PyHKUis, sika nigbupaeTbcsa Tak, wob y pis-
HSAHHI BigHOCHO Z He 6yno (N—1)-oi noxigHof.

BignoBigHa nigcraHoBka Mae BUrnaa.
y= e_I p1(X)/nadx 7. (18.4.20)

ByBae i Tak, wo pasomM 3 (N—1)-oto NoxiaHO0 ,3HMKAKTL” i iHLLI NOXiAHi.
lMpuknad. 3BecTn 3agaHe PIBHAHHA 0O TaKOro, WO He MICTUTb Apyroil

NOXiaHOL:

y" +3sin x 0" + 3(cos X +sin x)y' +%Sm2X(3‘COSX)y =0.

BuaHauaemo 3a Py(X) =3SiN X gonomixxHy yHKL;to:

— e—jsin xdx COSX

a=a(x) =e 7,

| BUKOHYEMO 3aMiHy: Y = eSX [y (ooknagHun BUKNag HaBoanTu He Byaemo).
Y pesynbTaTti OTPUMYEMO PIBHSAHHA BigHOCHO Z=2Z(X), sike MiCTUTb Nu-

e noxigHy TpeTboro nopsiaky: z  =0.
BigHOBNIOEMO HOBY (PYHKLUiO TPUKPATHUM HEBU3HAYEHWUM IHTErpyBaH-
HAM:

2
Z(x) = Clx? +C,ox+Cg,
| 3anMcyemMo 3aranbHUN Po3B’A30K 3a4aHOr0 PiBHAHHS:
COSX COSX X2
y=€7%7(x) = e™%(C, % + Cox+Cy) . @

(BHalidimb novaTKoBi YMOBMU, ANsl SKUX PO3B’sI30K 3agadi Kowi mae Bu-

msag: y= eCOSX(X2 +Xx+1)).
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18.5. [lesiki 3apadi 3aCTOCOBHOIMO Xxapakrtepy
Modenb KonueHux npouyecie

PoasrnaHemo OJ1P-2 3i aMmiHHUMYK KoediuieHTamu (ame. n. 18.4):

y'+p(x)y +a(x)y=0,
ne p(x), q(x) — eusHaueHi i HenepepsHi B Aesikomy iHTepsani (a,b) dyHkuii.

Take piBHAHHA 3a[0BOMbHSE TpMBianbHUM po3e’asok: Y = Y(X) =0, iH-
LI, HEHYIbOBI PO3B’A3KN, € BU3HAYEHNUMU | OBIYi HeNnepepBHO g epeHLinoB-
HUMK y BcboMy iHTepBani (a,b) (vomy?).

Axkwo poss’'azok Y =Y(X) # 0 Ha (a, b) npuitmae pisHe Hyno 3HaYeHHS
He MeHLle OBOX pasiB, TO BiH HA3MBaAETLCA KOMMMBHUM Y LIbOMY iHTepBani, B
IHLIOMY BMNagKy — HEKOSIUBHUM.

3ayBaxumMo, WO NepeTBOPHYNCL Ha HYNb, PO3B’A30K OOOB’SA3KOBO
3MIHIO€E 3HaK.

Mpn BUBYEHHI KOSIMBHOrO XapakTepy po3B’A3KiB PIBHSAHHA OOCUTb 00-
MEXUTUCA PO3rnagoM PIBHAHHSA BUMNAAY:

y"+q(x)y=0, (18.5.1)

60 BuxigHe piBHAHHSA nigctaHoBkow (18.4.11): y = e_J P(x)/2dx [Z, 3BOOUTBLCA

0o BuUrnaAay:
2" +Q(x)z=0, (18.5.2)

ne (ou.. (18.4.12))

, 2
Quy=-PX P q(x),

Npu4yoMy 3afaHe PiBHAHHSA i piBHAHHA (18.5.2) MaTb OAWH | TOM camMui Ko-
NMBHWUWN xapakTep (Ha fKiu nidcmasi?).

YcTaHoBNEHO, Wo docmamHbOI YMOBOH HEKONMMBHOIO PO3B’A3KY pi-
BHsHHS (18.5.1) € HepopaTHICTb koediuieHTa q(X):

g(x)<0 0OxO(a,b).
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Axkwo g(X) HenepepsHa i fodaTHa Ha Biapisky [a, D], To ansa sigcraHi
P MK ABOMa NOCNIAOBHUMU HYNsSIMU po3B’A3Ky piBHAHHS Y" +((X)y =0 mae
MicLle OLiHKa:

VM <ps<t/V/m,

ne M, m — BignosigHo HanGinblue i HalMeHLWe 3Ha4YeHHs pyHKUii g(X) Ha

Biapisky [a, b].

PosrnagyBaHoo MaTeMaTUYHOK MOESNSII0  OMUCYITbCS MeXaHiyHi,
€eneKTPUYHi, EKOHOMIYHI Npouecu TOLLO.

MuTaHHAa NPoO KONMIMBHUW YN HEKONMBHUWN XapaKTep PO3B’'A3KIB PIBHAHHS
nerko yctaHosuTu ans ONAP-2 3i cranumu koediuientamu: y" + py'+qy =0.

3Hangemo, Harpukiad, YyMOBU, 3a AKNX YCi (HEHYNbOBI) PO3B'A3KN LbOro pis-
HSIHHSI € HEKONMBHUMU B iHTepBani (—,+ o).

3BOANMO PIBHAHHA 00 BUrNaAy, 9KMW HEe MiCTUTb NepLlol NOXigHoT:
2"+Qz=0, pe Q=q- p?/4. (18.5.3)

BucHoeok. Akiwo BukoHaHa ymoBa Q <0, 10610 (< p2/4, TO BCi
pO3B’A3KM PiBHAHHSA (18.5.3), a oTXe, i BUXiAHOro piBHAHHSA, 6yayTb HEKONMB-

2 : .
HUMU Ha (—00,+ ). YmoBa < P /4 € i HeobXxigHoto (Yomy?).
(Slkum cniBBigHOWEHHAM NoB’A3aHi BenuumHn Q i AUCKpUMIHAHT Xapak-

TepUCTUYHOTO piBHsHHS K2 + pk +q=07?)

Modenb 2apMOHiYHO20 ocyusnsimopa

rapMoHiYHUM OCUMNATOPOM HA3MBAETLCS CUCTEMA, WO 34INCHIOE KO-
NNBaHHSA, ONUCyBaHi PIBHAHHAM BUrNagy:

y"+a’y=0, (18.5.4)
oe Y =Y(t) — Hesigoma dyHKuUis yacy U (BiOXUNEHHS, BULOBXEHHS);
2 o o -
A~ —4yncnosuin napameTp, 3anexHun Big BNacTUBOCTEN CUCTEMMU.
KonnBaHHA rapMoOHIi4YHOro ocuunAaTopa € BaXNvMBMM MpPUKNagoM nepi-

OANYHOrO pPyxXy i criyaTb TOYHOK abo HabnuxeHow Mmoaennto B baraTbox 3a-
Aayax KracuyHol Ta KBaHTOBOT QDi3UKM.
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lMpuknagamy rapMoOHI4YHOro ocuunaTopa € NPYXUHHUU, I3UYHUN | Ma-
TeMaTUYHUIN MasiTHUKKU, KONMBanNbHUA KOHTYP (4Na CTPyMiB i HAanpyr HacTinb-
KA Manux, WO efieMeHTN KOHTYypy MOXHa 6yno © BBaxaTtu niHiMHUMUK
(ouB. n. 17.4)).

[py)XUHHUU MasimHUK — e BaHTaX Macol M, nigsiweHun Ha abcontoT-

HO MPYXXHIN NPYXWHI | 34IMCHIOE rapMOHIYHI KONTMBaHHSA Nig Qi€ MPYXXHOT CUnu
F = —kx, ne k — koediuieHT npyXHOCTIi, AKMI y BUNaaKy NPYXWUHWU HasMBa-
IOTb XXOPCTKICTIO.

Qi3u4HUU MassmHUK — ue TBepae Tino, Wo 34iNCHIE Nig aieto cunn Ta-
XIHHS KONIMBaHHS HaBKOJIO HEPYXOMOI FOpu30HTanbHOI OCi nigBicy, LWO He
NpPOXoauTb Yepes LeHTp Mac Tina.

MamemamuyHut massmHuUK (3HaoMuin 3i LIKONKN) — Ue igeanisoBaHa
CUCTEMa, L0 CKNnagaeTbCs 3 MaTepianbHOI TOYKM Macokw M, nigBilLeHOT Ha
HEPO3TSXKHIN HEBAroMin HUTUI, | KONMBAETLCA Nig Qi€ CUMN TAXKIHHS.

XopoLwmnm HabnmKeHHaM MaTeMaTUYHOro MasiTHUKa € HeBernunka BaXkka
KynbKa, nigsilleHa Ha TOHKIN OOBriN HUTL.

Ona NpyXMHHOrO MasiTHXKA B CUNy Apyroro 3akoHy HetotoHa F = my”

i 3akoHy N'yka F = —Ky piBHsiHHA (18.5.4) HabyBae Burnaay:

my" =-ky, a6o y'+>y=0; = =a. (18.5.5)

(PobepT lNyk (1635 — 1703 pp.) — aHrAiUCbKN NpUpoaoaOCHiaHUK, BYe-
HUN-eHLUKNKITONeancT.)

3aranbHUM po3B’A3KOM piBHAHHSA (18.5.5) € dyHKuUis, sika onucye rap-
MOHIYHI KONUBaHHSA (repekoHaumecs):

y = Acos(at + ¢),
ne A, ¢ — posinbHi cTani (A — amnnityaa, ¢ — noyatkoBa (pasa), ki BU-

3Ha4arTbCA 3aBAaHHAM NMOYaTKOBUX YMOB,
d —4acToTa KONMMBaHb.
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3annTtaHHA ANA caMoAiarHOCTUKKU 3aCBOEHHA MmaTtepiany

Bignosigi Ha BCi 3anuTaHHa cpopMynionUTe CIIOBECHO, 3anuwiTb Yy CUM-
BONiYHiN dopmi, obrpyHTYynTE (Ha nigcTaBi O3HAa4YeHb, TEOPEM, NpaBui, gop-
MYJ1 TOLWLO), HaBeAiTb BiANOBIgHI KOHKPETHI NpuKagw.

1. Akun BuUrnag mae gudgepeHuianbHe PIBHAHHSA BULLOTO NOPSAKY?

2. 3a KO0 03HAKOK PO3PI3HIOITL OAHOPIAHI | HeogHopIaHI AP-n?

3. Ak  opmynoeTbcss Teopema Kowi nNpo iCHyBaHHA | €OWHICTb
po3B’asky [1P-Nn?

4. Aka cuctema PYHKUiIN HA3MBAETLCS JTHIMHO 3anexHor (NiHIMHO He-
3anexHoto) Ha (a,b) ?

5. Aknm cniBBiAHOLEHHSIM BM3HAYa€ETbCS MNiHiMHA 3anexHicTb (niHinHa
He3anexHIiCTb) ABOX OYHKLIN?

6. LLlo Take BpoOHCKiaH onsa cuctemm oyHKUin?

7. Alka ymoBa € HeoOXigHOKW (O4OCTaTHBLOK) AN MiHIMHOT 3aneXHOCTI
(NiHINHOT He3arnexHoCTi) cucteMn PYHKLIN?

8. Akun Burmag mae ofHopigHe audepeHuianbHe PIiBHAHHA OPYroro
nopsaaky 3i ctanumm koedivieHtamu (OJ14P-2)?

9. Ak dopmynoeTbCa TeopemMa Mpo MiHiNHY KoMbGiHaLUilo YaCTUHHMX
po3s’'askis OJ1OP-2)?

10. Ak hopmyntoeTbCs TeopemMa NPO CTPYKTYPY 3ararbHOro po3B’a3Ky
ongp-27

11. Ulo posymitoTb nig doyHOAaMeEHTarlbHOK CUCTEMOK PO3B'A3KIB?

12. Ake anrebpaidyHe piBHSHHS Ha3UBalOTb XapaKTEPUCTUYHUM PIBHSH-
Ham OJ1OAP-2? Ak cknacTtu xapakTepucTuiHe piBHAHHA?

13. Axkmn Burnag matoTb YacTUHHI po3s’askm OJ1[P-2 3anexHo Big auvc-
KPUMIHAHTa XapaKTepUCTUYHOIO PIBHAHHA?

14 Ak surnsgae ®CP gna ogHopigHux J1OP-27?

15. HaBegiTb 3aranbHui nopsaaok poss’asaHHa OJ10P-2.

16. Axun Burnsag mae HeogHopiaHe audepeHuianbHe PiBHAHHS OpYroro
nopsaaKy 3i ctanumn koedivieHtamu (HJ10P-2)?

17. Chopmyrnionte TeopeMy Mpo CTPYKTYpPY 3aranbHOro po3B’'s3Ky
HIOP-2.

18.Y 4omy nonsrae wmetoa JlarpaHxka BiglWyKaHHA 4YaCTUHHOrO
PO3B’sA3KY HEOAHOPIAHOrO PIBHAHHA APYroro nopsiaky?
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19. Ak 34iMCHIOETLCS BigLWYKaHHA YaCTUHHOIO PO3B’A3KY HEOAHOPIgHOro
PIBHSHHSA 3i cneviasibHO NPaBo YaCTUHOK — KBA3iMHOIMOYI1EHOM?

20. o Take npuHumMn cynepno3uuil npu poss’asaHHi HINOP-27?

21. Axun surnag mae JIAP-N — niHinne audepeHuianbHe piBHAHHSA BU-
woro nopsaaky (N> 2) 3i cranumm koediuieHTaMmm?

22. Ulo HasmBaoTb MiHINHUM gudepeHLuianbsHUM onepaTtopom?

23. Aki BU 3HaeTe BNacTMBOCTI AudpepeHuianbHoOro onepartopa?

24. Ak Burnagae onepatopHa popma 3aBaaHHA?

25. Chopmynionte Teopemy MpO  MiHiMHY KOMOIHAUito  YaCTUHHUX
po3B’a3kiB ogHopigHoro JIOP-N.

26. Akun BUrNaa Mae CTpykTypa 3aranbHoro po3s’asky OJ1IAP-n?

27. Ake anrebpaiyHe piBHAHHA Ha3MBalOTb XapPaKTEPUCTUYHUM PIBHSH-
Ham OJ1QP-N?

28. ki KOpeHi y 3araribHOMYy BUNAAKYy MOXe MICTUTU MHOXMHA KOPEHIB
XapaKkTepPUCTUYHOIO PIBHAHHA?

29. flke pIBHAHHSA Ha3uBalTb HEOOHOPIAHUM MiHINHUM AudoepeHLiarb-
HUM PIBHAHHAM N-ro Nopsaky 3i cranumu koediudieHtamn (HJ10P-N)?

30. CchopmynonTe Teopemy npo CTPYKTYpy 3arasfibHOro po3B'A3Ky
HOP-n.

31.Y 4omy nondrae wMeton JlarpaHxa BigWyKaHHS YaCTUHHOIO
PO3B’'sA3KY HEOAHOPIOHOrO PIBHAHHA?

32. Ak 3HaxoOsATbCA YaCTUMHHI PO3B’'A3KM HEOOHOPIAHOro PIiBHAHHA 3i
crneuianbHOK NPaBoK YaCTUHOK — KBA3iMHOIMOYS1IEHOM?

33. Alka HeobxigHa ymoBa 3BefaeHHs OJI[P-2 3i 3aMiHHUMK KoeddilieH-
TamMu 0 PiBHAHb 3i cTannumMn KoediuieHTamn?

34. Ay nigcTtaHoBKY BUKOHYIOTb aAns 3segeHHs OJIOAP-2 3i 3MiHHMMK
KoedilieHTaMn OO0 PIBHAHHSA, iKe HEe MICTUTb NepLUol NOXIAHOI?

35. Ak BUrnNag mae piBHAHHA Ennepa 2-ro nopsgky i 9K BOHO 3BO-
AVTbCA 00 PIBHSHHSA 3i cTannmMm koediuieHTamn?

36. flke piBHSAHHA Ha3MBaETbCA pPiBHAHHAM YebuweBa i SK BOHO
PO3B’A3YETLCA?

37. Axun Burnsg mae popmyna Abens i Wwo BoHa onucye?

38. Ak po3B’a3yeTbCs piBHAHHA Ennepa N-ro nopagky?

39. Akun Burnsag mae piBHSAHHA JlarpaHa i AK BOHO pPO3B’A3yeTbCA?
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3apadi Ta BnpaBu

1. Jocnigntn niHiMHY 3anexHiCTb YN He3aneXHiCTb 3adaHuX CUCTEM
dyHKUIN B 06nacTi BU3HaA4YEeHHS (PYyHKLiN CUCTEMM:

1) {Xz, NG +x}; 2) { x, —3x,2x};

3) {Inx,x1; 4y {sinx,cosx};

5) {x2+3x,x2—1,x+3}; 6) {Inx4,ln5x,11};

7)1 €, xe*, X% : 8){ 5,cos? x,sin xJ:

9) {1, arcsin x,arccos x}; 10) { 5,arctgx, arcctgx} .

2. O64ncnnTn BU3HAYHMK BPOHCHKOro Ang 3agaHux cuctemM oyHKLin:

1) {12 x°}; 2) { cos(n/4-x),sin(m/4-x)};
3) {€*, 2%, e7%}; 4y {2,cosx,cos2x};

5) { sinx,sin(x+1/4)}; 6) { m,arcsin x, arccos x} ;

7) {4,sin% x,cos2x} ; 8) { e sin2x,e”** cos 2x}.

3. 3a ponomoro BM3Ha4HMKa [pama nokasaTw, WO 3adaHi cuctemmu
dYHKLIN € NiHIMHO 3aneXHUMK Ha Bigpi3Ky [— mn, ﬂ]:

1) {x,2x,x*};
2) {5,cos?x,sin’x};

3){1,sin 2x, (sin x - cos x)°}.

4. 3HanTu 3aranbHi abo YacTUHHI PO3B’A3KM 3afaHuXx opHopigHux J1OP
3i cTanumMmun KoeqiyieHTamu:

1) y"+2y -15y =0;

2) 3y" -2y' -8y =0;

3) y' -4y +3y=0, y(0)=6, y'(0) =10;

4) y"+8y +16y =0;

5 y' -4y +4y =0, y(0)=1, y'(0)=-1;

6) y' +6Yy + 25y =0;

7) 4y" -8y' +5y =0;
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8) y'—4y'+29y =0, y(0)=3, y'(0)=1;

9) y"-2y" -3y =0;

10) y"+6y"+11y' +6y =0;

11) y" +2y"+y' =0;

12) y" +4y" +13y' =0;

13) y"-3y"+3y' -y =0, y(0)=1, y'(0)=2, y'(0) =3;
14) y"+y"=0, y(0)=1, y'(0)=0, y'(0) =1,
15) y" -8y =0;

16) y'¥ -y =0;

17) yV +2y" +4y" -2y -5y =0;

18) vV +4y" +8y" +8y' +4y =0;

19) y¥ -2y +2y" -4y +y -2y =0;

20) y¥ +4y" +5y" -6y -4y =0.

5. BiHTerpysaTtu HaBeaeHi HeogHopigHi JIAP 3i ctanumu kKoedilieHTamu:
1) V' +2y +2y=1+X;

2) y' -4y +4y=x%;

3) y' +8y =8x;

4) y' =3y +2y=x;

5) y' +y' = 4x%e%;

6) y' +3y' =3xe %,

7) y' +10y' + 25y = 4e>%;

8) y' +5y +6y =10(1- x)e~2*;
9) y'—2y' -8y =12sn2x —36C0s 2X;
10) y" +16y =8cos4x;

11) y"+3y' +2y = xsin x;

12) y"+y=4xCcos X;

13) y" +2y' =4e*(sin X+ cosX);
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14) y" +4y' +5y =10e" X cos X;

15) y" +y" =1;

16) y" - y" =12x? + 6X;

17) y' =y +y -y =x° + X;

18) 27y" - 27y"+9y' -y = 162e¥3;
19) y" +6Yy"+11y' +6y =-7xe” *;
20) y" —y=sdnx;

21) y" - 3y" +3y' - y =e*cos 2x;
22) y¥ —2y"+2y" -2y’ +y =1;
23) YWV +y" = X2 +x;

24) y'¥ —2y"+2y" -2y +y=¢€",
25) y" -8y’ = xe**;

26) y'V - 2y"+y=cosx.

6. PosB’azatn 3agady Kowi ana 3agaHux HeogHopigHux JIOP 3i ctanu-
MU KoedilieHTamu:

1) y" -6y +9y=9x2 -12x+2, y(0)=1, y'(0)=3;
2) y'+y=2(1-x), y(0)=2, y'(0)=-2;

3) y'-y=4e", y(0)=0, y'(0)=1;

4) y' -4y + 4y =2e**, y(0)=0, y'(0) =0:;

5) y' =5y +6y=(12x-7)e *, y(0)=0, y'(0) =0;

6) y'+4y=sinx, y(0)=1, y'(0)=1;

7)Yy +3y +2y=2sin3x+6cos3x, y(0)=0, y'(0)=0;
8) y"+9y =6c0s3x, y(0)=1, y'(0)=3;

9) y' -y =-5e *(sin x+cosx), y(0)=-4, y'(0)=5;
10) y"' -2y +2y =4e*cosx, y(m =me", y'(rn) =e";
11) y" -y =-2x, y(0)=0, y'(0) =1, y"(0) =2;
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12) y" -9y" + 27y - 27y =6€¥, y(0)=1, y'(0)=3, y"(0) =9;

13) y" =5y"+4y'+10y =18cos x +12sin X, y(0)=1, Vy'(0)=1,
y'(0)=-1;

14) y" +3y" -4y = —6e™ %X, y(0) =1, y'(0) =1, y"(0) =3;

15) y"V -y =8¢e*, y(0)=-1, y'(0)=0, y"(0) =1, y"(0) =0;

16) y'V +8y" +16y=cosx, y(0)=1/9, y'(0)=0, y'(0)=-1/9,
y"(0) =0.

7. 3HaNTK 3aranbHi PO3B’sA3KN 3agaHnx HeogHopigHux J1OP 3i ctanumn
KoedilieHTaMKn, 3aCTOCOBYOYM MPUHLUUN Cyrnepnosulii BigWwyKaHHA 1X 4ac-
TUHHNX PO3B’A3KIB:

1) y' -y -2y =4x-2e";

2) y' —3y' =18x—-10cos X;

3) V' -6y +9y = 4eX -16e°¥;

4) y'=2y' +y=2+e"sinx;

5) y" + V' =cos? x + e + x;

6) y' +2y' +5y=4e " +17sin2x;
7)y"—y"' =2y =4x+3sin X+ cos X;

8) y" -4y = xe?* +sin x + x?;

9) y" - 2y" +2y' = 4cos XCOS 3X + 6Sin? X;
m 1

10) y"V +2y" +2y" + 2y +y = xe* +Zcosx

8. 3iHTerpyBatn 3agaHi HeogHopigHi J1IAP meTtooom Bapiauii 4OBINbHUX
cTanux:

2X X
] ! e " e
DY -y == 2) y'-y= ;
1-¢’ 1-e*
3) y' -2y +Y—67 4) y'+4y= 12 :
COS ™ X
5) y'+y+ctg“x=0; 6) y' -y = e\1-e?;

135



ex n 1
: 8)y ty=—"7-,
X2 -1

Ny -2y +y= Snx’

1

Jeos32x

9) y' -2y = 4x2e*’ ; 10) y'+y=

9. BiHterpysatu JI[P 3i 3miHHUMK KoedpilieHTamu:

1) X2y" +2xy' -6y =0:

2) X2y" +3xy' +y=0:

3) X2y" —xy' +2y =0;

4) x°y" —3xy" +3y' =0;

5) X’y" =2y’

6) (X+2)7y"+3(x+2)y -3y =0;

7) (2x+D°y" -2(2x+1)y +4y=0;
8) (x+17y" =12y =0;

9) 2x+D)“y" +2(2x+1)y"+y =0;
10) (L-x°)y' —xy' +4y =0, | X <1;

11) (1-x°)y' - xy' +2y =0, | ¥ <1.

BionoBiai

1.1), 3), 4), 5), 7) — He3anexHa cuctema yHkuin; 2), 6), 8), 9), 10) —
3anexHa cucrema yHKLINn.

2. 1) W(x) =0; 2) W(x) =1;
3) W(X) = 0; 4) W(x) =-8sin®x;
5) W(x) = —/2/2; 6) W(x) =0;
7) W(X) = 0; 8) W(x) = —2e~ %,

4.1) y=Ce > +Ce”;
2) y=Cie™* +Cpe ™,
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3) y=4e* +2e*

4) y=Ce ¥ +C,oxe ¥

5) y = % — 3xe”

6) y=e 3X(C,cos4x+C,sin4x);

7 y= eX(Clcoslz( +Czsin12();

8) y = e?*(3cos5x —Sin5x);

9) y=C, +Coe X +Cge™

10) y=Cie ¥+ C e " + Cqe™>X

11) y=C,e ¥ +Cyxe * +Cg;

12) y=C; +Ce ?* cos3x + Cze*X sin 3x;

13) y=e*(1+X);

14) y=x+e *

15) y=C,e™ +e *(C, cos+/3x + C38n+/3X);

16) y=C,e* +C,e ¥ +C3cosx+C,SinX;

17) y=Ce* +C,e * +& *(C3c0s2x + C, Sin2x);
18) y=€ *(C,+C;yx)cosx+e *(C, +C, X)SinX;
19) y =C,e”* +(C, +C3 x) cosx + (C4 + Cg X)Sin x;
20) y =C,e¥ +Cre™ % +€ ¥(C3+C4cosx+CssinX).

5.1) y=(C,cosx+C,sinx)e " +x/2;

2,1,.3

2) y= (C1+C2x)e +4x +2x+§
- 1 1
3) y:C1+C2e 8X+§X2_§X;

2 1.3.9 21, .45
4) y=Ce”* +C,e" t5X +4x X

5) y=C, +C,e X +(2x% —6x+7)e";
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2 3
7) y = (Cy + C,x)e X + 2x%e™>;
8) y=Cie X +C,e % +(20x - 5x%)e”
9) y=Ce 2 +C,e* +3cos2x;
10) y =C,; cos4x +C, sin4x+ xsin4x;

6) y=C, +Coe ¥ (1x2+1x)e 3,

— —-X —2X 4 i 17 1 i ; .
11) y=Ce " +C,e ( 10x+50)cosx (1Ox+25)smx,

12) y=C,cosx+C,SinX+ Xcosx+ X°sinx;
13) y:Cl+C2e_2X+:—5Lex(—2003x+63inx);

14) y = #(C,cosx+C,sinx) +5xe**sinx;
15) y = C; +CoX+Cae™ X +X?/2;

16) y = C; + C,x+ Cgee* — x* - 5x° —15x°;

17) y=Ce* +C, cosx+Cysin x— (x% +3x +1);
18) y = (C + Cox +Cax?) X% + x%e¥5;

19) y=C e X +C,e > +Cye > +(x* - 3x)e”*

20) y=C,e* +€ W(Czcos*/:—gx+C33m\/:—3 j+%(cosx—sinx);

21) y = (C1+C2x+C3x )e* ge Sin 2x;

22) y=C;cosx+C,sinx+(Cy+Cyx)e* +1;

23) y:C1+C2x+C3cosx+C4sinx+1—12x +éx3 X?;

24) y =(C, +C,x)e* +C5cosx+Cysin x+%x2ex;
2x

25) y=C, +C,e** +e” (C3cos\@x+C4sm\@x)+ (x ~2X);

26) y=(C; +C, x)e* +(C53+C, x)e”” +%cosx.
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6.1) y=x*+e>%;

2) y=2-2X;
3)y——1e +%e + 2xe”;
4) y = x%e**;

5) y=e?X —e¥ + xg ¥

6) y:c032x+%(sin2x+sinx);

—2X 4sm3x—£c033x

13 13
8) y=cos3x+(x+1)sin3x;

7) y——e

9) y=2e"+(sinx—2cosx)e * —4;

10) y = -[mcosx + (11+1- 2x)sin x]e*;

11) y:%ex —%e‘x + %,

12) y=e>*(x® +1);
13) y =Sin X+ COS X;
14) y= x%e X +e*;

15) y=cosx+2sinx+e * +(2x-3)e*;

16) y:%cosx.

7. 1) y=Ce * +Ce* - 2x+1+e";
2) y=C; +Ce™ —3x% - 2x+ cosx +3sn X;
3) y = (C, +C,x)e>* +e* - 8x%e™;
4) y=2+€"(C +Cox—sinx);
13 2.9, 1 x, 1 1

—_ —X 4 _ ke, L 4 _ 4 .
5 y=C +Coe +3 X +2x+2e 20S|n2x 10cos2x,
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+

1

10

1
2

(_

6) y =(C,cos2x+C,sin2x)e”* +e " —4c0s2x +Sin 2x;
7) y=C, +Coe * +Ce”™ + x— x* +COSX;

2x 2x , 1 1.3 1, .1 e2X
8) y=C, +Ce"" +Cse +5cosx 15X 8x 32 (2x

9) y=C, +(C,cosx+Czsinx)e* + 6—15(cos4x 1,75sin 4x) +

sin 2x—costj+gx;

10) y =(C, +Cyrx)e +C3cosx+C4smx—§cosx+ e*(x/2-

8.1) y=C, +Cox+v1-e* +e*arcsine®;

-1 1 _-x,.x_ X _ Ay
5 ~5€ (e —In(e” -1);

3) y =Cie* +Cyxe* + x(In[x| -1)e*;

X
2) y:CleX+C2e_X+%e"lne

- 3X);

7).

4) y = C, c0s2x +C, sin 2x — cos2xIn cos X +(x—%tgx)sin2x;

5) yzClcosx+Czsinx+costn‘tglz( +2
6) y:C1+C2eX+:—éex(eX\/l—e2X +arcsinex)—% 1-e2)3.
7) y =(C, +C,ox)e* +e*(xarctgx — In/x? +1) ;

8) y=C,cosx+C,sinx—xcosx+sinxInsinx;

9) y=CeV?® +C e V2% 4 &,

10) y =C;sinx+ C, COSX —+/C0S2X) .

9.1) y= Clx_3 + C2x2;

2) y= x_l(C1+C2Inx);
3) y=X(C,coslnx+C,sinInx);

4) y=C; +Cox* +Cx*;
5) y=C, +C,Inx+Cax>;
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6) Y =Cy(x+2)+Cp(x+2);
7) y=C(2x+D) +Cy(2x+DIn(2x +1);

8) y=C; +Cy(x+1)° +Cy(x+1) 7%

9) y:C1+(2x+1){C2 cos% +C35in%};

10) y =C,; cos(2arccosx) + C, sin(2arccosx) ;

11) y=C; cos(~/2 arccosx) + C,s n(~/2arccosx).

KnroyoBi TepMiHn

INininHe gudrepeHuianbHe piBHAHHA Buworo nopaaky (J1IOP-N); ogHopia-
He (HeogHopigHe) JIOP-N; Teopema Kowi; NiHiINHO 3anexHa (NiHinHO He3anex-
Ha) cuctema (PyHKUi; BPOHCKiaH; MiHinHa KOMOIHaUis YaCTMHHUX PO3B’'A3KIB;
CTPYKTypa 3aranbHOro poss’si3ky; meTon JlarpaHxa; KBasiMHOrousreH; npuH-
Lun cynepnosuuii; NiHinHWA audepeHuianbHUin onepaTop; onepaTopHa op-
Ma 3aBOaHHS; XapaKTepuUCTUYHE PIBHAHHSA; NiACTaHOBKA; piBHAHHA Ennepa;
piBHAHHA Yebuwesa; dopmyna Abens.

Pe3rome

BukrageHo ocHOBUM Teopil NiHIMHUX OndepeHuianbHUX PiBHAHb BULLOTO
nopsakKy. Po3rnsHyTo: O3HA4YeHHS OCHOBHUX MOHATb, CTPYKTYPY 3ararbHOro
PO3B’'A3KY OAHOPIOHOrO i HEOQHOPIAHOrO PIBHAHHA, METOAM BifLUyKaHHSA Yac-
TUHHNX PO3B’A3KIB PiIBHAHbL 3i CTanuMu koediuieHTamn (Metoa Jlarpanxa, me-
TO4 HEBU3HAYEHUX KOeIUIEHTIB); PIBHAHHA AOPYroro i BULWMX MOPAOKIB 3i
3MIHHUMW KOeiuieHTaMK Ta IX 3BeAEeHHA OO0 PiBHSAHb 3i CTanuMmn KoemiuieH-
Tamy abo [0 PiBHSAHb, WO He MIcTATb noxigHoi (N—1)-ro nopsaaky.

INlitepaTtypa: [6; 8; 14; 16 — 18; 19; 22; 28].
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19. Cuctemum niHinHnx audepeHuianbHux piBHAHbL (CJ1OP)

Bce nmodcmeo doci He crinamusio 3a po3pobky mame-
MamukoMm Makceernnom meopii enekmpomazHimHo20
rnons — 6e3 uyiei mamemamuku He 6yrno 6 y Hac Hi ceim-
n1a, Hi ennekmpuy4ok, Hi mempo. | aesmomobini, i nimaku, i
CYnymHUKU, i ni08oOHi 4Yo8HU, i mesnebadyeHHs — HiH020
uboz2o be3 mamemamuku He byro 6.

B. I. ApHonbpg

MeTa: HaBuUMTU ManBYTHIX draxiBUiB YMiHHIO 3a WBUAKICHUMW (TPaHNY-
HUMW) BENNUYNHAMM, LLIO OMNUCYHOTb EKOHOMIYHI npouecn abo cknagosi iHop-
MaUiHUX CUCTeM, BIATBOPKOBATWU IXHi 3ararbHi XapakTepuCTUKM (3ararbHi
BUTpaTU, 3ararbHUN OOXiA, EHEPri0 CUrHany ToLo).

MutaHHA TemMum:

19.1. O3Ha4YeHHA OCHOBHUX MNOHATL. Teopema KoLui.

19.2. OgHopigHi cuctemun JIAP-1 3i ctannmn koediuieHTamn.
19.3. HeogHopigHi cuctemun JIAAP-1 3i ctanmmm KoedilieHTamu.
19.4. [leqki 3agayi 3aCTOCOBHOroO xapakTtepy.

KomneTeHTHOCTI, WO hOpMYyHOTHCSA NiCNA BUBYEHHS TEMMU:

3azanbHOHayko8a: BOSMOAIHHA 3acobammn 3HaXOMXKEHHS HEBIOOMOT GOYH-
KUil 3a BiAOMWUMU CNiBBIAHOLLIEHHSIMN MiXK HEtO Ta TI NOXiAHUMMN.

3azanbHonpoghecitHa: NiaroToBMeHICTb OO0 aHanidy wsuakicHnx (rpa-
HUYHUX) XapaKTepUCTUK (PYHKUiIOHANbHUX 3anexXHocTen i3 MeTo 06pobKu
iHpopMmaLil, Ky HeCyTb YacoBi (CUrHanbHi) QYHKUT.

CnieuianizogaHo-rpogecitHa: YMIHHA BNpOBaaKyBaTuU AndepeHuiarbHi
PIBHAHHSA Ta X CUCTEMU B MOESIOBAHHA NpoLeciB ynpasIiHHA iHopMaLin-
HUMK CUCTEMaMMN.

19.1 O3Ha4YeHHAA OCHOBHUX NOHATL. Teopema Kouui

Cuctemoro audepeHuianbHUX piBHAHb nepworo nopsaaky (OP-1)
Ha3MBaETbCA CYKYMHICTb N AndpepeHuianbHUX PiBHAHb, WO MICTATb He3anex-

HY 3MiHHY X, OfHi 1 Ti X cami HeBidoMi pyHKLUii Y = yj(x) Ta 1X noxigHi
Yi=VYi(¥), j=1n:
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®; (X, Y1(X), Y2(X), s Yn (¥, VA(X), Y5(X),..Yp (X)) =0, i :]"_E (19.1.1)

Ae niBi YaCTUHW PIBHOCTEN € PYHKLIAMWN 3MIHHUX X, Yi y'j , ] =1,n;

®,, i =1,n, — 3aKkoH, IKOMY MiANOPSAAKOBYIOTLCSA Ha3BaHi 3MiHHi.

Cucrtemoro niHinHuX audepeHuianbHUX PiBHAHb NMepLioro nopsa-
Ky (CJ1P-1) HasmBaeTbCcs cuctema piBHAHb (19.1.1), y AKux niBi YacTUHU €
NiHIMHUMN PYHKUIAMK Big, HEBIAOMUX OYHKLIN Ta IX NOXigHUX.

HopmanbHor CJI[P-1 Ha3uBaloTb CUCTEMY PiBHSHb, PO3B’A3aHUX BiJ-
HOCHO MOXiAHUX Big HEBIAOMUX QOYHKLIN, | TaKNX, WO Npasi YaCTUHU BiANoOBIa-
HUX PIBHOCTEN HE MICTATb NOXiOHUX:

Yi () = Wi (%, Y103, Y2(X), - Ya () . i =11, (19.1.2)

3BNYaNHO HOPMarbHi CUCTEMU 3aMNUCYOTb Y BUrNSAAI:

(Vi=a(X) [yy +ap(X) Lys +..+ @, (X) Ly, + f1(X),
< Yo =851 (X) By + a5 (X) Oy, +... +ap, (X) Oy, + £5(X),

(19.1.3)
\y,n - anl(x) [yl + anz(X) [Yz Tt ann(x) [yn + fn(X),
ne g;(x), fi(x) (i =1,n; j =1,n) - 3agaHi (BiGOMi ) dyHKLii.
Binbw ctucno cuctemy (19.1.3) 3anucyoTb Tak:
n -
Yi = Zlaij My + fi(x), i=1n. (19.1.4)
J:

Akwo BBECTM B po3rnsaa maTpuuo-ctoBrneub Y HEBiAOMUX DYHKLN
Yi = V¥i(X), matpuuto-ctoneub Y' ix noxigHux Y =VYi(X), matpuuyo A

MHOXHUKIB & = &; (X) npu HeBigoMux, maTtpuuto-ctoBrneub F BigoMux dyk-

KUiv fi = fi (X):

Y1 %1 %1 S ... A E
Y = )fz Y= Y2 Cop=| %2t 82 - @n | o f.2 |
Yn Yn 8q 8n2 ... dnn f
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TO NPUXOAUMO [0 TaK 3BaHOI MaTpuyHoi popmu 3anucy cuctemu (19.1.3):
Y'=AY+F. (19.1.5)

MaTtpuui-ctosnui Y, Y', F HasvsaoTb BeKTOpHUMM DyHKLisAMMU, a60
BeKTOp-pyHKUiAMK, aprymeHTy X: Y =Y (X), Y' =Y'(X), F = F(X).

Akwo Ha peskomy iHTepsani (a,b) Bci enemeHTn BekTop-yHKUii F (X)
e ToToxHUMM Hynsmu: F(X) =0=(0,0,...,0)", To cuctema HasuBaeTbCs of-
HOPIAHOK HAa LIbOMY NMPOMIXKY:

Y'=AY —ogHopigHa CIAP-1 = f;(x)=00i =1n. (19.1.6)

Axkwo x Ha gesikomy iHTepsani (a,b) sektop-dyHkuis F(X) mae HeHy-
NbOBi €NeMeHTn, TO cUcTeMa Ha3MBaETbCA HEOOHOPIAHOK Ha LibOMY MNPo-
MIDKKY:

Y'=AY+F —neogropigha CNAP-1 = Cil{12,...,n}: f;(x) 0. (19.1.7)

OpHopigHa cuctema, sika OTPUMYETbCS 3 HEOOHOPIAHOT 3aHYNEHHAM
BekTopa-pyHkUii F (X), HasMBaeTbCcsl BiANOBIAHOK HEOAQHOPIAHIN cucTemi

piBHAIHb. Cuctemy (19.1.6) moxHa nogatu y surnagi: Y' —AY =0.
O3HayeHHsa noHATb wopno poss’askis CIOP-1 3MicToOBHO aHanorivHi
O3Ha4YeHHAM, AKi BBOOUUCSA CTOCOBHO AudbepeHLianbHUX piBHSHb.

Habip (kopTex) dyHkuin (¢1(X), ¢o(X), ...,04(X)), xU(a,b), Hasuea-
I0Tb PO3B’A3KOM cuctemm Ha (a,D), akwo npu nigctaHoBUi B piBHAHHSA cuUc-

Temu 3aMicTb Y; yHkUid §; (X) piBHSIHHSA NepeTBOPIOIOTLCS Y TOTOXHOCTI, |

KaXyTb, WO yHKUiT ¢; (X) 3adosonbHsoms cucmemy.

Mig 3aranbHUM po3B’A3komM cuctemu JIAP-1 (19.1.3) posymitoTb Habip
dyHkuin ¢; = ¢;(x,C,,C,,...,C,), ae G - uucnosi napametpu (C; UR),

i =1.n, Takux, Wo:
1) dyHKUiT §; 3a40BONBHAIOTE CUCTEMY MpU BYAb-SIKUX 3HAYEHHSX Na-

pameTpiB C;; TOMy iX Ha3BalOTb AOBINLHUMMU CTaNUMM;
2) ANs 33A@HUX MOYATKOBUX YMOB: Yig = Vi (X), i =1N, icHyloTb Taki

3HayeHHs napameTpis Cio, o dyHKUii ¢; 3a40BONbHATL Li YMOBU, TOGTO
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d)i(XO,ClO,Cg,...,Cr?) =Y,o (iHakwe, BMGMpatouM BIANOBIAHNM YMHOM CTani
C;, MoxHa oTpumaTy Byab-sKuii pO3B’S30K CUCTEMM).

Po3B’dA30Kk cucTtemun, oTpyUMaHum i3 3aranbHOro Npu KOHKpeTHUX (ikco-
BaHWX) 3HayeHHsix koHcTaHT G, | :]71, Ha3nMBa€eTbCAd YaCTUHHUM
po3B’'askom CJIOP-1.

BigwykaHHs1 YacTMHHOTO po3B’'asky cuctemu: Y =@;(X), | =1n, sikuit

3a40BOJIbHSAE 3a4aHi No4YaTKoOBI YMOBW Ha3nBaloTb 3aaadero Kouwi.
Teopema 19.1.1 (icHysaHHS ma eOuUHOCMI pPO38's3Ky 3adayi Kowi). Ak-

wo cymkuii a; =a;(x) i f; = f;(X) HenepepsHi Ha iHTepsani (a,b), To
po3B’a3ok cuctemn (19.1.3) Ha UbOMY iHTepBani OAHO3HA4YHO BM3HAYAETbLCS
noyaTkoBUMK ymoBamu: Yig = Vi (Xg), abo Yo =V, (x)‘ x=xg | =1n. =

SiKwo B HopmanbHii cuctemi JIAP-1 dyHkuii a;; = &; (X) € cranumm, To

BOHa Ha3nBaeTbCA HOpManbHot cuctemoto JIOP-1 3i ctanumu KoedilieH-
Tammn. O3Ha4yeHi cMCTeEMU Y NOPIBHAHHI 3 CUCTEMAMM (HLLIOrO BUrNaQy nerwe
nigoarTbCa PO3B’'sA3aHHI0. (Y KOXHIN ToYUi K020 IHmepesasly Ons Taknux CuUc-
TeM PO3B’A30K iCHYE | EGUHNIN?)

19.2. OgHopiaHi cuctemu JIOP-1 3i ctannmu koecpidieHTammn
Cmpykmypa 3a2asibHO20 pP0O386’ I3KY

Teopis ogHopigHux CINAP-1 3i ctanumu kKoediuieHTammn 6yayetbcsd
aHanoriyHo Teopii gudepeHuianbHUX piBHAHb N-ro nopsaky (AP-n).
Hexa maemo N po3B’saskiB ogHopigHoi cuctemu (19.1.5):

Y11 Y12 Yin
Y, = y:21 Y, = y:22 e Yo = yzzn ,
Y1 Yn2 Ynn

ne Yij = ¥;j(X); inaekc I (]) ykasye Ha HOMep dyHKuii (PO3B'A3KY).

Bu3HaYHMK MaTpULi, CKIaaeHoi 3 BEKTOPHUX PYHKLIA Y (X), j=1n,
Ha3nBalTb BM3HAYHUKOM BpoOHCbKOro (BpOHCKiaHOM) AOnd L€l cuctemu

GYHKUIN:
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Yi1()  yi2(X) ... Yin(X)

W(x) = Y21(X)  Yao(X) ... Y2n(X)_ (19.2.1)

Ynl(x) Ynz(x) Ynn(x)

Teopema 19.2.1 (npo niHitHy KoMbiHauito po3e’si3kie cucmemu). AKLWOo
BekTop-yHKUIT Y], Yo, ..., Y,, € po3B’si3kamu OAHOPIAHOI cucTemu, To ix ni-

HiHa KoMGiHaLis: ZC Y;(X), UC; R, € Takox po3s’askom cucTemm:
j=1

(Y"AY)‘Y:Yj =0 = ZC Y (X) - A(><)JZlC Y;(x)=0. (19.2.2)

L oeedeHHs. CnpaBeanveiCcTb NpaBoi YacTUHU (MicNs CUMBOSY = )
cniBBigHoOWeHHSA (19.2.2) nokaxemo, 3aCTOCOBYHYM B1IACTMBOCTI NPO NOXIgHY
cyMu OYHKLIN | NpO BUHECEHHSA CTarol 3a 3HaK NoxigHoT:

ZC Y(X) A(X)ZC,Y,(X) ZC (Y] ()= A(X)Y; (¥)) =0,

60 3a ymosoto Teopemn Y; (X) = A(X)Y;(X) =0 0j =Ln. =

MHOXWHY (CMCTEMY) PO3B’A3KiB Yj(x), j=]7\, Ha3nBalTb MiHINHO
HesanexHow Ha (a,b), akwo Ox[(a,b) ix niHiitHa komGiHauis 3aa0BOMNb-
n _ . I
Hae piHicTb > Y (X) = 0 Tinbk npn a; =0 0j =1,n.
j=1
Teopema 19.2.2 (npo HepigHicMb HyIH0 8POHCKIiaHa). AKWO PO3B’A3KU
opHopiaHoi cuctemu: Yi, Yo, ..., Y,, NiHIHO He3anexHi, TO B KOXHIN TouL

iHTepBany (a, b) BU3HAYHUK BPOHCLKOro He AOPIBHIOE HYIHO:

_ n _
OxO(a,b) Oaj #0: ZO(J-YJ- (x)=0 = W(x)z0 OxO(a,b). (19.2.3)
i=1
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[ oeedeHHs. MNpunyctumo, Wwo icHye Xy L (a,b), ansa sikoro

Yi1(%)  Yi2(X0) -+ Yin(%o)

W(xg) = ya1(%0) ¥Y22(X) - Yan(Xo)|_, (19.2.4)

Ynl(xo) YnZ(XO) Ynn(XO)
_ n _
Ane i3 ymoB niHinHoi HesanexHocTi: Ua; #0: Y a;Y;(X) =0, sunnu-

j=1
Bae, WO BiAHOCHO NapameTpiB a; BignosigHa ogHopigHa CJIAP nxn:

(y11(X0) [0y + Y12(Xg) [0, + ... + Y30 (%) B, =0,
Y21(X0) [0y + Yoo (X) LB, + ...+ Yo (%) LiX, =0,

| Y (%) L0+ Yo (Xo) Do, + .o+ Y (%) L, =0

N

(19.2.5)

Ma€ TifIbKW TpuBianbHUN PO3B’A30K, TOMY BU3HAYHUK CUCTEMU, SKUM €
W(Xp), noBuHeH ByTu BigMiHHMM Big Hynsi. OTXe, NPUNYLLUEHHS HE € CryL-

HUM. |
CyKynHicTb pO3B’sA3KiB Yj(x), ] :]71, ogHopiaHoi CIAP-1, ans skoi
BU3HaYHMK BpOHCLKOro BigMIHHMI Big HyNs B ycix Toykax iHTepsany (a,b),
Ha3MBaeTbCH (hyHAAMEHTanbLHOI cucTemMoro po3e’sskie (PCP) Ha (a,b).
Teopema 19.2.3 (npo cmpykmypy 3az2alilbHo20 P038’s3KY). 3ararbHUM
pose’saskoMm Y =Y (X) oaHopigHoi cuctemm (19.1.5) Ha iHTepBani (a,b) e ni-

HiHa koMGiHaLif dYHKUI pyHaameHTanbHoi cuctemu po3e’askie Ha (a,b):

- P n .
(Yj (X), ]=LNn)-o®CP = Y= ZCJ-YJ- (X) —3aranbHui (19.2.6)
=1 PO3B’A30K.

L oeedeHHs. [lepesBipMO, 4N 3a0BOSMbHAE BEKTOpPHA (PYHKLUIS

n
Y = ZCJ-YJ- (X) yMOBM 03HAYEHHS 3aranibHOrO PO3B’A3KY.
j=1
[lepwa ymoBa BUKOHYETbLCSA 3aBadkn Teopemi 19.2.1 (n1po fiHitHY KoM-
6iHauito po3e’si3Kie cucmemu).
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Llpyaa ymoBa Tex BUKOHYETbCSH, 60 Anda 6yab-aKnx 3agaHnx no4aTkoBmnx
yMOB: VYig = VYi(Xg), | =1n, a6o Yo = (ylo, yzo,...,ynO)T, BiALLYKaHHS Biano-
BiAHWX 3HAYeHb C? 3BOAUTBLCS (SKUM YUHOM?) 0O PO3B’A3aHHA HEOAHOPIAHOT
CJIIAP nXn, BM3HA4YHUKOM SIKOI € BiAMIHHMI Big HYNA BPOHCKiaH. Lis ymoBa

3abesneuye eanHnin poss’ssok CITAP nxn: Clo, Cg,..., Cr?. n

OcHoeHi crnocobu po3e’si3aHHS

|. Po3B’'siI3aHHA cucteM MeToAOM BUKIIOUYEHHsA (abo 3BeaeHHsaM 00
OofHOro AndpepeHuianbHOro piBHAHHA N-ro nopsaaky (4AP-N)).
Cymb memoOy nonsarae y Takomy. bepemo ogHe (3a3Buyan neplue) 3
n

piBHSAHL Vi = > &;Yj, | =1,n, i AUdepeHLIEMO H0ro MiBy | NpaBy YacTuHU
j=1
A0 nopsaky N BKAKOYHO, NIACTaBMASAKYM HA KOXKHOMY KpOLi 3aMiCTb MOXiAHUX
Vi, Yo, -y Yp NpaBi YacTUHU 3a4aHUX PiBHSHb. Y pe3ynbTaTi NPUXOAUMO [0
cUCTEMU:
Yi = agyi t apYs t ...+ anYn,
Yi = Ayt Apy, o+ + AonYn,
< cee cee coe cee cee  ees ses ses coe (1927)
n-1) _
Y:E ) = Av-ar t Ao ot A,
(n) —
Y1 T At ApY: ot A,
ae Aﬁj’ [ :2,_n, ] 2171 — KoequiuieHTN nNpu HeBIOOMUX (PYHKLIAX Y NpaBux

YaCTUHax PiBHsIHb NiCMs B3ATTSA NOXIAHOT 1-ro nopsiaky dyHkuii Y; = Y;(X).

Motim i3 nepwux N—1 piBHsAHL BUpaxaemo Y; =Y;(X), ] =2,n, yve-

pe3 dyHkuito Y4(X) Ta il noxigHi Vi, Vq, ..., yl(n_l):

Yi =W (XY, Y Wi LWy =20n, (19.2.8)

[MigcTaBnso4yn Bupasmn gns Yj B OCTaHHe PiBHAHHS, oTpumaemo [P-N,
3a kMM BigHOBMOETbCA yHKuia Vi = §1(%, C, Cy, ..., C,).
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Oani N—1 pasiB audepeHuitoemo 3HanaeHy dyHkuito Y(X), niocras-
ngemo BiANoBigHI Bupasn y (19.2.8), BM3Ha4yawun TakuM YUHOM YHKLIT
Yi =0;(%C,Cy,....Cp) ] =2,n.

Akuo 3agaHo noyaTkoBi YMOBMW, TO AN pO3B’si3aHHs 3agadi Kowi Big-
NOBIAHI 3HA4YEHHS NapamMeTpiB Clo, Cg, Cr? BiALWYKYHOTbCS noAaibHo Ao To-

ro, sk Ue pobunocs y Bunagky ogHoro guvdepeHuianbHOro PiBHSAHHSA N-ro
NOpPSAKY.
[Mokaxkemo peanisauito metoay Ha npuknagi CJ1OP-1 oBox piBHAHb:

' = + 1
(Y:’Lj _ [311 %2 j{)ﬁ) 260 {Y:’L a1¥1+ 22y, (1) (19.2.9)
Y2) \@z1 axn Y2 Y2 =anyr tagy:. (2)

1-0 Kpok. 3Haxoaumo Y, AudepeHLilooun NiBy i NpaBy YacTuHU rep-
w020 PIiBHSAHHS:

yi=aphhtany, 3

2-U kpok. MigcTaBnsiemMo 3aMicTb Y, NpaBy YaCTUHY APYroro PiBHSAHHS:

Yi=aY tap(any +axny,) (4

3-U kpok. Bukntoyaemo i3 (4) dyHKuito Y,, Bupaxatouu ii 3 nepLioro
PIBHAHHS:

Yo = 5‘1_2:L (Y:'L - allyl) =
= Y1 =apy taplany + 6‘22(611_2:L (Y:'L - allyl))] =

1

y1=0. (9 (19.2.10)
A1 Ay !

= Y1~ (8 tan)y +

4-Ui kpok. Po3r’aizyemo oTpumaHe [P-2 BigHocHo Y;(X), a noTim, 3HOBY

3anyyatouu nepuwe piBHSAHHS , 3Haxoaumo i Y, (X) = al_zl (y:'L - allyl).

3ayeakeHHs:
1) 3rigHo (5) koediuieHTaMu npu Y, i Y4 € BiANOBIOHO Ccyma AiaroHanb-
HUX enemeHTiB MaTpuui A, B3ATa 3 NPOTUMNEXHUM 3HAKOM, i T BU3HAYHUK;

cnieeigHoweHHAM (19.2.10) MOXXHa KopucTyBaTUCS 9K ,FOTOBOK DOPMYIOoH”
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Ans otpuMmaHHa [P-2; KOpeHi XxapakTepuUcTUYHOro PiBHAHHA OBYMCIIOTBCA
3a popmyroto (rmokaxims ue camMocmilHo):

_1 2
kyp = 5 (a1 +ax) £ \/ (g1 — )~ +4ay5ay ).

2) [1P-2, BignoBigHe cnuctemi ABOX pPiBHSAHb, 3400yBat0Th i iHaKWe (MoXxe
Len nigxig komycb b6inbLie cnogobaeTbcs).
1-0 KpoK. 3HaxXoAsTb 3 Mepwoeo PiBHSAHHS Yo i NOTIM NOXiOHY Y5 !

I —_ _1 !
{Y1 =ayy1tapys, (1) | Y272 (Y1~ @), 3
Y2 =ay1tany, (2) Yo = ars (Vi —ay ).
2 -U kpok. NigcTaBnsaoTe BUpa3u Ans Y, i Yo y Opyee piBHAHHS:
ap, (Y1 —ay1¥1) = 3 ¥y +agar (Vi —any) =
= yitpyitay; =0 (4),

1 X
Ay Apo

ne p=—(ay+ay), q=

lNpuknad. Po3B’sizaT CUCTEMY METOAOM BUKINOYEHHS HEBIJOMMUX:

{yi =-3y;-Y,, ()

p 19.2.11
Y2=Y1=Y2. (2 ( )

Pose’'sizaHHs. 3aivcHioeMo nepexig Ao AP-2, BUKOHYOUM (NaHLKOXKOM)
OMNuCaHi TPU KPOKM (3a NepLivmM cueHapiem):

Vi==31-Y2 = [Y2= V1= Y = Vi=3%-(Vi—¥2) =
3rip,H<V)3(2)

= ‘\Y2:‘Yi‘3)’1/‘ = Y1=-3Y;— Y1~ Y1 —3y; = VY +4y; +4y;, =0.
i3 (1)

Po3B’a3yeM0 oTpuMaHe PiBHAHHS:
(k®+4k+4=0 = k,=k=-2) = y, =€ (C, +CyX).
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3Haxooumo Yy i apyry coyHkuito (Yo = —Y; —3Y;):

y; = =267 (Cp + Cyx) + Coe 2 =72 (-2C, + (1-2X)C,);
Y, =€ 2(2C; — (1-2X)C;) —3C; — 3C,x) = - X(C + (1+ X)Cy).

Takum 4YmHomMm,

v :L)ﬁj _ e 2 (Cy +Cyx)

5 — 3aranbHuii po3B’A30K. ®  (19.2.12)
Y2) (-€2(Cp+(1+X)Cy)

Akwo y 3aranbHOMy po3B’s3ky noknactu, Hanpuknag, C, =0, C, =1,
TO OTPUMAEMO OAMH i3 HECKIHYEHHOT KiNbKOCTi PO3B’S3KIB:

|:y1 — Xe—2x ,

( ) oy T YaCTUHHUI PO3B’A30K.
Yy, =—(1+x)e

3agamo Tenep noyatkosi ymosu: Y;(—1) = e?, Y>(—1) =0, i po3e’sxxemo
3agadvy Kowi. Po3B’sizaHHs 3BOAUTBLCS 40 3HAXOMKEHHSI 3HAYEHb NapameTpis

Clo, Cg, LLIO BU3HAYalTb YACTUHHUIN PO3B’SI30K, KU 3a00BOSbHSE NOYaTKO-

Bi YMOBMU:
_ _ 2
N=€HCHCX), W= € =e(C-Cy),
Yo =€ (G +(1+X)C)) | Vol =0 [0=-€°Cy
0 _ — _va—2X
= G =0, = n=mxe — pO3B’A30K 3aaui Kouwi.

c§=-1" |y =arxe™

(8'sicytime, pnsa skux novatkosmx ymos C; =0, C, =1.))

Il. Po3B’AA3aHHA cucteM meTtoaom Ennepa.

Cymb memody nonsrae y 3Haxo4)XeHHi NiHINHO He3aneXHNX YaCTUHHUX
po3B’A3KiB cuctemun (NoibHo Ao Toro, gk ue podbunocs npu po3s’sidaHHi ni-
HinHMX [P-N i3 nocTinHUMn KoedpiyieHTamm).

YacTuHHI po3B’'A3KM BiALIYKYIOTb Yy BUrMALL: Y = qekx, i 2171, ae § i

K koHcTaHTW, siki ninGupatTbes Tak, Wob dyHkuii ¢; (X) = qekx 3a0BOb-
HANU CUCTEMY.
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MiactaBnsioun Y, = qekx y cuctemy Y' = AY (19.1.5) i ckopo4ytoum Ha

ekx, oTpumMmyemo ogHopigHy CITAP N XN ans BU3HayYeHHs ctanux §, 1 =1,n:

(A —K)s + oSy t...+ &Sy =0,
4 ans + (ap—K)s+..+ nS, =0,

(19.2.13)
| aus + 82, + ...+ (@nn —K)s, =0.
BiomiHHI Big HynAa S, S,, ..., S, MOXHa 3HaANTW NnuLLE 3a YMOBMU, O Ti
BU3HAYHUK JOPIBHIOE HYyNeBi (YoMy?):
a—k ap ... A
%1 @K .. An |_g (19.2.14)
8u  @p ... ap—k

npu ubomy cuctema (19.2.13) matume 6e3nid po3B’a3kiB (Ha Skid nidcmasi?)
[licna po3KpUTTA BM3HA4YHWKA NPUXOAUMO OO MHOrodsieHa N-ro crene-

Hst BigHocHo napametpa K: P, (K) = k" +ak "+ . +a,_k +a,.

AnrebpaiyHe piBHAHHS
K" +ak"™t+. . +a,k+a, =0, (19.2.15)

KOPEHi fKOro € 3HadyeHHaMM napametpa K Yy 4YacTUHHUX pO3B’A3Kax
Yi = sekx, I =1,n, oaHopigHoi CIIOP-1, Ha3MBaeTbCsA ii XapakKTepUCTUYHUM
PiBHAHHAM, a MHorouneH B, (K) — xapakTepucTU4HMM MHOro4neHoMm.

KoxHomy kopeHto piBHsHHA P, (K) =0 Bignosigae HeHynboBwii

PO3B’A30K OQHOPIAHOT cuctemmn anrebpaidyHux piBHAHbL (19.2.13), a 3Ha4nUTb |
HEeHYyNbOBUKN PO3B’A30K ogHopigHol CIAOP-1:

Yi = (Yajo Yajon Vo) o 1 =100, (19.2.16)

3anexHo Big kopeHiB Ky, Ko, ..., K,, xapakTtepucTuyHoro piBHsiHHS cuc-
TEMU PO3PI3HAIOTb TPY BUMAIKM.
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1°. Yci kopeHi OiticHi i pi3Hi. Toni po3B’ssku Yj cknagawTb JiHINHO

He3anexHy, a 3HauuTb PyHOaAMEHTanbHy, CUCTEMY YaCTUHHUX PO3B’'A3KIB
(W(x) #0 Ox0O(a,b)), i 3aranbHuin po3B’si3ok cucteMu gudepeHuianbHuX

PIBHSAHb € MiHINHOK KOMOBiHaLiE YaCTUHHMX PO3B’SA3KiB:

Slleklx 512 ek2 X Sln ek” X

n kqX ko X KX
Y=3YCY (0=C 2% |+, 2% 4+, [ % | (10.217)
j=1 . . .

Snleklx St ek2 X S ek” X

fle §j — 3Ha4eHHs napameTpy § B ] -My YaCTMHHOMY PO3B’A3KY.

ADO OinbLU cTUCNO:

k
Su Sp - Sn) | CEY

kox
C,e™
21 2 >2n I — 3aranbHui po3B’'s3ok.  (19.2.18)

S1 Sz - Sm) | el
lpuknad. Po3e’a3atn 3a Evnepom cuctemy Tpbox AndpepeHuiaribHuUX
PIBHSHb i3 TPbOMa HEBIOMUMU PYHKLIAMM:

I=-3y1+ Y2~ Vs
Y25 Y175Y2* s,
Y3= — Y1t Y2~ 3ys.
Po3e’'si3aHHs.
1-0 KpoK. HaCcTUHHI PO3B’A3KN LLUYKAEMO y BUrMAAi: Y = sekx, i :]TE'».

3anucyemo ogHopigHy CIIAP ons susHayeHHs ctanux § (aus. (19.2.13)):

(-3-K)s, + S, - s; =0,
s + (9-K)s + $3 =0, (19.2.19)
-5 + S+ (-3-K)8; =0,
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2-U Kpok. CKnagaemo xapakTepucTudHe pPiBHAHHS:

-3-k 1 -1
Rk)= 1 -5-k 1 |=0 = k3+11k?+36k+36=0,
-1 1 -3-k

| 3HAXO0OMMO NOro KOpeHi cepep Bid'€MHUX OiNIbHUKIB BiflbHOro YneHa:
kl = _6, k2 = _3, k3 =-2.

3-U kpok. MinctaBnsemo no 4yepsi y cuctemy (19.2.19) 3amictb K uncna
Ki, Ko, Kz i 3Haxogumo ctani S, S,, Sz Ansi KOXKHOTO i3 HUX:

35 +$ - 5=0,

k; = —6: § +S,+ 33:0’:{31 +SZ+%:_O1:>
— -5 + 5+353=0
-5 +S,+353=0
OrOSIOLLYEMO BiNlbHOO ‘ 11 1
' ' _4l = s |=] 2.
3MiHHOIO S3 | Bepemo S3 =1
31 1

AxanoriyHo, noknagatumn Sz =1, gictaHemo (nepexkoHalimecs cami):

Sp| (1 S3) (-1
k2:_3: 522 =1 ; k3:_2: 523 = 0 .
S2) 1 S33 1

4-0 kpok. 3anncyemo y popmi (19.2.18) 3aranbHUM po3B’A30K:

K 6
st S s ) G | (11 -0 [Ce

Y: 321 322 323 Czekzx = _2 1 0 Cze_3x .
S31 S S33) | Cef 1 1 1)|ce®

TobTo: yl = Cle_6x + C26_3X - C3e_2X,
y, = —2C,e % +C,e~,
y3 - Cle—6X + Cze—3X + C3€_2X. °
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2°. Ceped kopeHie € I -kpamHuli (r >1). Mo3HauynMMo ioro yepes k-

BignosigHWM YaCTUHHNIA PO3B’A30K CUCTEMMU YD 3HaxoA4sATb y BUrMSA;:

.
Yo =y Yo Yo ) :(Ml(x)ekmx, Mz(x)ekDX,..., Mn(x)ekmxj . (19.2.20)

ne M;(X), i =1,n, — mHorouneHu cteneHs He Buwe M—1 i3 HEBU3HAYEHU-

MU KoedilieHTamu (iHaoeKkc | — Homep MHOoro4drneHa, a He Moro CTeriHb):

Mi (X) = aio + ai1X+ ... T ai’m_lxm_l.

KoediuieHtn &g, &y, ..., & m-1 BU3HAYAOTLCA Tak:

nidcmasnsioms Y; = Mi(x)ekq( iy =(Mi(x)ekEB()'X Y PIBHAHHS CUC-
Temu,

MPUpPI8HKOMb, NICIA CKOPOYEHHS Ha ekDX, KoedilieHTV Npn OgHaKOBUX
CTENeHAX X Yy JBUX i MpaBMX YaCTUHAaX KOXHOT 3 pPiBHOCTEN,

pO38’s3yrombe OTPUMaHy HEBU3HAYEeHY OAHOPIOHY CUCTEMY JTiHIMHUX an-
rebpaiyHnX piBHSAHb i3 M BiNbHUMMW HEBIAOMUMU — OOBINIBHUMU CTaNUMM.

[Mpy NOpIiBHAHO HeBenuKMX MM HEBU3HAYEHI KOemiuieHTU no3HayarTb

nponncHMMKN abo manumu nitepamm 6e3 iHgekciB.
lpuknad. Po3e’asatn cuctemy piBHsHb (19.2.11) meTogom Ennepa:

{y:l =-3y1~ ¥,
Y2=Y17Y2.

Po3g’a3aHHs.

1-0 kpok. Moknagaemo: Yy (X) = Slekx, Yo(X) = Szekx, ne 5720, s, %0,
i, nigctaBnsA4n Yy, Yo B 3adaHi PiBHAHHA, OTPUMYEMO CUCTEMY OBOX anre-

BpaiuHNX PiBHAHb ANA BU3HAYEHHS S;, S, (Nicns CKOPOYEeHHS Ha ekx):

y; = kse N {(all_k)sl+ a8, =0,
Y5 = ks,e® ays t(axp—k)s, =0
(83-Ks - s =0,
S +(-1-k)s, =0.
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2-U Kpok. CKnagaemo  xapakTepucTUyHe piBHAHHA  cuctemu i
pPO3B’A3YEMO MNOrO:

‘—3—k -1

1 —1—k‘:O — (k2+4k+4:O — k1,2:kD:_2) — r:2

BignosigHui po3s’asok CJ1OP-1 3rigHo 3 (19.2.20) wykaemo y BUrnagj:

YO (ylj _[(@+bxe™
Y2) ((c+dx)e
3-U Kpok. YCTaHOBNIOEMO 3Ha4YeHHsa napameTpis a, b, ¢, d. Ana usoro
3Haxo4MMO MNOXiAHi:
y; = (-2a-2bx+h)e ¥, y5 = (-2c-2dx+d)e ¥,

i nigcTaBnsiemo BUpasu ansa Yy, Yo, Y1, Yo Y PIBHSHHA 3aA4aHOi cUCTeMU:

Y1==3¥1~ Y2, —2a-2bx+b=-3a-3ox—c-dx,
=
Yo=Y1—Y> —2c-2dx+d =a+bx—c-dx.

MpupiBHIOEMO KOEMILIEHTN NPU X i BiNbHi YNeHn B 060X PiBHSAHHSX:

| (-2b=-30-d,

x°| |-2a+b=-3a-c, a+b+c=0, b=—(a+c),
X = =

x'| |-2d =b-d, a+c-d=0 d=a+c

x°| [-2c+d=a-c

i noknapaemo: a=C;, c=C,, Togi b=-(C;+C,), d=C; +C,.

4-0 KpOK. 3anncyemo 3aranbHuin po3B’si30K CUCTEMU:

Y:YD:[ylj: My(9ef :[[Cl_(C1+C2)X] g %

. ® 19.2.21
Y2) (M, (x)ek [C; +(C+Cy)x] e_ZXJ ( )

(Homy 3a Burnagom Yy, Y, po3s’asku (19.2.12) i (19.2.21) He 3bieatombcs?)
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3°. Ceped kopeHie € komnnékcHo-cnpsukeri (K, =azxbi, bz 0).

LLlo6 nogatu 3aranbHUin PO3B’sI30K Yepe3 GYHKLUiT AiINCHOro apryMeHTy
(B pasi matpuui A 3 gilicHMMKU enemeHTamu), Tpeba ckopucTaTUCa TUM, WO
gincHa (Re) i ysBHa (IM) yacTvHM koMnnekcHoro po3B’sA3Ky, BignoBigHOroO
OOHOMY KOMIMJIEKCHOMY KOPEHI, € JiHIMHO He3aneXHUMU YaCTUHHUMU
po3B’'A3kamu. BUOKpeMsieHHs [OINCHOT | YABHOI YacCTWH KOMIMIEKCHOro
PO3B’'A3KY ONA OTPMMaHHA OBOX MiHIMHO He3aneXHUX PO3B’A3KiB 3iMCHIOETb-

cAa 3a gonomoroto popmynu Einepa: d? = cosd +ilsing.

[MokaxkeMo §K Le peani3yeTbCA Ha NpuKnagi cucteMn OBOX PiBHAHb.
lpuknad. Po3B’asatn cucrtemy piBHsHb MmeTtoaom Ennepa:

{Y1 = Y1~ 9Yo,
Y2 =2y1~ Yo
Pose’sizaHHs. Bunucyemo cuctemy anrebpaiyHux piBHSHb O BU3HA-

YeHHs napameTpiB S, S, y po3B’sa3kax Y; = sekx, i=12:

{(all_k)S_L'l' s, =0, :{(1“()51‘ S5s, =0,

19.2.22
818 *(ap—K)S, =0 25, +(-1-K)s, =0. 19222

CknagaemMo xapakTepuCTUYHE PIBHAHHSA CUCTEMU i 3HaXO4MMO NOro Ko-
PEHi:

1-k =5
2 -1-k

1K g
ay  ay-—KkK

‘:0:‘ ‘:O:k2+920:>k1,22013i.

MigctaBnsieMo oawH i3 KopeHiB (3asBuyan GepyTb ki) B (19.2.22) i

PO3B’A3YEMO HEBU3HAYEHY CUCTEeMY BIHOCHO S, Sy:
_o. Jd73)8 - 55 =0,
kl_a{Zsl —(1+3|)SZZO =

= (5=5 5,=1-3i).

OroSIOLLYEMO BiflbHOKO

, . =
3MiHHOIO S; | NoKNagemo S; =5

YacTUHHWIA PO3B’'A30K Yy, Yo Y KOMMMEKCHIN (popMi Takuii:

yl — Sleklx - 5€|3X, yz - Szeklx - (1_ 3I)€I3X,
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abo (3 ypaxyBaHHaM chopmynu Ennepa, 4.1, (5.1.15)):

Y1 =5(cos3x +isin3x) =5cos3x +i5sn3x,

Y, =(@—3)(cos3x +isin3x) = (cos3x +3sin3x) +i(sin3x —3cos 3X).
BroKpemnioeMo AifCHi | ysiBHI YacTuHu Yy, Yo:

Rey; =5c0s3x, Imy; =5sn3x;

Rey, =cos3x+3sin3x, Imy, =sin3x—3cos3X.

JTiHinHa KoMBiHaLia AINCHUX | YABHUX YaCTMH Aa€ 3aranbHU po3B’si30K:

_(Y1)_ Reg’l} (Imle
Y = = = +C -,
(YJ Cl(Re)b 2\Imy,

KWW Yy 3BUYAWHIN — ,BIOKPUTIN® — (OOpPMIi 3anuLLeTbCs Tak:

y; =5C, cos3x+ 5C, sin3x,
Yo = C;(cos3x +3sin3x) + C,(sin3x—3c0s3X) .. @

XapakTepuCcTuyHe PiBHAHHA O4HOPIAHMX CUCTEM i3 KiSTbKICTHO HEBIZOMUX
dyHKUIN Binblle OBOX MOXe MaTuM O4HOYACHO i Pi3Hi OiNCHI, | KpaTHi, i KOM-
NNEeKCHi KopeHi. Toai Ans KOXHOro TNy KOpeHiB 3Haxo4ATb NMiHIMHO He3anex-
Hy CUCTeMy pO3B'A3KiB (K MOKa3aHO BULLE Ha Mpuknagax), ska MicTutume
BIANOBIAHY KiNbKICTb OOBINIbHUX CTanux; cyma Takux CUCTEM € 3arafbHuUM
posB’askom CJIAP-1. Hymepauisi KOpeHiB He € CyTTEBOLO.

3ayeaxeHHs1. FAKWO KiNbKICTb AndpepeHuianibHUX PIBHAHb CUCTEMMU
GinbLUe YOTUPbOX, TO OCHOBHI TPYAHOLLI MONSAraTb Y 3HAXOAXEHHI TOYHOro
po3B'A3Ky xapakTepuctuuHoro piBHsHHS: P, (K) =0, n >4, 6o He icHye dop-

MYI KOPeHiB anrebpaivyHoro piBHSAHHS, cTeniHb sikoro Ginblle YoTUPbLOX.
HabnwkeHe po3B’si3aHHS XapaKTePUCTUYHUX PIBHSAHbL | pa3oM i3 TUM —
cuctem audbepeHuianbHUX pPiBHAHb BUBYAETLCA B HaBYarbHiM OUCLUNIIIHI
~ducenbHi metoan”.
Ak nigcymok y Tabn. 19.2.1 HaBeAeHO BUMMIAL 3aranbHOro po3B’A3Ky 3a
mMeToaoM Ennepa ona KOXHOro TUrny KOPEHIB Yy BUMagKy CUCTEMM OBOX piB-
HAHb (ouB. (19.2.13), (19.2.14) ana n=2).
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Tabnuusa 19.2.1

Burnsap 3aranbHux po3B’si3KiB 3a metoaom Ennepa

KopeHi Vi Onuc cknagoBmx
xapaktepucTmyHoro | 3aranbHuii poss’ssok: Y :( j —ee® =10
PIBHSIHHS Y2 Yi=§€7, 1=4
AIVICHI | pisHi: Sy S [Cleklx ] §j — 3HadeHHs napameTpa §
ki Z ks (ky 5 OR k =
172 ks ( 1,2 ) Sy Sy \Co 2X [N KOPEH$ kJ, i=12
N ag, &; by, b — koedviLieHTn
KparHl Ml(x)ekDX = (ao * alx)ekDX ABOUYSEHIB, SIKi BUpaXatoTbCs
ky =kp=k- kx kK ’
1772 M>(x)e (bp + by x)e yepes posinbHi ctani C;,C,
KOMIMIEKCHI: Re(sleklx) |m(slek1><) (Clj S, Sp — 3Ha4YeHHs napameTpa
ko =azxbi Re(szeklx) |m(szek1><) C, S ans kopeHs kg

(O6mipKytme, 9K QiSTW, SKWO KpaTHUM Byae KOMMMEKCHUI KOPIHb.)

19.3. HeogHopigHi cuctemu JIOQP-1 3i ctanumun KoediyicHTamu
Cmpykmypa 3a2asibHoO20 pP0o386’ I3KY

Po3s’sizaHHs HopmanbHoi HeogHopigHoi CNAP-1: Y' = AY + F, TicHo
nos’sizaHe 3 po3B’si3aHHAM oaHopiaHoi cuctemu: Y =AY, abo Y'— AY =0,
BignoBigHOT HeoagHopiaHiIk cuctemi (F 56).

Hexan 3HangeHo 3aranbHU po3B’si30K BiAMOBIAHOI OOHOPIAHOT cucTe-
Mu (o/c): Y :V(X,Cl,CZ, ...,Cp,), i ycTaHOBNEHO oAuH, GyAb-AKWiA, YacTUH-

HuiA po3e'asok Y =Y (X) HeogHopiaHoi cuctemu (H/c).

Teopema 19.3.1 (npo cmpykmypy 3az2aribHo20 p036’si3Ky HIc). 3ararnb-
HUN PO3B’A30K HEOOHOPIAHOT CUCTEMM € CYMOKO 3arasfibHOro po3B’dA3Ky Bigno-
BiAHOT OAHOPIAHOT cucTemm i 6yab-aKOro YaCcTMHHOIO PO3B’sA3KY HEOOQHOPIAHOT
cuctemu:

Y — 3aranbHuit PO3B’S130K 0/C -~
= Y=Y +Y — 3aranbHuii po3s’sa3ok H/c. (19.3.1)

Y — YacTUHHWIA PO3B’A30K H/C
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doeedeHH s CnoyaTky nepekoHaemocsi B Tomy, wo cyma Y i Y
3a[10BOJIbHSIE CUCTEMY.
[Mogamo cuctemy y Burnsaai:

Y'-AY =F,
i y NiBy YacTUHY OTPMMAaHOrO MaTPUYHOIO PIBHSHHSA 3amMicTb Y nigcTaBUMO
Y +V;
(Y +Y) =AY +Y) =Y +Y' = AY — AY =
=(Y'-AY)+(Y' - AY) =F.
0 F

Ana nigTBepaXeHHA 3aranbHOCTI PO3B'A3KY BpaxyeMO, LUO Y € niniii-
_ n

HOK KOMOGiHauieto ®CP: Y = ZCJ-YJ- (X), BpoHckiaH (19.2.1) ans sikoi Ha
j=1

npomixky (a,b), ae BUKOHyOTbCA YMOBM Teopemu Kolwi, BigMiHHWIA Big HyNs.

MincTtaBnsitoum y 3aranbHUN Po3B’SI30K MovaTkoBi yMoBuM: Yig = Vi (Xg),

i =1,n, 3 MeTOI0 BU3HAYMTM NapameTpu Clo, Cg, Cr?, NPVUXOAMMO A0 He-
ogHopigHoil CJIAP nxn:

Yo:ilc,-v,- (%) +¥ (%) = ilc,-v,- (x0) =Yo ¥ (xg) =
j= j=

¥11(Xo) Y12(Xo) Y1n (X0) Y10 yl(XO)
_ ¢ Yalo) |, | Y2lX0) |,y | Yan(0) || Yoo | Y20%0) |

Ynl.(xo) yn2.(XO) ynn.(XO) y.nO yn (XO)

sKa Mae eOVHUIA PO3B’'A30K, 60 BU3HaYHUK cucTemmn — BpoHckiaH W(Xg) — He

AOPIBHIOE HYMIO. W
BucHoeok. 3apava BiflUyKaHHS 3aranibHOro pPo3B’Si3Ky HEeOOHOPIAHO!

cngprP-1: Y =Y +Y, noTpebye po3pobkn MeTodiB BiflyKaHHA Oyab-sIKOro ii

4aCTMHHOro po3B’'aA3Ky Y, a sk 3HauTK cknagoBy Y BiOOMO — Memooom 8u-
Knto4YeHHs1 abo memoodom Ednepa.
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Crnocobu eidwykaHHs1 po38'si3Kie. YaCMUHHUX i 3a2asibHO20

|. MeTop JlarpaHxa (MeToa Bapiauii AOBiNbHUX cTanmx).

OAQHOMMEHHUN MeTOo[ yXKe po3rnagaBscs Npu po3B’s3aHHi HEO4HOPIAHMUX
niHinHux OP-1 (aus. Temy 16) i HeogHopPIAHUX MiHiMHUX OP-N (gue. Temy 18).

lMepwul nidxid nonsarae y 3acTocyBaHHi MeTo4y BUKIOYEHHSA OO0 3a-
AaHol HeopHopigHol CJIOP-1, y pesynbtaTi 4oro oTpUMyeMo HeogHopigHe
niHinde [P-N. BigwykaHHA Moro 3aranbHOro po3B’sA3ky 34iINCHIOTL 3a J0MNo-
MOro Bapiauil JOBINbHUX CTanux y 3araribHOMY PO3B’A3KY BignoBigHOMo of-
HopigHoro [P-N.

Hanpuknag, onst HeogHOPIAHOI CUCTEMUN OBOX PIBHAHD:

Y'= AY +F . a6o (y:’Lj:(all alzj[ﬁ)ﬁ}r(flj,
Yo Ay A ) \ Y2 fy

METOLOM BUKIHOYEHHS OTpMMyemo Take [OP-2:

yi+ pyr+ay; = f(x), (19.3.2)
ne
fi &
fy ay

&, a ,
p=—(ay+ay), = 112 f(x)=1 -
A1 Axp

3aranbHUn po3B’A30K Y; piBHAHHA (19.3.2) 3HaxoAuMo y BUMMSAI Cymu

n
3aranbHOro pPoO3B’A3KY yl = ZCi Yy BignosigHoro opgHopigHoro [AP-2, ne
i=1
n _ n
{Y1i (x)}‘1 — ®CP, i yactuHHoro poss'sisky Y = > Ci(X)Yy HeomHopigHoro
i=1
DIBHSHHS: Yy = Y + Y.
3a 3HanpeHoto dyHkuieto Y;(X) BigHOBROEMO ApYry dyHKLtO:

N
Yo (X) = P (Y1 (%) — a1 Y1 ().
12
lpuknad. 3HanTu 3aranbHUN PO3B’A30K CUCTEMMU:

yil_(—2 -1\{w 0
)7 240 om): 1939
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Po3e’'si3aHHs. 3pincHioemo 3rigHo 3 (19.3.2) nepexig 4O 0OHOro piBHSAH-
HA — HeoaHopiaHoro AP-2:

A1 A2 fi a5
o1 ) fy ax
= (yi+pyi+ay,=f(X) = yj+6y;+9y; =cosx).

(p=—(ay;+ax) =6, q= =9, f(x)="f/- = CoSX) =

Po3B’a3yemMo BignosigHe ogHOpPIAHE PIBHAHHS:
yi+6y;+9y; =0 = k?+6k+9=(k+3)?=0 = k;,=-3=k" =
= {yir, yioh={e ™ xe}-ocP = ¥, =e(C +Cyx).

BigwykyemMo 4aCTUHHMI PO3B’A30K HEOQHOPIOHOIO PIBHAHHSA Y BUrNSAAI:

Y1 =€ (C(X) + XCy(X)),

Ang 4oro 3Haxoammo noxigHi Big oyHkuin GCP:

{ Vi1, Yio} = {‘ 3¢, (1-3x) e—3x},

cknapaemo CIIAP 2% 2 BigHocHo noxigHux C;(X) i C5(X), i po3s’asyemo fi,
crnpoLytoun nonepegHb0 MHOXEHHSIM 060X YaCcTUH nepLloro (Opyroro) pis-

HAHHS Ha €% (—e3x):

{Ci(x) Y11+ Co(X) y12 =0, - {Ci(x) +XCy(x) =0,
Ci(¥)y1 +Ca(X) 12 = f(X) 3C;(X) + (3x —1)Ch(X) = —e** cosx.
3a npasunom Kpamepa:

1 X
A= =-1#0:
‘3 3x—J

0 X

—e%¥ cosx 3x-

1 0

3 —e cosx

3

A = = —e** cosX,

Jl:xe?’)‘cosx; A, =

Toni
Ci(x) =-xe¥ cosx, Ch(x)=e>* cosx.
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BigHOBMNIOEMO HeBU3HaueHUM iHTerpyBaHHamM nepicHi C,(X), Cq(X),

3aCTOCOBYOUM ABiYi iIHTErpyBaHHS YacTuHamu (6epemo no OAHIN NepBiCHIN):

3X
Cy(X) = [e** cosxdx = el—o (sin x+3cosX);

3X
Ci(x) =~ xe>X cosxdx = —el—o[(sin X+ 3cosx)x —0,8cosx —0,6sinx].

3annucyemMo YacTUHHWUK | 3aranbHun po3e’asku AP-2:

Y1 = € 3X(Cy(X) + XC, (X)) = 0,02(4C0S X + 3SiNX) ;
Vi = Y; + Yy =€ (C, +C,oX) +0,02(4cosx +3sinX).

3a dyHkuiero Yq(X) i i noxigHio:

y; =€ 3¥(=3C, +C, —3C,X) +0,02(3cosx - 4sinx),

3Haxo4Mmo Apyry HesigomMy oyHKUio 3agaHol cuctemu (19.3.3):
Y2(0)=ap (Y1) —a1y1(0) = ¥2(9=~(yi(x) +2y,(x)) =
y>(X) = —[€7*(-3C, + C, —3C,x) +0,02(3cosx — 4sin x) +
+e73*(2C, + 2C,X) +0,02(8cos X + 6sinx)] =
= y,(X)=e *(C;-C, +C,X) —0,02(11cosx + 2sinX).
3aranbHui po3B’A30K CUCTEMU TaKUNA:

y; =€ X(C, +C,x) +0,02(4cosx +3sinx),
y,(X)= e ¥(C, - C, +C,x) - 0,02(L1cosX + 2sin x).

(FporioHyemo nepekoHaTUCs y NPaBUITbHOCTI 3HAWAEHOro PO3B’SA3KY.)

Adpyaull nidxid nonsrae y BUKOPUCTaHHI 3aranbHOro po3B’sA3Ky O4HOPIA-
HoT CJ1P-1 (ak niHinHoi kombBiHauii ®CP), BianoBigHOT HEOAHOPIAHIN CUCTEMI
Y'=AY +F.

163



Hexan 3HangeHo 3aranbHuin pO3B’sI30K Y OAHOPIOHOI CUCTEMM:
_ n
Y = Zlc iY;(X). (19.3.4)
J:

YacTuHHUI po3B’a30k HeogHopigHoi cuctemn Y Byaemo wykatu y Bu-
rnaai:

~ n
=1

noknagatouu crani 8 (19.3.4) Hesigomumu oyHkuismn Big X: C; =C;(X).
Minctasumo y cuctemy Y' — AY = F 3amictb Y Bupas ans Y:
n r n
(XC;(0%,(0) x—AY.Cj(x) ¥ (x) = F ().
j=1 j=1

3rpynyemMo 4ogaHku B NiBiK YaCcTUHI BiANOBIAHOI PiIBHOCTI:

i (Ci () O; (%) + C; (x) LY; (x) = AY; (X)) = F(X),
j=1 ) s ’
0 (yomy?)

i oTpumaemo CJIAP N XN BigAHOCHO NOXiOHUX Big HEBIAOMUX PYHKLIN Cj (X):

n
2.Ci() I (%) = F(x), (19.3.6)
j=1

abo (B po3ropHyTOMY BUrNA4):

(Y12 (X)CL(X) +...+ Y1 (NC(X) = f1(x),

) Y21 (X)C1(X) + ...+ Yo (X Cr(X) = f2(X), (19.3.7)

\ynl(X)Ci(X) ..t Ynn(X)C;l(X) = fn(X),

Cuctema (19.3.7) cymicHa i BuM3HayeHa (Hasedimb nidcmasu), To6TO
Ma€e €OnHUM po3B’A30K. Ha npakTuui 11 3BM4anHO pO3B’'A3yl0Thb 3a NMpaBuiiom
Kpamepa.
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DyHKUT Cj (X)), ] 2171, BiJHOBNIOOTb HEBU3HAYEHUM iHTErpyBaHHAM:
C;(X) = [ Cj(xdx,

npy uboMy BepyTb HaAMNPOCTIWY 3a BUMSAOM nep.icHy. lNigctasnstoum ix y
(19.3.5), OTPUMYIOTb OMH i3 YAaCTUHHUX PO3B’A3KIB HEOAHOPIOHOI cUcTemMu, a

MOTiIM 3anMUCYIOThb 3aranbHUN Po3B’sA30K BuxiaHOT cuctemun: Y =Y +Y .
3ayeaxeHHs. Axwo pyHkuii C j (X) Bpatu K MHOXWHY NEPBICHUX:

C;(X) IIC} (X)dx+6j, 61- — [oBinNbHa cTana, (19.3.8)

TO nigcrasngawydm ix Bupasm y (19.3.5), 3pasy oOTpuMMyeEMO 3aranbHumn
pO3B’'A30K 3agaHol cuctemu (Hagedimbs KoMeHmap):

Y:_ﬁl(cj(x)+éj)mj(x):ilcj(x)wj(x) + ilc':'j Y, (%),
1= = , 1z

D'g WV

~ -

Y Y

TOBTO 3HAXOANTN OKPEMO YaCTUHHUIN PO3B’A30K HEMAE NoTpeodw.
lNpuknad. Po3B’sizatn meTtoaom JlarpaHxa:

{y’1 =y, +1,
Yo =y +1.

Po3e’si3aHHs. 3anuwemo cuctemMy B MaTpUYHIN OOpMI:

0 o)
y2) \1 0)y,) \1)
3acToCOBYOUYM METO BUKMNIOYEHHS ANA O4HOPIAHOrO PiBHAHHSA (OMB.
Takox (19.2.10)), oTpumaemo:
y1—¥1=0. (19.3.9)
3HaxoaMmo 3arasibHuin po3B’a30k (19.3.9):

y1=Ce" +Cpe ™,

(k?=1=0 =k, =#1) = |~
b2 y2 = Clex - Cze_x .
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3aranbHUin po3B’aA30K BMXIgHOT cucTtemMun Byaemo Lwykatu y BUrnsai:

{yl =Cy(x)e* +Cy(x)e7™%,
Yo =Ci(x)e* —=Cy(x)e™™,

ne C(X), C5(X) Taki, wo ix noxiaHi € po3s’sa3kom HeoaHopiaHoi CITAP 2% 2:

e o AR
e -Gy =1’ (& —e* 0 )

3a npasunom Kpamepa maemo:
(A=-2, A =-2e"%, A,=0) = (Ci(X)=¢e*, CH(X)=0).
3HaxoaMmo cami PYHKLLT:
Ci(x)=[e "dx=—-e""+ 51 C,(X) = 52,
| 3anncyemo 3aranbHU Po3B’A30K 3a4aHOI CUCTEMMN:
yp=(-e" +61)ex + Eze_x N Y1 = 616)( + 52e_x -1,
Y, =(-e " +C)e" -Ce " y, =Ce* -C,e ¥ -1

Tol camwii pesynbTaT OTpUMaEMO, SIKLLO Ans KOXHOI i3 dpyHkuin C;(X),

C,(X) B3sTM omHy, HainpocTiwy, nepsicHy: Ci(X)=—€ %, C,(X) =0, i

3HaUTN YaCTUHHUN PO3B’A30K:

Fl =Ci(e* +Ca(xe™, Fl =-¢ e’ =1,
Y2 =Ci(x)€”" —Cy(x)e™ y

P ~ - ex + C e_X _1
a notim 3aranbHui po3e’a3ok Y =Y +Y: 1=C 2 )
y, =C,e*-Ce " -1

(Akomy i3 OBOX onucaHMX Nigxo4iB 40 OTPMMaHHSA 3ararbHOro po3B’a3Ky
cuctemu cnig eiddamu nepeesazy i Homy?)
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Il. MeTon HeBM3Ha4YeHUX KoedpilieHTIB (AnNA cuctem 3i cneuianb-
HOlo NpaBoto YacTuHow F (X)).

OyHkuito F =F(X) = (fl(x), fo(x), ..., fn(x))T HasMBalTb cnewianb-
HORO, AKLLO 1T eNeMeHTU — KBasiMHoroyneHu (gme. n. 18.2):

fi (X) = eo‘iX(Pni (X) cosfBix + Qm (X)sinBix), i =1n. (19.3.10)

Ak i ona ogHoro HeogHopigHoro JIAP-N, Tak i gna HeogHopigHOT cuc-
TeMu MiHinHUX piBHAHL: Y' = AY +F | BigwykaHHA Y4aCTUHHUX PO3B’A3KIB
MOXHa 34INCHUTU He yaal4nchb 00 onepadil iHTerpyBaHHS.

Teopema 19.3.2 (npo 4YacmuHHIi pPO36’'sAi3KU HEOOHOPIOHUX cucmem).
Akwo npaBa 4YacTMHa CUCTEMU € CreuianbHOK BEKTOPHOK (PYHKUIE, TO 11
YACTUHHUIM PO3B’A30K MOXXHA 3HAWUTN Y BUIMSAI BEKTOP-PYHKLIT, CKNagoBi KOl
€ TaKoX KBa3iMHOrousieHamu:

Y. (¥) = xTeMX(R, (x)cosB;x+Qn (X)SinB;x), i=1n, (19.3.11)
ae I —kpaTHicTb O; +[3;1, 1 =+/—1, Ik KOPEHs1 XapaKTEPUCTUYHOTO PIBHSHHS;

Mg (X), Ng (X) — MHOrouneHu ctenexs S :max{ n; ,rni}.

L oee0deHH s 3a CyTHICTIO He BIgpI3HAETbCS Bi OBEOEHHS OOHO-
MMeHHOI Tepemn ans ogHoro JIAP-N. m

Teopema 19.3.3 (npo npuHyun cyneprnoduyii). FAKWO BEeKTOP-YHKLs
F(X) e cymoto keasimHorounenis F;, =1 p, 3 pisHumn napametpamu, To

YaCTUHHWI pPo3B’'A30K Y (X) HeoaHopigHoi CIOP-1 AOpiBHIOE CYyMi YACTUHHMX

poss’szkia Yj(X) cucTem i3 BekTopHUMU doyHKuismn F;:

P ~ p ~
F(X)=2XF = Y(X=2Y;. (19.3.12)
j=1 j=1

doeedeHH . [incHo, akwo qyHKUil VJ ] =1, p, TaKi, Wo KoxHa 3
HUX 3a[0BOSMIbHAE cUcTeMy AudepeHuianbHux pisHaHb Y = AY +F;, To B
cuny NiHINHOCTI gudepeHuianbHOro onepaTtopa ix cyma 3ag0BOSIbHATMME BU-
xigHy cuctemy Y' = AY + Zp: Fi.m
j=1
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3ayeaxeHHs1. [1pyHUUN Cyneprnosuvuin MoXxHa NOLWMPUTU Ha BUMNagoK
p — % 3a yMOBW, WO PSA, CKNaaeHun i3 Yj (X), 36iraeTbcs i Npunyckae no-
4YneHHe gudepeHLitoBaHHS.

lpuknad. 3HanTn 3aranbHUN PO3B’A30K CUCTEMMU:

{yi: y, +2e*,
Yo = Y1+X2-

AHania nokasye, Lo B NpaBux YacTuHax piBHaHHS dyHkuii f(X) = 2€% |

fo(X) = X? € kBagiMHOroUneHamu 3 Pi3HUMK NapamMeTpamu, a caMe:

oy =1, B; =0, ny=m =0;
GZZO, BZZO’ n2:2, rnz:O,

TOMY ONS BidllyKaHHSA 4aCTMHHOIO PO3B’'A3KYy [OBeAEeTbCsl 3aCTOCOBYBaTU

NPUHLMN cynepno3unil.
[Mogamo cuctemy B MaTpuyHin popmi:

VZAY4F — [y}j:(o 1)(y1)+ 2 | o2 |
y2) 1 O0AY> 0 X

—_— N\ —
F(x)  Fa(x)

Po3B’a3yemMo BianoBigHy 3agaHivi 0 QHOPIgHY CUCTEMY:

i)_(0 1w -k 1| _ N
(Y'zj_(l O)(yzj = ‘ 1 _k‘_o = (kg =-1 k;, =1);
S.|.+52:01 — S_]_]_ — _1 .

§+5=0 Sy 1)
RN

s-5=0 S») \1)°

?: S11 S £C16k1XJ _ ?:(—1 ]j(Cle_XJ.
S Sp Ce"? 1 Il ce”
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3Haxo4AMMO MEeTOOOM HeBM3HaYeHUX KoeqiuieHTIB YaCTUHHI PO3B’'s3KN

PiBHSAHb i3 NpaBMMuK YacTmHamm F, F5:

X _ + X ~ + X
F = 2e :>Y1:(AX B)e :>Y1:(X De ;
0e* Cxe” xe™
0 ~ 2+ Bx+ ~ (=x2_
Fz:[ ZJ ~ Y, = A&LXZ Bx+Cy | _ YZZL X 2}_
X AoxX® +Byx+C, - 2X

[Mogaemo 3aranbHUN PO3B’A30K Y MaTPUYHIN PopMI:

o~ ~ _ - X X _ 2 _
Y:Y+Y1+Y2:(1 1)C16 +(x+1)e X 2,

1 1)ce x(e* - 2)
abo Bce piBHO, LUO:

yp = —Cie X +Coe* + (x+1)eX - x* - 2, .
y, =Cie * +Ce" + x(e" -2).

(Yn gidriosidae icmuHi OTPUMaHU pe3ynbTaT?)

19.4. [lesiki 3apadi 3aCTOCOBHOIO Xxapakrtepy
CnpouweHa modesib HayioHaslbHOI eKOHOMIKU

[locmaHoeka 3alda4i. BusHauntn guHamiky 3MiHIOBaHHSA 3anexHo Bifd
yacy t =0 HauioHanbHoro goxogy W =W(t) i ButpaT cnoxwmsanHa S = S(t)

KpalHW 3a yMOB, LWO:
1) AepxaBHi BUTpaTK € cTanumu i cknagaTb Eq rpowosux ognHnup;
2) WBKUAOKICTb 3MiHM HauioHanbLHOro goxoay V\/t' npssMo nponopuinHa

aoxonosi 3 koedoilieHToM O, | YMM BiNbLUMA NOTOYHUIA piBEHb AoXo4y, TUM
MEHLUA LWBWOKICTb MOro 3pOCTAHHS Ha BeNUYMHY, NPOonopuivHy BUTpaTtam
CMOXXMBaHHS 3 koedilieHToM [3, To6TO:

W' =aW -BS (a >0, >0);
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3) WBMAKICTb 3MiHM CNOXUBaHHSA S NpsMo nponopuiiHa pisHuui D mix
aoxogom i cymapHum crnoxuBanHam: D =W —(S+E;), 3 koediuieHTom
y >0, 106170 S' =yD.

Po3sg’'sizaHHs. 3a gaHMMKM MOCTAHOBKM 3adadvi npuxogMmo 0O CUCTEMU
ABOX NiHIMHUX AndepeHuianbHUX pPiBHAHD:

{W’ =aW -fS,
(19.4.1)

S =y(W - S-E).

Moodenb ,,20HKa 036po€eHb” (PivapacoHa)

[MocmaHoeka 3adaui. BusHaumtu sutpatn — X = X(t), y=Yy(t) — kpain

X, Y Ha 036poeHHs 3anexHo Big Yacy t=0 3a ymos, L0:
1) KoXXHa KpaiHa 3MIHIOE LWBWUAKICTb 3pOoCTaHHsA (abo CKOPOYEHHS)
036poeHb — X =X (1), Yy =¥y'(t) — nponopuijitHO piBHIO BUTPAT iHLLOT KpaiHK

BiZANOBIAHO 3 koediLieHToM &, >0, ay,; >0, TobTO:

X =apy, Y =anX;

2) YyuMm BinNblIMKA NOTOYHUIW piBEHb BUTPAT KpaiHM Ha OBOPOHY, TUM
MEeHLUa LWBUAKICTb MOro 3pOCTaHHA Ha BESIMYMHY, NPOMOpUinHY BUTpaTam i3

KoedilieHTOM 81, Ayy BiANOBIAHO, TOOTO:

X =8y~ 81X, Yi =ayX—axpy;

3) icHye cTana cknagoBa LWBWMAKOCTI 3pocTaHHs (abo CKOPOYEHHS)
036poeHb KoxHOT kpaiHu — by, b, — HezanexHo Big Toro, 3arpoxye un He 3a-
rpoxye i icHyBaHHto iHwa kpaiHa (skwo by <0, b, <0, 1o uucna by, b, Ha-
31BaloTb KoegiuieHmamu 0obpoi 8ori).

Poseg’sizaHHs. 3rigHo 3 1), 2), 3) npMxoaumMo 40 CUCTEMU OBOX NiHIMHUX
Heo4HOPIAHUX AndepeHLUianbHUX PiBHSAHDb 3i cTannMm KoeiuieHTamu:

X = =g X+a,y+hb, -
{ 11 12y b.|. — Mogenb quap.D.COHa- (1942)

Yy =ayX—ayy+h,

(JTeroic PivapacoH (1881 — 1953 pp.) — aHrniucbknn matemaTuk, naundgicr.)
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Modensb , xuxxak-xepmea’ (JloTkn — BonbTeppwu)

YXe Big3Hadanocs, wo OCHOBHMM NpeaMeToM AOCHiQKEeHHA B eKonoril
€ esonouia nonynauin (gue. n. 16.6), i 6yna nobygosaHa mogenb (16.6.2),
siIKa Onucye OMHaMiKy iX KinbKicHOro ctaHy. Mogenb 30BCiM HEe BpaxoBYye, L0
B peasibHMX obCcTaBUHaX NONyn4uisi CniBiCHYe 3 iHWKMMW NONynsauigMu, B TOMY
4Yucni i3 TUMK, 3 KUMKW iICHYE BOPOXHeYa (aHTaroHism).

Po3rnsiHeMo aHTaroHiCTUYHY napy ,Xuxak-xeptsa” i 3'ACyeEMO, SIK MOXe
3MiHIOBATMCS 3 YAaCOM YMCESTbHICTb 060X B3aEMOi0HNX CTOPIH.

[locmaHoeKka 3adayi. BU3HauMTU OnMHaMIKy 3MiIHEHHA 3anexHo Big Yacy
t uncenbHocTi nonynsuii xepten: X = X(t), i xwxaka: y=Yy(t), 3a ymos, wo:

1) Nnpun BIOCYTHOCTI XMXaka LWBWOKICTb 3POCTAHHA YUCENbHOCTI XepTs

NPsIMO NponopLiiHa YncenbHocTi: X =81X, a1 >0, a xwxak nig yac BiacyT-
HOCTi X)XEPTBU BUMMPAE 3@ 3aKOHOM: Y' =—ay Y, 8y >0;

2) Npy HasIBHOCTI Xwxaka YnM Ginblia yncensHicte X(t), TUM mMeHwa
LWBMAKICTb 1i 3pOCTaHHS Ha BenuUMHY —ayoXy, 85, >0, a 3'ineHa kinbkicTb
KepPTB CNpUSE PO3MHOXEHHIO XUXaka Ha BENUYUHY 890Xy, 9o >0.

Pose’'sizaHHs. CyHTe3youn aaHi ymoB 1), 2), NpuxogumMo OO0 CUCTEMMU
ABOX HENIHIMHNX AnddepeHLianibHUX PIBHAHD:

X' =ap X —appXy,

I

— Mogensb JloTkn — BonbTeppw. (19.4.3)
y = -apytanXxy

(Anbdpen Oxenmc Jlotka (1880 — 1949 pp.) — aMepuKaHCbKUN MaTema-
TUK, PI3UKOXIMUK, CTaTUCTUK, aemorpady; Bito BonbTeppa (1860 — 1940 pp.) —
iTaniNCbkUM MatemMaTuk i isnk, YneH-kopecnoHaeHT Pisnko-mateMaTU4HOro
BigaineHHs MNeTepbyp3bkoi akagemii Hayk, nodecHuin yneH AH CPCP.)

3ayesaxkeHHs. Y GinblU AOCKOHaANUX Moaensax crani — YNCnoBi napamMmeT-
pU — MOXYTb OYTU 3MIHHUMW, WO YCKNAaAHIOE X PO3B’sA3aHHS.

AHani3 po3B’sA3KiB HaBeAeHNX JHIMHMX CUCTEM-MOAENEN 3anexHo Big
3HayeHb nNapameTpiB Oyaoe npoBeaeHo y HaCcTYMHIM rnasi, e BUBYAOTLCA OC-
HOBW TeOpil CTINKOCTI.
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3annTtaHHA ANA caMoAiarHOCTUKKU 3aCBOEHHA MmaTtepiany

Bignosigi Ha BCi 3anuTaHHa cpopMynionUTe CIIOBECHO, 3anuwWiTb Yy CUM-
BONiYHiN dopmi, obrpyHTYnTE (Ha NigcTaBi O3Ha4YeHb, TEOPEM, NpaBui, gop-
MYyJ1 TOLWLO), HaBeAiTb BiANOBIgHI KOHKPETHI NpuKagu.

1. o Ha3suBalTb cucTeMor audepeHuianbHUX piBHSAHb MEpLUoro no-
pPALOKY?

2. FKy cucTeMy HasuBalTb CUCTEMOIO MiHINHUX OudepeHLUianbHUX piB-
HAHb Nepworo nopsagky (CJ10P-1)?

3. Aki cucteMu MiHIMHUX audrepeHLianbHNX PiBHAHbL HA3MBaKTLCA HOP-
MasnbHUMUN?

4. Y akomy BUrMagi sanucyrotTe HopmanboHy CJ1OP-17?

5. Aki pyHKUiT Ha3nBalOTb BEKTOPHUMU (BEKTOPaAMU-PYHKLISAMN)?

6. Aka CJIQP-1 Ha3uBaeTbCca ogHOPIaHOK (HEOQHOPIAHOK) Ha OEAKOMY
MPOMIXKKY?

7. fka ogHopigHa cuctemMa AudpepeHuianibHUX PiBHAHb Ha3MBaETbLCSA
BiANOBIAHOK HEOAHOPIAHIN CUCTEMI PIBHAHL?

8. lLlo Ha3uBaloTb pO3B’A3KOM cUCTEMU AndepeHuianbHUX PiBHAHb Ha
npomixky (a,b)?

9. Akui po3B’A30K Ha3nBaETbLCS 3arasribHUM po3B’askom CI1OP-17?

10. Axunn po3B’a30K Ha3nBarTb YaCTUHHUM po3B’askom CIIAP-17?

11. Ulo posymitoTb Mig noYaTKOBMMM yMOBaMu AN CUCTeMU andoepen-
LianbHUX PiBHAHL?

12. Aky 3agayy CTOCOBHO cucTeM AndpepeHuianbHUX piBHSAHb Ha3uBa-
loTb 3agadveto Kowwi?

13. Cchopmyrnionte Teopemy iCHYBaHHS Ta €OWHOCTI PO3B'SAA3KY 3agadi
Kouwi.

14. Axa HopmanbHa CJIP-1 HasuBaeTbCA CUCTEMOKO 3i CTanuMun Koe-
diyieHTamm?

15. BnsHayHuk kol mMatpuui HasuBarTb BU3HAYHUKOM BpOHCBHKOro
(BpoOHCKiaHOM)?

16. LLlo posymitoTb nig niHinHO KoMbGiHaLieo po3B’sa3kiB cMcTeMmn?

17. Cchopmynionte i pgoBefitb Teopemy MpoO MiHiNHY KoMBGiHaUito
PO3B’A3KIB cMCTEMU AndpepeHLianbHUX PIBHAHD.

18. Slky MHOXWHY (cucTemy) pose’siskie Y (X), ] =1,n, HasWBaloTb Ni-
HiHO He3anexHot Ha (a,b)?
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19. Copmynionte i goBediTb TEOPEMY MNPO HEPIBHICTb HYIO BU3HAY-
HuKa BpoHcbkoro.

20. Aka mHOXMHa posB’askie CJ1AP-1 Ha3uBaeTbCA PyHOAMEHTAlTbHO
cuctemoto poss’'sskiB (PCP) Ha (a,b)?

21. ChopmynonTe | goBefiTb TeopeMy NpoO CTPYKTYpYy 3ararbHOro
po3B’a3ky ogHopigHux CIOP-1.

22. OnuwiTb OCHOBHI MeTOAWN PO3B’A3aHHA ogHopiaHux CIOP-1:

a) MeToA BUKNtoYeHHs; 6) metoa Ennepa.

23. ChopmynonTe | goBefiTb TeopeMy NpO CTPYKTYpYy 3ararbHOro
po3B’A3Ky HeogHopiaHux CJ1OP-1.

24. OnNuwWiTb OCHOBHI MeTOoAW BigLyKaHHA YaCTUHHUX PO3B’'SI3KIB HEOa-
HopigHux CINAOP-1: a) meton JlarpaHxa; 6) metoa HEBM3HAYEHUX KoedilieH-
TiB (ANs cneuianbHoi BekTopHOi pyHKUiT F (X)).

25. Aka cuctema OBOX AudyepeHuianbHUX PIBHAHb € MartemaTuyHOK

MOAENSO: a) HauioHanbHOI €eKOHOMIiKkM; ©) ,FOHKM 036po€eEHb”; B) ,XMKaK-
Xeprtea’?

3apadi Ta BnpaBu

1. PosB’a3aTtu 3agaHi ogHopigHi cuctemun JIAP-1 3i ctanmmn koeqilieH-
Tamu:

1) {yi =2y1+Y,, 2) {yi =-2y;+Y,,
Yo =4y, — Yo, Yo ==3y1 +2Y5;
3) {Y' =5y, +8yj, {yl =6y, +3y;,
Yo =3y, +3Y5; Yo =—8y; —5Y,;
5) {Y':‘Y1+SY27 6) {y’ Y1 Y2,
Yo =Y1+ Yo, Yo = Y2 = Y1;
7 {Y'ZZY1+Y27 g) {y’ Y17 Y2,
Yo ==y1+4Y,; Yo =y1 +3Y5;
y1 =3y1~ Yo, {yi= 1= 2Ys,
9) 4 71 10) { ’;
){y =4y, - Ys; ) Yo = Y1 +3Ys;
Y1 = Y1 —5Y,, {Y':‘7Y1+Y21
1 ; 12) 1 75
){y =2¥, — Yo, ) Yo = =2y, —9Ys;
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Yi=3Y1~ Yo + V3, Yi=2y1— Yo+ Y3,
13) 1Yo ==Y, +5Y, — ¥, 14) 1Yo = Y1 +2Y, — V3,
Y3 = Y1~ Y2 +3y3; Y3 = Y1~ Yo +2Y3.

2. 3HaNTK 3aranbHUN PO3B’SA30K 3agaHnX HeogHopiaHux cuctem J1OP-1
3i cTanumMmun KoeqiyieHTamu:

0 {Y:'L:)’z 2 {yi=—2yz+3,
Yo ==Y +1 Yo =2y, — 2X;

3) Yi= Y+ Y, +e, 2 Y:'L:‘Y2"‘X2,
Yo = Y1 +Yy,—€"; Yo=Y+ X

7 {yl _are :
Yo =y, —58inx; Yo =2Y; = 2y5;
’:2 + —2 +2_X, ] ! .

: z:’L :13_’1y Y2=4Y3 10 4y; =y, =sinx -3y,
2 1 Y1 = COSX—Ys.

Y3=y1+ Y- Y3 +1l-X

3. Poss’azatn 3agady Kowi ans 3agaHux cuctem JIOP-1 3i ctanumun
koediuieHTamu:

Y1=Y1t Yo, _ _
1) <7, 0) =0, 0)=-1;
) {Y2 = 2y, +4y,: y1(0) y2(0)

' = 4y, -5y,

2) {y} _ y% Y2 y1(0) =0, y,(0) =1,

Yo =W,

(y1 =8ys,,
3) 1 Y2 =—2y3, ¥1(0) =-4, y»(0) =0, y;(0) =1,

Y3 =2y, +8Y, —2y3;

(Vi=2y; - Yo+ Y3,
4 Y2 =Yt Y3, ¥1(0) =0, y,(0) =0, y3(0) =1,
(Y3 =-3y1+ Yo —2Y3;

174



y1(0) =0, y,(0) =0;
.. Y1(0)=0, y,(0) =1,
y1(0) =0, y,(0) =0;

y1(0) =1, y,(0) =1;

Y1 = Y1 1 Yo —COSX,

Yo, = =2y, — Y, +COSX +SiNX; ¥1(0) =1, y,(0) =-2;

Yi=-Y1 -2y, +2e7,
10) 1 Y2 ==Y~ Y3 +1, ¥1(0) =1, ¥,(0) =1, y3(0) =1.
Y3=-Y3+1

4. 3HanTn 3aranbHUN PO3B’A30K 3agaHux HeogHopigHux cuctem J1OP-1
MEeTOLOM Bapiauil AOBINbHUX CTanux:

1) {Y:'L = -2y, —4y, +1+4x,
Yo ==y + Yo +15%%;

Yo = =3y, + 2y, +6e*;

3) {Yi =y, +1g°x -1
y’2 = -y, +1gXx;

4 2
y1 =4y, -2y, + ,
' TR e
! 3

=6y, +3y, ——=2
KYZ Y1 T3Y7 1

4) <

Jy:’[:y21
54, 1
V2= "N oex
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Binnosigi

Ly | B=GE G 5| =G +Coe ™,
Yo = C163X - 4C26_2X; Y, = 3C16X + Cze—x;
3 _Y1 =Ce ¥ +Ce%, 5 _yl =Ce ¥ +C,e%,
Yo = _§C1e_x +1C2€9X; Yo = —§ Cle_zx — Cze3x;
L 4 2 ] 3
5| V1= 2C,e¥ - 4Ce™¥, . [y, =C, +C,e",
_y2 - C1e3x + Cze_sx; _y2 = C]_’
7| T e”(C+CpX), g) | V1™ (C, +Cox)e™,
|y, =€7(Cy +Cp +Co¥); |y, =—(C, +C, + Cyox)e™;
9) _yl = (C; +Cyx)e”,
| Y2 = (2C, -Gy + 2C2x)ex :
LYo = (G sinx+C, cosx)e?*;
11) "y, =5C; cos3x +5C, sin3x,
| Y, =C;(cos3x +3sin3x) + C,(sin3x —3cos3Xx);
12) [y, = (C,cosx+C,sinx)e %,

|y, =€ %%((C, +C,) cosx+(C, —Cp)sinX);

y; = Cie™* +Ce™ +Ce™,
13) | y, = C,e™* - 2C4e™,
Yz = —Cie** +C,e>* + Ce®;

_yl — C1e2X _C2e3X’

14) Y, = CleZX _Cgex,
Y3 = C1e2X - Cze3x - C3ex.
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2.1) {yl =C,cosx+C,sinx+1,

2)

3)

4)

5)

6)

7)

8)

9)

Y, =—C;sinx+C, cosx;
[y, =C,c0s2x+C,Sin2x + X,
|y, =C;sin2x-C, cos2x+1;
_yl :C]-eZX +C2 +eX’
Y, :C162X —C2 _ex;
[y, =—C;sinx+C, cosx+X,
|y, =C c0sx+Cysinx+ x4 =2,
[y, =-C;sinx+(C, —1) cosx,
| Yo, =C,cosx+C,sinx;
|y, = 2C,6% +Ce¥ —1,56* + 2xe?,
Yo =—Cie” —Cpe¥ +0,5" - (x +1)e”,
_yl =Ce ¥ +2C,e** —cosx +3sinx,
|y, =—Cie ¥ +C,e** +2cosx—sinx;
| y; = 2Ce*X +Coe” ¥ - (12x +13)e”,
|y, =Cie™ = 2C,e™ — (8x +63)€;
_Y1:C19X+C28inX+C3cosx,

y, =-C,e* +C, cosx - Cgsinx + X,

y3 =C,sinx+Czcosx+1;

10) {yl =G+ e

y, =Cje % +3C,e ¥ +cosx.

31 y =€ -,
1) — 22X _ ~.3X.
Yy, =€ 2e7":

— _EA2X
2) {yl— 5e“" snx,

Y, = e”*(cosx - 2sin X);
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_yl = —4e X - 2sin4x,
3) | y, =e 2 - cos4x,
ya =€ %X —2sin4x;
y =1-e7
4) y2 :1—e_x,
yz=2e " -1,
V1 =X
5)
Y2 =0
. |y, =106? -8e —e* +6x-1,
|y, =—20e** +8e +3e* +12x+10;
) [y, =14(1-e7%) - 2x(3+ 4e7%),
Yo =-9(1- e )+ x(5+4e™);
[, — X
3) Yh=¢,
Y, =€
9 y; =(1—-X)cosx—sinx,
Yo =(X—2)cosx+ Xsinx;
[y, =Ce° +C, sinx+C4Co8X,
10) | Yo = -Ce* +C, cosx—Cgsinx + X,
y3 =C,sinx+Cycosx+1.
2.1y 17 —Ce™ +4CoE™ +x+ X7,
|y =CeP +Ce ¥ - 05¢;
y; = 2C,e* +Ce7* +%e2x ,
2)

y, =3Ce" +Ce™ +2—3?e2" :
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[y, =C,cosx+C,sinx+tgx,
| Y, =—C;sinx+C, cosx+ 2;

ex—]~,

y, = —2C, —3C,e % -3¢ % In‘ &” —1\;

3)

_yl =C, +2C,e *+2e *In

4)

1 =C,cosx+C,sinx+cosxn| cosx |+ xsinx,

5) : ,
|y =—C;sinx+C, cosx —sin x| cosx| + XCOS .

KnroyoBi TepMiHn

Cuctema gngepeHuianbHUX PiBHAHb MNepLIOro nopsaaky, cucrtema niHin-
HUX andepeHuianbHUX piBHAHb nepworo nopagky (CIAP-1), HopmanbHa cu-
cTemMa, MaTpuyHa (popma, BEKTOpPHa (PyHKUis (BeKTOp-pyHKUIA), O4HOpigHa
(HeoaHopigHa) cuctema, po3s’s3ok cuctemu Ha (@,b), saranbHuii Po3B’A30K,
AOBINbHI cTasni, YaCTUHHUW PO3B’A30K, NoYaTKoBi yMOBW, 3agadva Kowi; Hop-
ManbHa cuctema JIOP-1 3i ctanumn koedilieHTamMun; CTpyKTypa 3arasibHOro
PO3B’A3KY, BU3HAYHUK BpOHCBKOro (BpOHCKiaH), MiHiHa koMbiHauisi po3B’a3KiB,
NiHINHO He3anexHa cuctemMa (PyHKUiM, byHOaMeHTanbHa cuctemMa po3B’a3KiB
(®CP) Ha (a,b), meToq BuknioueHHsi, meToq Eiinepa, xapakrepucTuyHe pis-
HAHHS, XapakTePUCTUYHUN MHOrodneH, meton JlarpaHxa, cneuianbHa Bek-
TOP-PYHKLUiA, MeToL HEBU3HAYEHUX KOeIliEHTIB, MOaESb.

Pe3rome

BUCBITNIOIOTECA OCHOBHI MOMOXEHHSA Teopil cUcTeM (3BUYANHUX) NiHIN-
HUX gudpepeHuianbHUX piBHAHb 1-ro nopsaky. Po3rnaHyTo o3Ha4yeHHA OCHOB-
HUX MOHATb TeOopil Ha3BaHMX CUCTEM pPIiBHAHb. YCTAHOBIIOETLCA CTPYKTypa
3aranbHOro po3B’A3KY i BUBYAKOTLCA OCHOBHI CNOCOOM po3B'A3aHHSA O4HOpIA-
HUX i HeogHopigHux cuctem JIOP-1 3i ctanumn koedbidieHTamn. HaBegeHi
npuknagn nobyaooBn mateMaTUYHMX MOAENen 3agayqy €KOHOMIYHOT ANHAMIKMW.

INiTepartypa: [2; 6; 7; 14; 16; 17; 24; 28; 31].
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20. Teopiga cTinkocCTi

Bce e npupodi nosuHHo bymu eumipsiHe, ece
Moxxe 6ymu rnopaxoeaHo.
M. JTo6aueBcbkuin

HeapigHsiHHUU Oap — Mo2ymHsi cmilkicmb Oyuwi.
3 Hero 8 XXummi HIH020 He cmpauwiHo.

Apxinox, 4aBHbOrpeLbKUN Jipuk

MeTa: HaBuMTM ManbyTHIX draxiBuiB YMIHHIO NPOBOAUTWU OOCHIAKEHHS
Ha CTINKICTb pPO3B’A3KiB AubepeHLUianbHUX PiBHAHb Ta IX CUCTEM, SKi € maTe-
MaTUYHUMN MOAENAMMU PIBHOMAHITHUX EKOHOMIYHUX i NPUPOSHNYNX MPOLECIB.

MutaHHA Temu:

20.1. AvHamiyHi cuctemun (OC): 03HAaYE€HHA OCHOBHUX MOHATb, reOMeT-
pU4Ha iHTeprnpeTauis.

20.2. 3agayva crinkocTi poss'askiB [C. Crinkictb poss’askis OC, wo
OMNUCYETLCA OOHUM AndepeHLuiaribHUM PIBHAHHSAM.

20.3. CrinkicTb aBTOHOMHUX [C, L0 onncyoTbCa CUCTeMaMn Hopmarsib-
HUX NIHIMHUX AndpepeHuianbHUX PiIBHAHb 3i CTannMMm KoeqgiuieHTamu.

20.4. [leski 3agadvi 3aCTOCOBHOrO Xxapakrepy.

KomneTeHTHOCTI, WO hOpPMYyIHOTHCSA NiCNA BUBYEHHSA TEMMU:

3azanbHoHaykoea:. BONOAIHHA OCHOBaMM TeOopii CTIMKOCTI, 3acobamu
AOCTIOKEHHA Ha CTIMKICTb AWHAMIYHMX CUCTEM, 3aKOH eBOSKoLil SKMX Onucy-
eTbCA AndepeHuianbHUM piBHAHHAM abo cucTeMo audpepeHuianbHUX piB-
HSHb.

3azarnbHornpoghecitHa: niaroToBneHiCTb A0 aHanidy po3B’A3KiB CUCTEM
andepeHuianbHNX PiBHAHb SIK MateMaTUYHUX ModeSien gUHaMiYHUX CUCTEM
i3 MeTolo AKiCHOT ouiHKKM nobyaoBaHOl Moaeni.

CnieuianizogaHo-npogheciliHa: yMiHHS BnpoBag)XyBaTu 3acobwm pgocni-
[PKEHHA Ha CTIMKICTb AWHaMIYHUX CUCTEM Y MOAESIOBAHHSA yrnpaBniHHA
iHpopmaLiHUMKN cucTtemMamu, gaBaTu AKICHY NOPIBHANbHY OLUIHKY CTIMKOCTI
oBuuncntoBanbHUX NPOLIECIB Ta NPOLECIiB NepeTBOPEHHS iHpopMaLlii, SKi 34in-
CHIOKOTBbCA 3a KOHKPETHUMW anropuTMmamu.
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20.1. AmHamiyHi cuctemu ([C): o3Ha4YeHHSA OCHOBHUX NMOHATD,
reomeTpu4yHa iHTepnpeTauis

[Min cuctemoro (Big Ap.-rpeubk. Sist€éma — uine, cknageHe 3 4YacTuH;
3'€HaHHS) PO3YMIilOTb MHOXWHY erieMeHTIB (CKIHYEHHY YM HECKIHYEHHY), WO
3HaxoOATbCA B TUX YM IHLWIMX BIOHOWEHHSX i 3B'A3Kax OOMH 3 OOHWUM, SiKa
YTBOPIOE NEBHY LiNICHICTb, €AHICTb. [TOHATTS ,,cuCTEMA” BXMBAETLCA B Pi3HNX
ranysax 3HaHb, Hanpuknag: cMcTema YUCIeHHs; CUCTEMa PIBHSAHb; Nepioguy-
Ha cuctema XiMiYHUX erieMeHTiB; doinocodcbka cuctema; CoHslyHa cuctema,;
NoniTM4yHa cucTema, eKoHOMiYHa CUcTema TOLLLO.

[Mpn matemaTU4yHOMY Nigxodi 4O BUBYEHHSI CUCTEM, KOXHIN i3 HUX CTaB-
NATb Y BiANOBIAHICTb NEBHMI Habip YMCNOBUX XapakTepUCTUK (MapameTpis,
MNOKa3HWKIB, YNHHUKIB). FAKLLO Bigbynaca 3aMiHa xapakTepucTuK cuctemu (xoya
6 O4Hi€l), TO KaxXyTb, LLO cUCTEMaA nepenna B iHWWn cTtaH. MNocnigoBHy 3Mmi-
HYy CTaHiB CUCTEMU Ha3nBaKOTb NPOLLEeCOM ((PYHKLIOHYBAHHS).

Cuctema HasumBaeTbca AuHaMmivyHow ([C), sSKWO BU3HAYEHO 1i CTaH Y
AaHUN MOMEHT 4Yacy — NMOYaTKOBUWU CTaH — i 3aaHM 3aKOH, AKUK OMUCYE
3MiHY (eBOMOL) NOYATKOBOro CTaHy 3 MiNHOM 4Yacy. 3aKOH, KM 0O3BOMSA€E
3a No4YaTKOBMM CTaHOM NporHo3yeBatu ManbyTHin ctan [JC, Has3nBaloTb 3aKo-
HOM eBosoUil a00 3aKOHOM pyXy (3MiHWN CTaHiB) cUCTEMU. 3aKOH PyxXy BKa-
3Yy€, 3 KO LWBUAKICTIO 3MIHIOETLCHA CTaH CUCTEMM.

Mpuknagamn gUHaMiYHUX CUCTEM € MEeXaHiYHi, di3nyHi, xiMmivHi Ta 6io-
norivyHi 06’ekTn, eKOHOMIYHI npouecu, obuyuncnioBanbHi Npouecn Ta npouecu
nepeTBOpPEHHS iHopMaLlil, WO 34IMCHIOTLCS BIANOBIAHO 40 KOHKPETHMX an-
roputmis. Onucn C aonsg 3aBOaHHS 3aKOHY €BOSOLIT TaKoX PI3HOMAaHITHI: 3a
AOMOMOro audpepeHuianbHMX pPiBHAHb, OUCKPETHUX BigobpaxeHb, Teopil
rpacpis, Teopil MapKOBCbKMX NaHUtoriB i T. iH. Bubip ogHoro i3 cnocobis onucy
3aJa€ KOHKpeTHUM Bua4 matematudHol mogeni signosigHol AC. MatematuyHa
mopernb [C BBaxaeTbCHA 3a4aHO0, AKLWO BBEAEHi napamMeTpu (koopauHaTn)

cuctemu: Yy, Yo, ..., Y, LLO BU3HAYal0Tb OAHO3HAYHO 1i CTaH Y MOMEHT 4acy

t, 706710 Y, =Y (t), i = 1, N, i BiGOMWIt BIANOBIAHWIT 3aKOH eBoMIoLLi. 3anekHO

Bif, CTYNeHs HabnwmXeHHs1 O4HIN CUCTEMI MOXYTb BYTU NOCTaBMeEHi y BigNOBI-
AHICTb Pi3Hi MaTemMaTuyHi Moaeni.

[ocnigpkeHHs peanbHUX CUCTEM 3BOAUTBLCA OO BUBYEHHA MaTemMaTuu-
HUX MOoenen, BOOCKOHANEeHHS i pO3BUTOK AKMX BU3HAYalOTbCH aHarli3oM ekc-
NepUMeHTarnbHUX | TEOPETUYHUX pe3yrbTaTiB Mpu 1X 3icTaBNEHHI.
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Y noganbswomy (y BuKnagi) nig guHamivyHow cuctemoro 6ygemo posymi-
TV came il MaTeMaTuyHy MoJenb.

Hani posrnsgatoteca OC, 3akoH eBOSOLIT AKMX ONMUCYETLCA 3a 4OMNOMO-
roto cuctemun gudepeHuianbHUX piBHAHb NepLUOro nopsaakKy, 3okpema, 0gHoro
andpbepeHuianbHoro piBHAHHA (aus. (19.1.4)):

Y= fi(t Yo Y200 ), =100, (20.1.1)
ne Yy =vyi(t),i= 1, N, — noxigHi HEBIAOMUX YHKLIM 38 4acoM:;
f; — dyHkuii Big 3MiHHUX T, Yy, Yo, ..., Yp, SIKi BU3HAYEHi i HENEPEPBHI

pa3oM 3i CBOIMM YaCTUHHUMW NOXIOAHUMU Ha MHOXMHI {tD[tO,+00), y [ Rn},
TOOTO 3a40BOMbHAIOTL YMOBM Teopemu Kouui, ty — no4aTkoBMi MOMEHT 4acy,

ONsl SIKOTO 3aAal0ThCs MOYATKOBI YMOBM — CTaH cuctemu: Yig = Vi (tp).

Cuctemu piBHAHb (19.4.1), (19.4.2), (19.4.3) — cnipowieHa Mmoaernb Haui-
OHarnbHOT EKOHOMIKM, MOAENb ,FOHKA 030POEHL”, MOAENb XMXKaK-KepTBa” — €
npuknagamun OC.

Axkwo npu dikcosaHomy t BennunHn Yy, Yo, ..., Y, po3rnagaTu sk Ko-

OpPAWHATU TOYKM Y = (yl, Yo,y yn) B N-BMMIPHOMY NPOCTOPI, TO OTPUMAEMO

2eomempuyHe (Hao4He npy N < 3) 306paxkeHHs cTaHy AMHAMIYHOT cucTemMm y
BUIMSAI TOYKN, SIKY HasuBaTb (ha3oBOK TOYKOK, a NPOCTip — ¢ha3oBUM
NPOCTOpPOM.

3MiHa cTaHy 3 YyacoMm 3006paxyeTbCsa sIK pyxX pasoBOi TOYKWU MO OesiKin
niHiT, Ky Ha3uBaloTb (pa30BOK TPaEKTOpPiE (abo NPoCTO Tpa€EKTOpiEto).
(Pasa Big rpeubk. phasis — nosisa, BAHUKHEHHS.)

das3oBi TpaekTopil ONUCYITLCA

napameTpUYHUMM PiIBHAHHAMM: Y2

o — (hasoBa ToYKa

yi =yi(t), i=1n.
MNpn N=2 (puc.20.1.1) — ue

KpUBi B R?. .
306paxeHHs TpaekTopin AC y /O N

¢ra30BOMY MNPOCTOPi CUCTEMU Ha3u-

BaeTbCsl pa3oBUM NMOPTPETOM.

Puc. 20.1.1. ®a3oBa TpaeKTopis
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NiBi wactuHn cuctemun (20.1.1) € cknagoBuMK (3a OCsIMM KOOpAMHaT)
LUBUOKOCTI 3MIHIOBAHHS NOMOXEHHS )a30BOI TOYKU, TOMY KaXyTb, WO LS CUC-
Tema 3agae none wsugkocten esontouii [1C.

Axwo npasi yacTuHu piBHAHL y OC (20.1.1) He MICTATb ABHUM YMHOM
He3anexHy 3MmiHHy [, To cuctemy Has3uBalOTb aBTOHOMHOK (CTauioHap-
HOM0), a NPOLEC, LLIO ONMUCYETLCSA TAKOK CUCTEMOID, — YCTaNeHUM:

asToHomHa 1IC = Y =T (Y, Yo, Vy), 1 =10, (20.1.2)

20.2. 3apaua cTtinkocTi po3B’a3kiB [1C. CTiukicTb po3B’a3kiB [C,
O ONMUCYETLCA OAHUM AndepeHuUianbHUM PiBHAHHAM

locmaHoeka 3adayi cmitikocmi. Cmilikicmb 3a JIanyHosum
po3e’si3kie OuHaMiYHuUX cucmem, wo onucyromscs [P-1

Hexan geskun ob’ekT (aBuwe, npouec) onncyetbesa AC (20.1.1) 3 novar-
koBUMM ymoBamMn Yig = Y: (to), i =1L N. Y BUNaaKy peanbHUX cUCTEM moyar-

KOBi YMOBM 3aal0TbCs, SIK NPaBUIio, 3 MEBHOK MOXUOKOK AK pes3ynbTaTu
eKCNepUMEHTY, BUMIPIOBAHb, aHanidy CcTaTUCTUYHOro Mmartepiany Towo. Y
3B'A3KY 3 UMM MOCTa€e MUTAHHSA MPO BM/MB HE3Ha4YHUX (Manux, HeCyTTEBUX)
3MiH NoYaTKOBMX YMOB Ha po3B’a3ok [C.

KoxxHnn poss’azok C (20.1.1) 4m (20.1.2) HasuBaTb PyXOM CUCTEMMU.

30aTHICTb cUCTEMU Mano BIOXUNATUCSA (B TOMY 4M iHLLIOMY CeHCi) Big 1i
PpyXy npu Manux BigxXuneHHsix (36ypeHHsAX) No4aTKOBOro NMOSIOXKEHHS CUCTEMMU
y pazoBoMy NpocTopi Ha3mBaloTb cTinkicTio [1C.

locmaHoeka 3adayi cmitikocmi [JC. 3HaT yMOBU, 3a SIKUX AOCUTb
Marni 3MiH1 NoOYaTKOBMX AaHUX BUKITNKAIOTb SIK 3aBrOAHO Mani 3MiHN pO3B’sI3KY
CUCTEMM.

HocnigpkeHHs po3B’saA3KiB CUCTEMW Ha CTINKICTb NPOBOAATbL, AK Ha MopiB-

HAHO HeBenukux Bigpiskax Yacy t: tg <t <T, Tak i Ha gocuTb BenukMx npo-

MiDKKax 4acy, y rpaHM4yHoMy Bunagky —npn t — oo,

Po3e’si3aHHsiM nocTaBneHoi 3agadi (y pisHMX ranysax JogcbKol Oissib-
HOCTi) 3aMMa€eTbCA Teopisl CTIMKOCTI AK CYKYMNHICTb NOrnagiB, yasreHb, igen,
MOHATb, MipKyBaHb, MeTOAIB, Teopin (3i cBOIMU, cneundiyHUMN, NOHATTAMU,
nemamMmu, TeopeMamu Ta ix JOBEOEHHSM), LLO BUHUKIK | BUHUKAIOTL i3 METOLO
BUBYEHHSA CTIMKOCTI pyXy (O PO3YMIETLCHA B Han3aranbHilLoOMy BUMSA).
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PosrnaHemo [C, dka onucyeTbCa OOHUM AudpepeHuiaribHUM pPiBHAH-
HAM:

F(t,y,y)=0, (20.2.1)
ne t — HesanexHa 3miHHa (4ac);
y=Yy(t); y' =Vy'(t) — HeBigoma dyHkuis Ta ii noxigHa BianoBiaHO;
F — 3akoH, kM noe’sa3aHi 3MiHHI t, Y, Y',

i BIDOMMI noYaTKoBUMIA CTaH cucTemm — noyaTkosa ymosa — Y(tg) = Yp.

Hexant y =@¢(t) — 4acTMHHMIN PO3B’A30K PIBHSIHHA, SKWIA 3a0BOSIbHSIE
novaTtkoBy ymoBy @(tg) =¢qg; €>0, >0 — gincHi uicna, npuyomy & 3a-
nexHe Big €: 0 = 9(€).

Pose’saizok ¢(t) HasnBaeTbcs cTikuM 3a JIANYHOBUM, SIKLLO AN1S1 SIKOTO
3aBrogHo € >0 icHye O(€) >0 Take, Wwo AnsA po3e’sasky piBHAHHA Y(1), Bu-

3HaveHoro Ans Beix t = ty, noyaTkoBe 3Ha4YEHHS AKOro 3a40BONIbHAE YMOBY:

| y(to) —0(to) | <3, (20.2.2)

ana Bseix t 2 1y cnpaBeanuBa HepiBHICTb:

L y(t) - ()| <e. (20.2.3)

IHakwe kaxyuu, po3s’s3ok Y = @(t) piBHSAHHA (20.2.1) € CTiKUM, SKLIO
KOXHWI po3B'sizok Y = Y(t) 3 nouatkoBol ymoBoto 3 -okony Toukn §(tp)
npu ty <t <+oo icHye i He BUXxoauTb 3 €-okony rpadika po3s’sasky y = ¢(t).

Akwo npu ak 3asrogHo manomy O > 0 ana poss'asky Y(t) HepiBHicTb

(20.2.3) He BUKOHYETbCS, TO po3B’a30K P(t) HasnBaeTbCA HECTIMKUM.

Akwo KpiM BUKOHaHHSA HepiBHOCTI (20.2.3) 3a ymoBu (20.2.2) BUKOHY-
€TbCS TAKOX YMOBa:

lim| y(t) - 0(t)| =0, (20.2.4)

TO po3B’A30k P(t) HasnBaeTbCA aCUMNTOTUYHO CTIMKUM.

CTpore o3Ha4eHHs CTINKOCTI ,MoBOl0 €—0" 3anponoHysaB OnekcaHap
Muxawnnosuy JlanyHoB (1857 — 1918 pp.) — pOCIMCbKMN MaTeMaTUK | MexXaHik.
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Poss’saizok OC ¢(t), akuii nignsrae [ocnigKeHHI0 Ha CTilikicTb HasvBa-
l0Tb He36ypeHuM, a po3s’'asok Y(t), wo signoesinae HoBUM, 3MiHEHUM, Nova-

TKOBMM YMOBaM, — 30ypeHuMm.

Ha puc. 20.2.1, 20.2.2 BignoBigHO HaBeAEHO CxemMaTu4He 300paKeHHS
(>KMPHOIO MiHI€ED) CTIMKOro i HECTIMKOro po3B’saA3KiB. KaxyTb, WO Yy pasi CTilkoC-
Ti, da30Bi TpaekTopii He BUXOAATb 3a Mexi €-Tpybku (abo €-4yoxna). Y npo-
TMBHOMY BUNaAKy 3HamaeTbcs xoda 6 oauH po3e’sisok [OC, akMin y neBHUI

MOMEHT 4acy 1, (4na KOXHOro Takoro po3B’A3Ky CBifl) BUXOAUTb 3@ MeXi

€-yoxna.
YA YA
y(t)
0w (1) e
5 &5
0] I 0] h 't
Puc. 20.2.1. CTinkun po3B’AA30K Puc. 20.2.2. HecTinkumn po3B’A30K

OocnimkeHHs He3bypeHoro po3s’sasky ¢(t) Ha cTilkicTb BiQHOCHO Nerko
3AINCHUTK, AKWO Bigomui 3aranbHui poss’asok AC y = y(t,C), CUR.

Mpuknad. Oocnigntn Ha cTinkicTb po3e’asok AC: ¢(t) =sint +cost,
$(0) =1, sakoH eBontouii sKoT onucyeTbes piBHaAHHAM: Y (1) — y(t) = —2sint.

3Hatdemo 3aranbHUn po3B’a3ok gaHoro JIOP-1:
y(t) =Ce' +sint +cost.

3adamo HoBui nouatkoBuin ctaH cuctemu: Y(0)=Y,, ycmaHosumo

3HaveHHs napametpa C ans 36ypeHoro poss'ssky: Cy=1-Yy, i 3anuwemo

BiANOBIAHWM YAaCTUHHUM PO3B’A30K:

y(t) = (1- yp)€' +sint +cost.
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Bu6epemo nosinbHMM YnHoM € > 0 i 3'acyemo, um icHye O(€) >0 Take,

wo [t=>0 i3 HepiBHOCTI ‘y0—1‘<6 BUNNMBAE HepiBHicTb (20.2.3)

| y(t) - ()| <e:
V() -0() = (yo-De' = |yo-1e' <& = |yp-1<& = t<in_E .
€ ‘YO 1

OTxe, sikum 61 He 6yB Moaynb pisHuui (Yo—1), 3 nnnHom yacy dasosa

TpaekTopia Buiige 3a Mexi €-yoxna. Takum YmHoMm, po3s’'sizok §(t) Hecriii-
kmit, 5o Toro x lim|yy—1e' =+oo,
t- o0

Ha pwuc. 20.2.3 HaBepeHo Y

q)a3013v||7| nopr.eT, Hé AKOMY 36y.- 1 - o) = SNt + cost
pPEeHUiA pyx BiANoBidae yMOBI: ,_\</ /
Yo=0,99, 710610 nouartkoBwui _? _ ’;f
CTaH cuctemun OyB 3CYHEHWU BHU3 5 |
Ha —0,01: ‘ Yo~ ¢0‘ =0,01. 21 y(t)=—0,01e" +sint + cost

3 uvacom pans 6yab-AKoro 41 , . .
€>0 dasosa TpaekTopia y=y(t) U 2 4 6
BUIIE 33 MEXi E-OKOMy. Puc. 20.2.3. HecTinkun po3B’'s3ok

Mpuknad. Oocnignutn Ha cTirkicTb po3se’asok OC: ¢(t) =sint, ¢(0)=0,
3aKOH eBontoLii AKoi onucyeTbes piBHsAHHAM: Y () + y(t) =sint+cost.
3arasnibHuin po3B’A30K PIBHAHHA Mae BUMNAL (MepeKkoHaumecsi):

y(t)=Ce ' +sint.
8apgamo HoBmit novaTkoBuid ctaH cuctemu: Y(0) =Y, yctaHoBUMO 3Ha-

yeHHs1 napameTpa C ans 36ypeHoro poss’sasky: Cy =Yy, i 3anuwemo Biano-

BiHWIA YaCTUHHMIA po3B’asok: Y(t) = yoe_t +sint.

Hani 3Hangemo mMoaynb pisHUULI MK 306ypeHuMm | He3bypeHum
PO3B’A3KaMW:

y® -0(0)| =|yoe™ =|yole™ <|yg| Tt=0.
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Akwo Tenep noknacTtu ‘yo‘ <QO=¢€, TO  MOroTiB BUKOHYBaTUMETbCSH

cniseigHowenHs: | y(t) = (t) | :‘ yoe_t‘ < ¢g. Omxe, po3s'sizok C ¢(t) =sint

CTiKkui 3a JlanyHoBUM.
Ha puc. 20.2.4 HaBegeHo Y
das3oBun MNOPTPET, HaA HAKOMY 1

30ypeHuin pyx Bignosigae yMosi: . (! )= sint

Yo=-0,5, T06TO noyaTkoBMIA
]

cTaH cuctemm 6yB 3CyHEHWUI
BHu3 Ha —0,5: |y —do|=05. 0.5

3 vacom ans 6ygb-akoro -1 | | |
€>0  asoBa  TpaekTOpis 0 5 4 5
y=y(t) He Buiige 3a Mexi

~ ¥

Y()=-0,5¢"" +sint

Puc. 20.2.4. CTinknn po3B’sA30K
€ -okony.

Binblwe TOroO, Iim‘ yo‘e_t =0, To6TO AocniaKyBaHM PO3B’A30K acuMI-

00
TOTUYHO CTinKuiA. Meplumnin goaaHok y Bupasi ana Y(t) npu t — +oo npsamye

00 HyN4 i 30ypeHui pyx HeyXmunbHO HabnmXaeTbCa 40 CUHYCOIaN. ®

Axwo OC MiCTUTb YMCnNoBMI NapameTp, TO 3aNexHo Bi MOro 3HayeHb
nosegdiHka cuctemu (B CMUCHIi CTIMKOCTI 11 pyxiB) MOXe ByTn pisHolo.

lpuknad. JocnignTu Ha CTIMKICTb po3B’A3kn 3agadi Kowi piBHAHHSA:
y'—ay =0, a—const.

3aranbHuii PO3B’'A30K PIBHAHHA Takui (mepekoHatimecs): Y(t) =Ce™.
Ons posinbHoro noyatkosoro ctaHy Y(tg) =Ygy maemo: y(t)= yoea(t—to)_

Bubepemo 4acTMHHUIA PO3B’S30K ¢(t):¢0ea(t‘t0), o Bignosigae no-

yaTkoBin ymoBi: §(tg) = dg (Yo Z o), i Aocnigmmo iioro, nepesipsitoumn BUKO-
HaHHS YMOB O3HauyeHHs cTinkocTi (20.2.2), (20.2.3):

Oe>0 £3(e) >0: | y(te) —d(to)| <d Ot=ty = |y(t)—d(t)|<e Ot =ty.

3Hagemo Moaynb pisHuUi Mk 36ypeHum Y(t) i He3bypeHum ¢ (t)

PO3B’sI3KAMMU: ‘y(t)—d)(t)‘Z‘yo—q)o‘ea(t_t(’), i OUiHMMO MOro 3amnexHo Bif

3Ha4yeHb nNapameTpa a.
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Po3i6’eMO MHOXWHY BCiX 3HayeHb & Ha Tpu knacu: (—o,0), {O}

(0, + ), i npoaHaniayeMo po3B’A3k1 Ha KOXXHOMY 3 HUX.

1. a<0: e270) <1 [Ot=ty = |y(t) — o) =|yo —do/€® ™) <|yp— .
Akwo noknacTtu ‘yo —¢0‘ <9, 70 ‘y(t) —d)(t)‘ <d=¢ [t=ty. Omxe, ¢(t) -
cmitikuti poss’asok. (Yu 6yae ¢(t) acumnmomuyHo cmilikum?)

2. a>0: pna Bcix t=ty cTeniHb g?(t) 3pocTae, oTKe MOAYMb Pi3HWUL

y(t)—¢(t) Tex 3pocTae, i Moxe 3 yacom cTaTu sk 3aBrogHo senukum [1e>0:
tIim ‘yo —¢O\ea(t‘t0) =+00, TOMY NpV A0AaTHUX & PO3B’A30K Hecmilikudl.
— +00

3. a=0. (Obmipkytime, Skum Oyae pPoO3B’'AI30K i3 TOUKM 30pY CTIIKOCTI.) ®

HocnidxeHHss Ha cmilikicmb NOJSIOXKEeHHS pieHoga2u cucmemu

[ocnigKeHHA Ha CTiMKiCTb 3agaHoro, He3bypeHoro, po3B’si3Ky CUCTEMMU
3BMYanHO 3BOAATb [0 AOCNIIKEHHSA Ha CTiMKICTb TpuBianbHOro (HyrnbOBOro)
PO3B’A3KyY iHWOI cucTemu 3amiHoto: Y(t) =x(t)+¢(t), a6o x(t) =y(t)—o(t).

To6To HoBi dyHkuii X(t) € BigxuneHHsMu BuxigHoT dyHkuii y(t) Bia
dyHkuii ¢(t), ska gocnigkyeTbes Ha CTiMKICTb. 3pO3yMino, WO YMM MeHLIe

MOAYNb LbOro BiAXMneHHd, TMM 6nvxkde ogHa 4o ogHOI BignoBigHi TpaekTopil
pyxy. AKkwo piBHAHHSA (20.2.1) po3B’a3yBaHe BigHOCHO MOXigHOI:

y="f(y), (20.2.5)
TO nepexig y HboMy A0 HoBOT amiHHOT X(t) nae:

X =yt)-¢6@t) = XO=y@®)-¢'(t) =
— X(t) = T (t, x(t) + (1)) - f (t,d(0)). (20.2.6)

®yHkuito X(t) HasuBaoTb 36ypeHHaM [C, a andepeHuianbHe piBHSAH-
HS (20.2.6) — piBHAHHAM 30ypeHOoro pyxy.

Kox+omy pyxosi AC Y = f (t,y) Bignosigae 4acTMHHWIA PO3B’A30K piB-
HAHHSA 36ypeHoro pyxy. 3okpema, He3bypeHomy pyxosi OC (20.2.5), TobTo
korm Y(t) =¢(t), Bignosiaae TpuBianbHWI po3B’A30k (06rpyHMylme):

x(t) =0. (20.2.7)
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Cneumdpika TpmBianbHOro po3B’a3Ky nonsrae B TOMy, O 3 NIIMIHOM Yacy
t Touka X(t) He pyxaeTbcs, a 3HaxoAWUTbLCSA Ha Micui. TpuBianbHUIN PO3B’'A30K
PIBHSHHA 36ypeHoro pyxy i Touky O HasuBalTb MONOXEHHAM piBHOBaru
cuctemu (20.2.6) abo Toukor cnokoto. [pn N=1 Touka crnokow — dasoBa
TOYKa — € TOYKOI BiZiNiKy HA YMCIOBIM NPAMIN CTaHIB CUCTEMMW.

BucHoeok. 3agava OO0CnimKeHHS CTIMKOCTI (aCMMMTOTUYHOT CTINMKOCTI,
HecTinkocTi) nornoxeHHa piBHosarn [C (20.2.6) piBHOCUNbHa PO3B’A3KYy piB-
HAHHSA (20.2.5).

Mpuknad. YcTaHoBMTM, 4M € po3B’'A3ok 3agadvi Kowi: Yy =2y-—t,

y(0) =1/4, criftkum, QOCRIAMBLLM Ha CTIlKICTb NOMOXEHHS PIBHOBArn (TOYKM

CMOKOH0).

3Haxo0umo 3aranbHUM po3B’a30K 3agaHoro JIOP-1 (MeTtogomMm 4OMNOMIX-
HUX oyHKUin abo meTogom JlarpaHxa, gme. N. 16.4) i BianoBiaHNUM YaCTUHHUA,
He30ypeHuin, Po3B’'A30K:

y=(2t+1)/4+Ce”, y=¢(t)=(2t+1)/4.

BukoHyemo 3aminy: Yy =X(t)+ ¢(t), ne X(t) — HoBa HeBinoma yHKuis,

T06TO noknagaemo: Y =X(t)+ (2t+1)/4, Toai pisHsHHA Habysae Burnsaay:

y=xO+V2 | y=ox).

Y=oyt = oy = ox(t) +1/2

OTXe, OTpMManu pPiBHAHHSA 3 HyNboBUM po3s’askom: X(t) =0 [t = 0.

3aranbHui po3B’'aA30K piBHSAHHSA BigHocHO X(t) Takmin: X(t) = ce?.

Mouatkosin ymosi X(0) = Xy # O Bignosigae poss’szok: X(t) = XOeZt.

Llocnioxyemo TpuBianbHUN PO3B’SA30K Ha CTIKKICTb.

ExcrioHeHTa €' — 3pocTatoyda X4
dYHKLiS, TOMY 3 4acoM Yy AesKUn Mo- e
MeHT t=1{; (puc. 20.2.5) npu 6yab-
X v 2
sakomy €>0, pyx X('[):Xoe2t BUNOE 0 x(1)=xpe™
. . 0 =
3a MeXi €-0Komny MNOOXeHHA pPiBHO-
X(H)=0 t t

Barn X(t) =0, T06TO yMOBM CTiliKOCTi
He BUKOHYIOTbLCS: Puc. 20.2.5. HecTinka piBHOBara

189



Je>0 8(e) >0: | x| <3 = |xo|e* <e Ot=0.

TakMm 4YMHOM, CTaH piBHOBAru HECTIMKMNA, a 3HaAYUTb | AOCMIOXKYyBaHUN
poss’asok ana Y(0)=1/4 we e cTiiikum. ®

HaBegemo B cumBoOmnax, 3rigHo 3 BMCHOBKOM, O3HA4Y€HHS CTIMKOCTI Ta
aCUMNTOTUYHOI CTIMKOCTI TpMBIaribHOro PO3B’'A3KY.

Hexan y=¢(t)=0 — touka crnokoto AC y' = f(t,y), To610 f(t,0) =0,
Toni:

¢ (t) =0 — cTikuit po3s’'asok =

20.2.
= Oe>003(e)>0: | y(ty)|<d = |y(t)|<e Ot2t,. (20.2.8)

(FporioHyemo o3HaveHHs (20.2.8) cpopmyntoBaTh CIIOBECHO.)
AKwWo, Kpim TOro, tIim ly(t)|=0, To TpusiansHuii poss’azok $(t) =0
— +o00

Ha3nMBa€ETbLCH aCUMMTOTUYHO CTIMKUM.

TakuMm YMHOM, CTINKICTb TPUBIASIbHOroO PO3B’A3KY O3Ha4ae, WO TPAEKTO-
pisi OBINBHOrO pyxy, No4YaTkoBa TOYKa SKOi 3HAXOAUTLCH Y AEeAKOMY O-OKoi
noyaTky koopauHaT ¢asoBoro npoctopy — nnowwmHn tOy — cucremm (20.2.5)

ans Ut =ty He BMXoauUTb 3a Mexi AOBINBLHOrO €-OKOMYy TOYKWM CMOKO. (SIK

gripasy NoKaxiTb, LLO Lie O3HAYEHHS CTINKOCTi MOXXHa ChOpMyIitoBaTH iHaKLWe:

ans koxHoro €>0 sHanpetbcs >0 Take, WO 3 HepPiBHOCTI y2(t0) <&?
BUNSIMBATUME HEPIBHICTb y2(t) <¢? gnaBcix t = to.)
Cmilikicmb QuHamidHuUx cucmem, w,o onucyromscsi OJI4P-n
3i cmanumu koedpiuyienmamu. Kpumepit I'ypeiya
Hexan [OC onuncyeTbCcsa OOHOPIAHMM JiHINHMM OudepeHuianbHUM piB-
HAHHAM N-ro Nopsaky 3i ctanumun koedidieHtamu (gme. (18.3.1)):
L(y) =y +py™ D+ +p y=0, (20.2.9)
ne Py, Po, ..., Py —crani Benuunnm, y=Yy(t) — HeBinoma dyHkuis.
Ockinbku piBHAHHA L(Yy) =0 He MicTUTb SIBHUM YMHOM 3MiHHY t, To 3a

aHanorieto 3 (20.1.2) Taka [1C Ha3nBaeTbLCs aBTOHOMHOIO.
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Akwo TpusianbHuii pose’szok AC: y=¢(t)=0, cTiiikuii, i HasuBatoTb
CTIMKOIO ANHAMIYHOK CUCTEMOLO.

YcTtaHoBrneHo, wo [OC, 3akoH eBontouil kol MOLENETLCA HEOQHOPIA-
Ham J1OP-n (ame. (18.3.8)), 6yae cTinkowo npu 6yab-sKid NpaBi YacCTUHI
f(t), AKwo cTinkuii HyNLOBUIA PO3B’A30K BiANOBIOHOTO OAHOPIAHOIO PIBHSH-
HS, TOMY BMBYATUMEMO Ha CTIMKICTb TifTbKM aBTOHOMHiI CUCTEMM.

Cknagemo xapaktepucTtuyHe piBHaHHA OC (gms. (18.3.7)):

K"+ pk"+...+ p,_sk+ p, =0.

Byaemo posrnspatu koedilieHTn npu ctenensix K, Bkntovatoun Py =1,

B SIKOCTi eneMeHTIB kBagpaTHoi NxXN-matpuui H,,, yTBOPEHOI TakKum YnMHOM:
MO rofnOBHIN AiaroHani 3niBa HanpaBO BMCTaBMMO BCi KoeilieHTH xa-
PaKTEePUCTUYHOTO PIBHAHHA Bi4 P A0 Pp;

Bi KOXXHOro enemeHTa diaroHani Bropy i BHM3 0o6yaoBYyeEMO CTOBML
mMaTpuui Tak, wob iHaekcn KoedilieHTiB cnaganu 3Bepxy BHUS;
Ha Micue koedilieHTiB 3 iHaekcamu meHwe O abo binbwe N 3anucyemo

HyIi.

Mpuknagwu (npoaHanizytime, v NpaBunbLHO NodyaoBaHi MaTpuLi):

0O O
0O O Pr P3 Ps

pps O &gimo o P2 P4 O O
Ha=| P P2 O |i Hay=| 5 p1p30;H5: O p p3s ps O
O T 0 Po P» Pa O pp P2 P4 O
0 0O pp p3s Ps

Matpuus H,,, cknageHa i3 koedilieHTiB XapakTepUCTUHHOIO PIBHSAHHS |
HyniB 3a HaBeeHUM anropuTMoOM, Ha3mMBaeTbCA MmaTpuuero Nypsiua.
BusHauHuk matpuui H,, i ioro giaroHanbHi MiHopu — MiHopu K-ro no-

paaky (kK :m), WO MicTATb K AiaroHanbHUX enemeHTiB MaTpuli, — Hasu-
BalOTbCA BU3Ha4dyHuMKamu [ypsiuya. (Agonbd [lNypsiy (1859 — 1919 pp.) —
HiMeLbK1UA MaTeMaTuK.)

BuaBngaetbca, Wo onsg BUPILWEHHA MUTAHHA MNPO CTiMKICTb AWHAMIYHOIL
CUCTEMM HEODOB’SAI3KOBO PO3B’A3YBaTM CaMe PiBHSAHHS, a MOXHa obinTuca ob-
YMCNEeHHSAM BU3Ha4YHuKIB ['ypBiua.
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KpuTtepin lNypBiua (cmitikocmi [C). IuHamiyHa cuctema cTinka ToAi |
TiNbKM TOAi, KONW BCi BU3HAYHUKKM [ypBiUa, y KinNbKOCTi N, goAaTHi:

,D.C CTiMKa < Al > 0, AZ >O, ceny An > 0 (20210)

HaBenemo, Hanpuknad, BCi aiaroHanbHi MiHopyn ana N =4:

O O
0 P Ps3
A:-A:p1p3-A:plp3 . p, =|Po P2 Psa O
1= P Ao O Po P2 Pajs Ba=| o, ps O
L O pPop P2 Ps

Ak Hacnigok i3 npasuna nobygosu matpuui N'ypeiua Bunnueae (Hase-
0imb MIpKy8aHHS), WO

A = prln_g, (20.2.11)
Tomy ymoBy A, >0 moxHa 3amiHuTy BUMoroto: p,, > 0.

Akwo P, abo A, BUABUTLCA PIBHUM HYMO, TO KaXyTb, LLIO cucTema

3HaxoOUTbCA Ha MeXi CTIMKOCTI, II pyX KONMMBAETLCH HABKOMO MOJSIOXEHHS
piBHOBarn abo BiOXMMSAETbCA Bi4 TOYKM CMOKOK 3a OESKMM HEenepioguyHum
3akoHOM. Axkwo B (20.2.10) pO3KPUTM BU3HAYHWUKKU, TO OTPUMAEMO KpUTEpin

F'ypBiLa y BUIMsiAi CUCTEMU HEPIBHOCTE BiAHOCHO koedilieHTiB 3, | 2171.

[ocTOIHCTBaMM KpUTEPID €: NPUHLMNOBA NPOCTOTA; 3PYYHICTb ANF pe-
anizauii Ha EOM; Hegonikamu: Npu BenuKMX nopsakax BM3HAYHMKIB 0B4mMC-
noBarnbHUN NpoLec CTae TPYAOMICTKMM (SIK NpaBuio, KpUTepin 3aCTOCOBYHOTb
npu N<5), Mana HaouHiCTb.

3'acyemo ymoswu cTivikocTi [C y Bunagkax: N <3 (tabn. 20.2.1).

Tabnuus. 20.2.1

YmoBwum cTinkocTi 3a lN'ypBiyom ana n =1, 2, 3

XapakrtepuctnyHe

n DIBHSIHHS BuaHauHuku Nypsiua YMoBa CTiNKOCTI

1 k+p =0 N =p,>0 PL>0npu pg =1>0

2 K + pik + pp =0 [=p>0,8,=pp2>0 | po>0, p, >0, p2>0
B[ =p >0, Po>0. p>0,

3 | K3+ pk?+ pok+p3=0| Ay =ppo— PoP3 >0, P> >0,p3>0,
Az =p3A; >0 P1P2 — PoP3 >0
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BucHoeku:

1) npu N=12 HeobxiaHo i AocTaTHLOW yMoBotO cTinkocTi AC € gopart-
HICTb KOEILIEHTIB XapakTepUCTUYHOIO PIBHAHHS,

2) npu N> 2 3’9BNANTLCS A0AATKOBI YMOBM.

Y 3aranbHOMY BUMagKy 3aCTOCYBaHHSA KPUTEPIO 34INCHIOTL Y TakoMy
NOpSAKy:

1) cknadaemo cTapLunii miHop matpudi MN'ypeiua Ap;

2) surucyemo 3a HuUM iHWi BuaHadnmkn: A, A,, ..., A4, i nocnigosHo
o64ucroemo A, 1 =1,n.

3) pobumo BIANOBIAHNM BUCHOBOK; SKLLO 3YCTPIHETLCS Bi'€EMHUA MIHOP,
TO CUCTEMa HecCTinka, noganblui po3paxyHKM HEMOTPIGHI.
lpuknad. JocnianTu Ha CTINKICTb TpMBIanbHUN PO3B’A30K PIBHAHHS:

y(4) + 2y"I +3y" + 4yl + 5y — O
3rigHo 3 1), 2), 3) Maemo (Hagedimb CrIOBECHU KOMEHTap CaMOCTINHO):

(Po=1 p1=2, pp=3, p3=4, p4=9) =

o

2 4

= Ba= 13

2
:>A1:2; AZZ‘ ‘:2, A3:1 -12.
0

N Wb
LN
[

MiHop 3-ro nopsiaky BUsaBMBCS Big' eMHUM, oTxe [JC HecTivka. ®
lpuknad. 3akoH esonouii AC onucyeTbCs pPiBHAHHAM:

y(4) + 3ym + yn + ayr + by — O

Mpu AKX 3HaYeHHAX NapameTpie a, b cuctema Gyae crinka?

Bunucyemo BekTOp KoeiuieHTiB, ckriadaemMo Bu3Ha4YHuKM [ypBiua i
PO3KPUBAEMO IX:

:>A4—




Ny = =3a-a*-9%>0; A,=bA;>0.

O PFr w
WPk o
O T O

3 Bupasy ana A, 3pasy gictaemo: b>0, i nepexognmo go aHanisy cuc-
TEMU HEPIBHOCTEN:

3—-a>0,
3a-a’-9b>0,
9 >0.

Cyma gpyroi i TpeTboi HepiBHocTen gae: 0 < a < 3.
AKWLo gpyry HepiBHICTb po3B’A3aTh BiAHOCHO a, TO OTPMMAEMO 3arex-

HiCTb 3HayeHb napameTpa a Big Bubopy b: 0<a<15(1+~/1-4b). 3sigku
0<b<1/4. Takum unrom, b(0, 1/4), all (0, 320+ M)) o

(Mokaximb, wo npu dikcoeaHmnx a: 0<a <3, napameTtp b noBuHeH
3anoBonbHATK HepisHicTb 0<b<a(3—-a)/9.)

20.3. Crinkictb aBTOHOMHUX [1C, W0 onucyroTbCcA cuctemamm
HOPManbHUX RNiHINHMX audepeHUianbHUX PiBHAHb
3i ctanumu KoedilieHTamMu

OcHoe8HIi noHsIMmMSs1 i meopemu

Hexan 3akoH esontouil JC onucyetbcs HopmanbHoto CJIOP-1 i3 Hesa-
nexHoto 3miHHow T (gue. n. 19.2):

Y' = AY, (20.3.1)
ne
Y1 Vi 1 Yo ...
v=y(t)=| 2|, Y=y(@)=| 72|, A=|% %2 - %n | g _cong.
Yn y’n a-nl a-n2 ann

Taka cuctema € aBTOHOMHOK (auB. (20.1.2)), ii 3a40BOSIbHAE TpUBianb-
Hui poss'sizok Y (t) =0, To6To y; = Vi (1) =0 i =1,n.
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Touka (Yq,Yo,--» Yyy), Y SKil npaBa YactuHa aBToHoMHoT [1C — ogHopia-

HOT cuctemn audepeHuianbHux piBHAHb (20.3.1) — nNepeTBOPKETLCA Ha

HYNbOBY MaTpPULIIO-CTOBMELb, Ha3MBAETHCA TOYKOK CMOKOK CUCTEMM.
YcTaHoBMEeHO, Wo CTinkictb aBTOHOMHOI [C (20.3.1) BM3HaA4aeTbCcs

8/1acmugoCmMsMU KOPEHIB 1l XapaKTepuUCTUYHOro piBHAHHA (aus. (19.2.14)):

all - k all e aln
%1 8» kK %n |-, (20.3.2)
qu  @p . 8p—k

a6o, wo Te x came, pisHsiHHs: K"+ p k"t + .+ p,_k+ p, =0.

Y TepMiHax Teopil BflaCcHUX YUCEN i BaCHUX BEKTOPIB KBagpaTHOI MaT-
pvui (aws. n. 4.5, 4. 1) po3B’si3kaMy PiBHSIHHSA € BriacHi Yncna matpuui A.

CTOCOBHO KOpPEHIB XapaKkTepPUCTUYHOIO PIBHAHHSA — BraCHUX 4Yucer ma-
Tpuui A — BBOASTb NOHATTS anrebpaiyHoi i reoMeTPUYHOI KpaTHOCT.

Anre6paiyHoro KpaTHicTio I, BnacHoro uucna K, matpuui A HasuBa-
ETbCS KpaTHICTb Yncna K; sik KopeHsi xapakTepUCTUYHOTO PIiBHSIHHS.
FeoMeTpuuHOO KpaTHicTIO § BnacHoro uicna ki matpuui A HasvBa-

ETbCS KINbKICTb NIHIHO He3aneXHWX BNacHUX BEKTOPIB, HAaNEXHUX uncny K.
[loBegeHo, WO reoMeTpuyHa KpaTHICTb He nepeBullye anredpaiyHy:
1<s <, i D{l, 2,...,n}. [ns ogHoKpaTHMX KopeHiB S=TF =1,

lpuknad. BnsHaunTu reoMeTpuyHi KpaTHOCTI S BracHUX yucern 3aja-
HUX MaTPULb i MOPIBHATK 1X 3 anrebpaiyHMMmn KpaTHOCTSAMUA T :

A :(8 gj aldR\{0}; A, :(g gj bOR\{0}.
CknagaemMo xapakTepuUCTUYHI PIBHSAHHSA | pO3B’A3YEMO iX:
a—k 0

0 a—k

a—k b
0 a—-k

A:

‘ =0 = (a- k)2 =0 = k =a — aBokpaTHWin KOPiHb.

=0 = (a- k)2 =0 = k =a — aBokpaTHMii KOpiHb.

A:

AnrebpaiyHa KpaTHICTb BNacHMX Yymcen obox maTpuupb piBHa I =2.
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3HangemMo BnacHi Bektopu o6ox matpuub.

L 0x; +0x, =0,
A k=a = {0x1+0x2:0
= x(l):(gj;x(z):(?j tOR\{0}

(A mae 6e3niv nap NiHiNHO He3anexHWX BNacHUX BEKTOPIB; 06rpyHmydme).

0x; +bx, =0,
0% +0x, =0

X = U, _(u
= {xzzo :x_(oj DuOR\{0}

A: k=a = {

(A mae oaWH NiHINHO He3aneXxHWi BNacHU BEKTOP Npu KpaTHOCTI [ =2).
BucHoeok: reoMeTpuYHa KpaTHICTb BMAacHOro YMcrna — KOpeHsl Xapak-
TepUCTUYHOrO PiBHSHHSA — MaTtpuui A (A) AopiBHIOE (MeHLLEe) oro anrebpa-
I4YHOI KpaTHOCTI: S=T (S<Tr). ®
(MpornoHyemo npoananisysaTtv Bunagkn: a=08 A, b=08B Ay.)
BucHoBoOK npo cTinkicte um HecTinkicte [1C 6asyeTbca Ha 3-x Teopemax.
OivicHi uncna k; posrnsiparotbes sik komnnekcHi uncna 3 Imk; = 0.

Teopema 20.3.1 (npo cmidakicme [C). JliHinHa ogHopigHa cuctema 3i
cTanumMmu KoedilieHTaMm CcTinka 3a JlanyHoBUM Togi i TiNbKW ToAi, KONW LiNCHI

4aCTWHM BriacHux 3HadeHb K;, I =1,n, matpuui A He € gogaTHUMK, NPUYOMY

y BIlaCHUX 3HayeHb, AiiCHa YacTuUHa SKUX OOpPIBHIOE HynNo, anrebpaivyHa Ta
reoMeTpuyHa KpaTHIiCTb NOBUHHI OyTW OQHAKOBI:

OC criika < [k, i=1Ln: Rek <0 L (Rek =0 = s =r). (20.3.3)

Teopema 20.3.2 (npo acumnmomuyHy cmitikicmes [C). JliHinHa ogHopia-
Ha cuctema 3i CTanumu KoeqiuieHTaMu acCUMNTOTUYHO CTiKa TOAi i TiNbKu

TOAi, KONu BCi BNACHI 3HA4YeHHS k| MatloTb Big €MHI AINCHI YaCTUHW:

OC acumnTtoTnuHo cTika < [k, =1n: Rek; <0. (20.3.4)
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Teopema 20.3.3 (npo Hecmitkicme [C). JliHinHa ogHopigHa cuctema 3i
cTanumun koedilieHTaMn HecTilrKa, SKLWO BUKOHYETLCSA Xo4a 6 ogHa 3 yMOB:

maTpuus A mae BnacHe 4mcno ki 3 104aTHO OiNCHOK YaCTUHOLD;
maTtpuus A Mae BnacHe 3Ha4YeHHs k| 3 HYINbOBO AIMCHOK YaCTMHOIO,

a reoMeTpuyHa KpaTHICTb Yucna ki meHwwe ioro anrebpaiyHoi kpaTHOCTI:
OC nectiika - [k | Rek >0 L (Ck| Rek, =0 L §<r).  (20.3.5)

HaBeneHi Teopemun 00O3BONATL JOCHIAKYBATU CTIUKICTb NiHIMHUX CUC-
TeM 3i cTanumu KoediuieHTamMn, 3Hat4M BnacHi 3Ha4eHHA | BNacHi BEKTOPU
matpuui A. BusiBnsieTbes, Wwo kputepint MNypsiua, sk i Teopema 21.3.2, BU3Ha-

yae acUMMTOTWYHY CTilkicTb cuctemu: ymoa A; >0 [i =1 n piBHocunbHa
TOMY, WO BCi KOPEHi XapakTepUCTUYHOTO PiBHAHHA Ki MatoTb Big'eMHI giiicHi

YaCTUHW.
Y 3apgayax eKoOHOMIYHOI MHaMIKM YacTo NPUXoasiTb 4O CUCTEM ABOX fli-
HIMHNX PIBHAHb, TOMY 3YNMMHUMOCS AeTarbHiwe came Ha Takmx [C.

Cmitikicmb aemoHoMHux [JC, wo onucyrombcsi cucmemamMmu 080X
NiHilHUX dughepeHuianbHUX pPieHSIHb 3i cmanumu KoegiyieHmamu

Hexan 3akoH pyxy gMHami4yHOT CUCTEMW OMUCYETLCA CUCTEMOIKD PIBHAHD:

X =g X+apY,
{ ;i 12Y (20.3.6)
Yy =ayX+tayny
ne x=Xx(t), y=y(t) — HeBigomi pyHKuUT.
BignosigHe xapakTepucTnyHe piBHAHHA Mae BUTISA:
a —k a
11 12 ‘ =0, abo k% + pk+q =0, (20.3.7)
a ap-—k

ne p=—(ay +ay), q=det A=2a1ay, —ay,8y.

KopeHi xapakTepucTU4YHOro piBHSAHHA BU3HA4aloTbCs 3a QOPMYIOL0:

kg2 :% ((aytax)+ \/(311 —8y,)” +483,8 ). (20.3.8)
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Y cBiTni copMynboBaHUX TEOPEM PO3rNIAHEMO MOXIMBI BUNAOKU
CTaHy (xapakrepy) TOYOK crnokoto cuctemu (20.3.6) i noBediHKy cuctemu B i
OKOJTi.

I. Matpuusa Heoco6nuea: A=detA#0. Toai xapakrepucTuuHe pis-
HAHHA (20.3.7) He maTUMe KopeHiB, piBHUX HyMo (06rpyHmytme). HaBegemo
MOXIIMBI CMiBBIQHOLLEHHSI MiXK KOPEHsIMK | 306pa3mmo ¢ra3oBi NOPTPETU eBO-
nouit AC. CTpiniovkn nokasyoTb HANPAM 3MiHM NOJSTOXKEHHA pa30BUX TOYOK 3i
3pOCTaHHAM 3MiHHOI .

1°. Kopewi giiicHi i piHi (k; =k5) (puc. 20.3.1):
k; =k, =k<0

y |

1

Puc. 20.3.1. CTinkmu By3on (aCUMNTOTUYHA TOYKA CMOKOHO)

lNpuknad. ocnigutn Ha CTIMKICTb TOYKY CMOKOK AMHAMIYHOT CUCTEMM:
X =-bx+vy, (-5 1
, A= .
y =-by, 0O -5
3Hangemo BnacHi uucna matpuui A:

-5-k 1
=0 = (k+5°=0 = (k; =k, =k =-5<0).
0O -5-k
XapakTepuCcTUYHe pPIiBHAHHS Mae OAWH OBOKPATHUW Bi4'€EMHUM KOPIHb.
OTXe, TOYKa CNOKOK aCUMMTOTUYHA — CTIKNIA BY30-1.

Tpaektopil pyxis [1C 3HaxoaaTb 3Be4eHHAM 00 ogHoro [OP-1:

—— =—-5X+y
dt L W oSy v =B vk - onp.
% — _5y’ = ax - Ex + y = (5X y)dy 5de O,D,P 1.
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OTpumaHe piBHAHHA 3BOAUTLCA 0 PIBHSAHHA B NOBHUX AUdepeHuianax,

. : .. - _9X-YVy.
BiANOBIAHWI iHTErpyBanbHUn MHOXHUK U(X,Y)= 5
y
9 dx = y—_25x dy,
y y

a 3aranbHui iHTerpan piBHSHHSA: yeS)W =C, CUR.

dazoBun noptpeT 306paxeHo Ha puc. 20.3.2.

Mpn HeoOMEXEeHOMY 3pPOCTaHHI Y
3MiHHOI t: t — +o0o, hba3oBi TOUkM He-
BAMHHO HabnwkawTbCsA A0 TOYKM
CMOKOH0.

[na no4aTkoBMX YMOB 3agad

X
Kowi, akum BignoeigatoTb Mani 3a
mMoaynem 3HadeHHsi napametpa C:
-11 . .
‘C‘le , asoBi TpaekTopii BCe 6i-
nblUe CTalTb CXOXMMU Ha Npsimi. ® Puc. 20.3.2. CTinknn By3son

ki =K, =k >0 (puc. 20.3.3):
Yy Y\

N

N\

N\

Puc. 20.3.3. HecTinkuu By3on (HecTiKka To4YKa CMOKOHO)

lpuknad. JocnignTu Ha CTINKICTb TOYKY CNOKOK AMHAMIYHOT CUCTEMMU:

X =4x, A= 4 0
y =3x+4y, |3 4)
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3Hangemo BnacHi unucna matpuui A:

4-Kk 0
=0 = (k=4)?=0 = (k =k, =k=4>0).
3 4-k
XapakTepucTuyHe pPiBHAHHS Mae OAWH OBOKPaTHUW OOOATHUM KOPIHb.
OTXe, TOYKa CNOKOK HeCTiNKa — HECTIMKMUI BY30-.
TpaekTtopil pyxis [1C 3HaxoamMmo 3BeeHHSIM 40 OAHOro PiBHSAHHSA:

d_X:4X d

dt ’ y _ 3x+4y , 1.,_3
=220 o y-2y=2_qp-1.

%/:3x+4y dx 4% X 4

Po3B’dA3yeMO piBHSAHHA METOAOM OOMOMDKHMX QOYHKUin abo meToaom
Narpanxa (gu.. n. 16.4):

= §XIn Cx|, C#0 — 3aranbHuit po3B’aA30K. ®
Y=4

(Fobydyime a3oBuM NOPTPET 3a OOMNOMOro Maketa MpPUKIagHnX
nporpam, Hanpuknag, MatLab.)

2°. KopeHi gincHi i pisHi (k; ZK,): y BUnaaky aiicHux i pisHux kopewis,
sk i npu Ky =Ko, Toukam cnokoto AaloTb cneuianbHy Has3By: cmilikul 8y30s —

TOYKa CMOKOK aCUMNTOTUYHO CTiMKa; HecmilKul 8y30/1 — TOYKa CMOKOK He-
CTirKa; ci0s10 — TOYKa CNnoKoto HecTirka (puc. 20.3.4).

ki <0, k, <0 ki >0, k, >0 ki [k, <0
Y Y \yn-//
%x * / E
a) 6) B)

Puc. 20.3.4. To4kun cnokoto:
a) CTinKknK By301; 6) HeCTiMKMK BY30/; B) ciano
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lpuknad. JocnignTu Ha CTINKICTb TOYKY CNOKOK AMHAMIYHOT CUCTEMMU:

X = 3y, A= 0 3
y =3X, 3 0/
3Hangemo BnacHi unucna matpuui A:

3 _k =0 = k?-9=0 = (k;=-3 k, =3).

R
KopeHi xapakTepuCTUYHOro piBHSAHHS OINCHI | Pi3HIi, | cepen HUX € goaart-
HU. OTXXe, TOYKa CMOKO HECTINKa — ciano.
Ak i B nonepegHix npuvknagax, po3rngagarnyv 3MiHHY Y 8K QyHKUio
3MiHHOT X (abo HaBnaku), 3HaX04MMO PIBHAHHA TPAEKTOPINA pyXiB, MOTOYHUMU
KoopAMHaTaMM SKUX € KoopanHaTh 0a3oBUX TOYOK:

dx _

__3y

at , ﬂ—% _ 2_2

dy_5,  dx 3y ydy=xdx = y“=x“+C, COR.
dt

Taknm YMHOM, TPAEKTOPIAMU PO3B’sI3KIB € B3AEMHO CNPsKEHi PiBHOBIYHI
rinep6onu pasom 3 acumntotamm y==X (npu C=0). ®

(FporioHyemo 306pa3nTn cxemaTUyHO as3oBMi NOPTPET.)

3°. Kopeni komnnekcHo-cnipsikei (ky », = O + i )(puc. 20.3.5):

a<0,pB#0 a>0p%#0 a=0,p3%#0

; V
‘1:_ .1 \ |

a) 6) B)

Puc. 2.3.5. To4kun cnokoto:
a) cTinknm pokyc; 6) HecTiMKNA POKYC; B) LLEHTP
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[na guHamiyHOT CUCTEMU, Sika OMUCYETbCA CUCTEMOI Nuwe OBOX Ou-
tepeHLuianbHUX piBHAHb, BnacHi uicna K; i K, ogHokpaTthi, Tomy § =r, =1,
I =1,2, i ymoBu cTinkocTi Teopemu 20.3.1 3a10BOMLHAOTLCA.

lpuknad. JocnignTu Ha CTINKICTb TOYKY CMOKOK AMHAMIYHOT CUCTEMMU:

X =2X-Y, A= 2 -1
y =8x-2y, 8 -2/
He cknagarwouun xapakTepuCcTUYHE PIBHAHHS CUCTEMW, 3HANMOEMO MOro
KOpeHi 3a rotoBoto hopmyrnoto (20.3.8):

kio = :_2L ((ag +axy)+ \/(311 —ay))” +daya ) =+ :_2L Vv16-32 =12,

Touka Cnokoto cTinka Tuny LeHTp (aus. Tadn. 20.3.1).
TpaekTopil po3B’A3KiB ONUCYIOTHCS PIBHSAHHSM:

Q:8x—2y

X 2x—y = (2y -8x)dx+ (2x - y)dy =0

M N

— PIBHSIHHA B NOBHUX AudepeHLianax.

Moro 3aranbHuil po3B’si30K Mae BUMMSA (y—2x)2+4X2:C2 — ofHoMa-

pamMmeTpuyHa ciM’a enincis (aus. puc. 20.3.5-B) (nepekoHaltimecsi). ®
(FlporioHyemMo camOCTIMHO HaHECTU Ha (pa3oBYy NNOLWMHY AeKinbka Tpa-
EKTOpIN.)
Y nigcymKy Big3Ha4MMoO, WO PIiBHSAHHA TpaekTopin dpa3oBoro noprpera
cuctemn (20.3.6) 3HAaXoAMMO K YaCTUHHI po3B’a3ku [P-1 BiAHOCHO 3MiHHUX
X, Y, 9Kke OTPUMYETBLCS i3 PiBHAHb CUCTEMU BUKINIOYEHHAM napameTpa t:

dx _
ot - a1 X+apY,

d
F}[/ =ayXtaxy

N dy _ ayX+ayy (Q( _ a11x+a12y]

dx apXx+apy \dy ayx+ayy

ne Xx=x(t), y=y(t) — HeBigomi pyHKuUT.

Hasegemo Ttakox (Tabn. 20.3.1) oTpuMaHi pesynbTaTi AoChigXeHb CUC-
TeM i3 HeocoGnueoo matpuueto: A =det A£0.
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Tabnuus. 20.3.1

XapakTtep TOYOK CMOKOIO 3arieXHO BiJ BNMaCHUX Yncen matpuudi cuctemu

X i : X
Ne r/n | X@PaKTEp KOPEHIB XapakTepu- | |, Kol apakTep TOYKM
CTUYHOTIO PiBHSIHHS CMOKOHO
1 HivcHi i piBHI: k<O Crinkun By3on ACUMNTOTUYHO CTinKa
2 ki =ko =k k>0 HecTiikuii By3on Hecrilika
3 ki <0, ko <0 Criiiknii By3on AcVvMNTOTMYHO CTilka
[incHi i pisHi: S0 K 0
> > . —
4 ky ko 19U, Ko HecrTinkuin By3on HecrTinka
5 kq (ko <O Cigno HecrTinka
6 KomnnekcrHo- | A <0, #0 Crivikuin cokyc ACMMNTOTUYHO CTillKa
7 cnpsokeHi: | a >0,B#0 HecTiiikuit hokyc Hecriiika
=a=+Bi
8 k2 =axfi =75 B#0 LieHTp Crilika

Il. MaTpuus ocobnuea: A=det A=0. Togi cuctema mae 6e3niy To4OK
cnokoto, agxe ogHopigHa CJ1AP

81X +ay =0,
{azlx tayy=0
HeBU3HayeHa.
AHanisyoun piBHAHHA (20.3.7) — xapakTepUCTUYHE PIBHAHHS CUCTEMU:

k? —(ay; +ay,)k+det A=0,

NPUXOANUMO A0 TPbOX MOXIMBOCTEN-BUNAAKIB.
1. & +3y #0 — ogHe i3 BnacHux Yncen matpuui A fopiBHIOE Hyno:

kle, k2 :all +a22.
1N ogHOKpaTHOrO HyNMbOBOrO BIACHOMO Yucra reoMeTpuyHa i anreb-
paiuHa KpaTHOCTi piBHI oguHuLi: S; =1 =1.
BucHoeok. Axuwo Kk, <0 (k,>0), 1o 3rigHo 3 Teopemoio 20.3.1 (20.3.3)

TOYKM CNOKOK cmilKi (Hecmilki).
[Npuknad. JocniguTn Ha CTIMKICTb TOYKM CMOKOK ANHAMIYHOI CUCTEMMU:

X =2X+Yy, 2 1
A= — .
{y, — ax+2y, (4 2) ocobnunBa maTpuus
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3Hangemo BnacHi unucna matpuui A:

2-k 1
4 2-k

‘:O = (k_2)2_4:O = (k1:0, k2 :4)

BigMiHHMI Big HYNS KOpiHb XapakKTepPUCTUYHOrO PIiBHAHHA O0OA4ATHUN,
TOMY cucTeMa Hecmilka, NONOXEHHS piBHOBAru HecTinke.

TpaekTtopil pyxie AC, 9K i paHiwe, 3HaxoauMo 3BedeHHAM CUCTEMU [0
OLHOro PiBHAHHA BIOHOCHO 3MiHHUX X i VY :

dx

= =2X+Yy,
d - WX (axs y)(aﬂ—zj:o.
d—}[/:4x+2y XooeXTy X

3BiKM OTPUMYEMO [Ba PiBHAHHS:
2x+y=0 = y=-2x,

Q—Z:O = y=2x+C, CUR.
dx

Mepwe, anrebpaidHe PIBHAHHSA, SIKE OTPUMYETLCS i3 YMOBWU MOMOXEHHS
piBHOBaru, BU3Ha4a€e OfHYy NpsiMy, sika Ha3nBAETbLCH BIIACHOKO MPSAMOKO CUC-
TeMmn. KoxkHa 11 Touka € Toukoto criokoto [1C.

[pyre, ondepeHuianbHe piBHAHHS, CBOIM 3aranbHUM PO3B’SI3KOM OMUCye
ofiHOMapaMeTpPUYHY CiM't0 MPSAMUX.

TakuM YMHOM, TpPaEKTOPIAMU pPO3- y
B'SI3KIB € MHOXMHA TOYOK MpsiMOi Y =—2X

(i HasuBaTb BRacHow npamot [C) i _ y=2x+C
MPOMEHI, HAKi OTPUMYIOTBCA 3 MNPAMUX y=—2x
y=2x+C Buny4eHHsIM TOYOK iX nepetu- / N

HY 3 BITACHOI NPSMOI0. /‘// X

Hanpam  pyxy cuctemun  npwu
ko =4>0 Bin6yBaetbcs (puc. 20.3.6) y
HanpsiMi Big BriacHOI NpsiMOl.

(Mpn ky, <O pyx cuctemmn — fo Bna-
CHOT NpAMOI; cucTema cmitika.) Puc. 20.3.6. Cucrtema HecTinKa
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2. &1 =—Ay #0 — obugsa BnacHux umucna matpuui A piBHi Hynto,

NpU LbOMY BUKOHYETLCSA CMiBBIgHOLEHHS:
2 _ .2 _ _ .
&)1 = Ay = ~Apdy (00rpyHMyume).

[NMoknapgemo alz = b, ToAi a21 = _afl/b.
3annwemo xapakTepucTuyHe PiBHAHHSA | 3icTaBuMO anredpaivHy i reo-
METPUYHY KPaTHOCTi KOPEHS:

a ~k b 811% +bx, =0,
_%21 s —k =0 = (k=ky;=k=0) = _%21)(1_6111)(2:0 N
1% +bx, =0,
- %Xffxz:o = (axq+bx; =0) = s=1<r=2.

BucHoeok. 3rigHo 3 TeopeMoto 20.3.3 TOYKM CMOKOK HECMIUKI.

3. &1 =ay, =0 — obugsa BnacHux yvcna matpuui A piBHi Hyno, npu
LbOMY MOXIUBI BA BUMNAAKN:

a) OOWH i3 eneMeHTIB &y, Ay HYNboBUW, Toai S<T, i [AC Hecmilika;

6) Bci enemeHTn A HynboBi, Togi S =T, i OC cmilka.

Hexat y Bunagky a) koediuieHT @y, = 0, Togi cuctema Taka:
{);/, ; 312)’1 = % =0 = y=C - piBHsIHHS (pa30BUX TPAEKTOPIMN.

BucHoeok. Toukamu criokoro € Todkmn npsmoi Yy =0 (abo X =0).
Akwo matpuusa A HynboBa (BMNaaok 6)), To OTPUMYEMO:

X =0, _ _
o

BucHoegok. 3rigHo 3 Teopemoto 20.3.1 cmilikuMu TOYKaMu CMOKOK € BCi
TOYKM (Pa30BOI MIOLLUHMN.
Migcymyemo (Tabn. 20.3.2) oTpumaHi pesynbTaTi AOCNiAXEeHb CUCTEM 3
ocobnueoto matpuueto: A =det A=0.
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Tabnuusa 20.3.2

XapakTep TOYOK CMOKOIO 3arieXHOo Bif BNMacHUX Yncen matpuudi cuctemu

Ne [ XapakTep KopeHiB xapakTepuc- CniBBIAHOLIEHHS MiX XapakTep TO4Y0oK
n/n TUYHOTO PIBHAHHS enemeHTammn A CMOKOH0
1 k2 <0 BJ'IC:;:I gl'l' -II-'I?):KI\I;IIO'I'
k1=0, k2¢0 a11+a227‘+—0
HecTinki To4kn
2 ko >0 ) .
BNacHOI NpsIMOI
3 k=0, 1 =~83#0, Hecriliki Toukm
< 2 _ _ BflacHOI NpsAMOl
s<T @11 = ~aypdy P
a | ki=k,=k=0 k=0, &1 =ay =0, HeCTi17|_|_<i TouKN
s<r app = oC ay = 0 BfacHoOI NpsmMol
. k=0, a1 =ay =0, CTilki BCi TOUKM
s=r &, =0Cay, =0 da3oBol MMAoOLWMHH

[ns cuctem piBHSAHDL Y KiNbKOCTI, Ginbwoi Hix ABa, aHanid AC Ha cTin-
KiCTb NPUHLIMMOBO He BiAPI3HAETLCS Big NpoBeaeHoro Ansa N=2.
[Mpuknad. ocniguTn Ha CTIMKICTb TOYKM CMOKOK ANHAMIYHOI CUCTEMM:

X =3y +5z, 0O 3 5
y =2y-4z, A=| 2 0-4].
Z =-y-2z, -1 -2 0

3HaxoQnMo KOpPeHi XxapakTePUCTUYHOrO PIBHSIHHA — BnacHi uicna A:

-k 3 5
2 -k -4[=-k3+9k-8=(k-1)(k®+k-8)=0.
-1 -2 -k

3HaxoOuTn KOpPEHi KBagpaTHOro TpuuneHa Hemae notpebu: cepen Ko-
peHiB € oaunH gogaTHUK, ToMy 3rigHo 3 (20.3.5) AnHamiyHa cuctema HecTin-
ka. ®
binbwe cknagHumMmn Onst po3e’a3aHHsA € 3agadi 3 napameTtpamu. Bigno-
BiHI YMOBMW, SIK i N9 OOHOrO PiBHAHHA, OMUCYIOTHCS CUCTEMOI HEPIBHOCTEN.
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Mpuknad. 3a AKMX YMOB CTOCOBHO NapameTpis O, [3, Y 3agaHa cucTe-

Ma Ma€ CTilKy BflaCHY nNpsmy?

{x’ =ax—By, A_(a -B
y =Bx-vy, B -y

Ckrnagaemo xapakTepUCTUYHE PIBHSAHHSA | aHanisyeMo MOro 3 MeTolo
BCTAHOBJIEHHS TOrO, 3a AKMX YMOB 3arexHo Big napameTtpis [1C 6yae crinka:

j, o, B,y — giicHi cTani.

a-k -B
B -y-k

‘zO::I@—«a—wk—«w—B%:o.

3rigHo 3 Tabn. 20.3.2 NOBUHHI BUKOHYBATUCb YMOBW:

a-yz0, = {ay B==0, = (O(<yD[3=i\/OTy).
a-y<0 a-y<o0

Hanpuknag, moxHa B3sti: 00 =3, Y =4, Toai B= i2\/§.

BionosiaHi kopeHi Taki: Ky =0, ky, = =1 (un ue npasda?) ®

(8a sKkux ymoe BCi TOMKM (pa30BOI MIOLWNHN € TOYKaMK CMOKOHO?)
3ayeaxeHHs1. Kpim po3rnaHyToro nigxogy Ao gocnigxeHHs OC Ha cTin-

KICTb — CTIMKICTb 3a JIanyHOBUM — € iHWIi dpopmanisauii NOHATTS CcTinkocTi. Po-
3pobneHi reoMmeTpuYHi i HabnNwxeHi aHaniTUYHI MeToam gocnigxeHHs OC.

20.4. Oeski 3agadi 3aCTOCOBHOro xapakrepy
CnpouweHa modesib HayioHaslbHOI eKOHOMIKU

IvHamiyHa cucTema, WO BignoBigae cnpoleHin moaeni HauioHanbHOoI
€KOHOMIKM onucyeTbes cuctemoro asox AP-1 (19.4.1):

{W’ =aW -fS,

S =y(W - S- Eo).

[na pocnigkeHHs po3rnagaTMMemMo O4HOPIgHY CUCTEMY:
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{W':GW—BS, A:(a —B)
S =yW-ys, Y —VY)

KopeHi xapakTepnCTUYHOro pPiBHAHHA 3HaXO4ATLCSA 3a POPMYIIOH:

k2 =5 (@ =) /(@ +Y)* - 4By).

HauioHanbHuin poxig W =W(t) i Butpatu cnoxusanHs S = S(t) sane-
XaTb Bif CMiBBigHOLIEHb MiX KoediljeHTamu O, 3, V. 3'sicyemo, Hanpuknag,
3a AKX YMOB HaLioHanbHa eKkoHOMiKa aCMMMATOTUYHO CTiMKa.

Lle moxnueo y Tpbox Bunagkax (aue. Tadn. 20.3.1). PosrnsHemo oguH
i3 HUX:

(o +y>2,/By, @
k <0, ky <0: {(a-y)++/(@ +y)> - 4By <0, (2)
(a-y)-(@+y)>-4By<0. (3

[Mleplia HepiBHICTbL BMMNMBAE 3 YMOBU OOAATHOCTI OAUCKPUMIHAHTa KBa-
APaTHOro PiBHSHHSA, Apyra i TpeTs — 3 YMOBM Bif’€MHOCTI 060X KOpeHiB xapak-
TEPUCTUYHOIO PIBHAHHS.

I3 apyroi HepiBHOCTI BUNNuBae ymoa: o —y <0, abo y > O, Toai:

(@ +y)* -4By<(y-a)® = a-B<0.

BucHo80K: ona aCUMNTOTUYHOI CTIMKOCTI HaLiOHaNbHOI €KOHOMIKM MO-
BWUHHI OQHOYACHO BUKOHYBaTUCb YMOBMW:

a+y>2/By, a<y, a<p.

[HWi BMNagKkM aHanisyrTbCs aHanoriyHo. ([1pornoHyemo 30iNCHUTKN ue
CaMOCTIlNHO.)

Moodenb ,,20HKa 036poeHb” (PivapacoHa)

IuHamiyHa cuctema, Wwo Bignosigae mogeni PivapacoHa, onucyeTtbes
cuctemoto asox AP-1 (19.4.2):
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{X’ = -y X+ apy+h,
Yy = agX—any+h,

ne X=X(), y=y(t) — sutpatu kpain X, Y Ha 036pOEHHS 3anexHo Bia
yacy t = 0;

o> () — KoedilieHT nponopuiiHOCTi BAUTPAT nepLuoi (4pyroi) KpaiHu
3arnexHo Big BUTpaT Apyrol (nepLuoi) KpaiHu;

341 (Ayy) — KOeiLieHT NPONOPLIMHOCTI 3MEHLLEHHSI BUTPaT Ha 0BOPOHY
nepLioi (gpyrol) KpalHu 3anexHo Bif NOTOYHOro piBHSA BUTpAT;

b, b, — BignosigHo crtana cknagoBa WBMAKOCTI 3pocTaHHsA (a6o ckopo-

YeHHS) 030pOoEHb KOXHOI KpaiHW, He3anexHo Big TOro, 3arpoxye 4m He 3a-
rPOXYye 11 iICHYBaHHIO iHLWA KpailHa.

CucTema HeofHopigHa, 60 € BinbHi uneun — by, b,, — ane Ha cTiiikicTb

MOXHa JOCnigXKyBaTh ogHOpIaHY cuctemy (Yomy?), 3 Touky crokoto: X(t)=0,

y(t) =0.
OueBnaHo, wo ctaH [C 3anexuTb Big CniBBIAHOWEHHA MiX KoedilieH-

Tamn g;; Ans BCiX I, | i3 MHOXWHW {1,2}.

Moxxnuei Bunagku:

CTaH piBHOBAru He nopyLuyeTbCs,;

BinOyBaeTbCca 30ypeHHSA, sKke NpuU3BOAUTL 0O HeoOMexeHOoi eckanauil
FOHKN 030pOEHDb (TOYKa CMOKOK HECTINKA);

nicns 30ypeHHsa 3 YacoM HacTae NOBHE B3aEMHE PO330pPOEHHSA (acumn-
TOTUYHA CTINKICTb).

LLloao sikicHOi xapakTepucTukn b6arato3HavyLwmx MiXKHapogHUX KOHGMIK-
TiB 3a ocTaHHi 200 pokiB mogenb PiyapacoHa 6inbwoto mipoto cebe Bunpas-
pana. lMonitonorn BusBunu, wo 3 30 KOHQMIKTIB, WO CYynpoBOLXYyBarucy
FOHKOK 036pOo€EHb, 25 3aKiHYMNMCA BiNHOW. 3a Bi4CYTHOCTI FOHKM 030pO€EHb
TifIbKN Tpy 3 70-TW KOHNIKTIB NPU3BENU 40 BiHW.

[leTanbHu aHania moagenen eKoOHOMIYHOT ANHAaMIKU BUBYAETLCA B AWUC-
umnnini ,MeToan matemaTU4HOro MoAdentoBaHHS".
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3annTtaHHA ANA caMoAiarHOCTUKKU 3aCBOEHHA MmaTtepiany

Bignosigi Ha BCi 3anuTaHHa cpopMynionUTe CIIOBECHO, 3anuwiTb Yy CUM-
BONiYHiN dopmi, obrpyHTYynTE (Ha nigcTaBi O3HAa4YeHb, TEOPEM, NpaBui, gop-
MYJ1 TOLWLO), HaBeAiTb BiANOBIgHI KOHKPETHI NpuKagw.

1. Wo po3ymitoTb nig NOHATTAM ,cuctema’™?

2. Lo Ttake ctaH cuctemu, npouec (PyHKLIOHYBaHHA) CUCTEMU?

3. Aky cucremy HasmatoTb guHamivHow (OC)?

4. Lo po3ymitoTb nig 3akoHOM eBontoLii abo 3akoHom pyxy [C?

5. 3a gakux ymoB matemaTtundHa mogesnb [C BBaXaeTbCs 3a4aHOL0?

6. LLlo HasmBaloTb ha3oBOK TOYKOK, PasoBUM MPOCTOPOM, (Pas3oBOHO
TpaekTopieto, dazoBum noptpetom AC?

7. Axa [1C Ha3mMBaeTbCsl aBTOHOMHOLO (CTauiOHapHOW) i Ik Ha3NBaETbLCA
npouec, WO ONUCYETLCSH TaKOK CUCTEMOKD?

8. Y yomy nondrae noctaHoBka 3agadi cTinkocTi C, wo BMBYae Teopid
CTIMKOCTI?

9. o posywmitoTb nig cTinkicTio [4C 3a JlsnyHoBUM?

10. Axun pos3e’asok [P-1 Ha3uBaloTb CTIMKUM, HECTINKUM, aCUMMNTOTUY-
HO CTinkum 3a JlanyHoBnM?

10. Axun pos3e’asok [1C Ha3mBaoTb HE36YpEHUM, 30ypeHnm?

11. Ulo Take nonoxeHHAM pisHoBarn [C (Touyka Cnokor)?

12. Y akomy BUnagKy TpusianbHuUm po3B’sa3ok [1C HasnBaeTbCsa CTIMKUM,
aCUMNTOTUYHO CTIMKNM?

13. Axkmvn Burnsag maTb AC, wo onucyoTbea OJIAP-N 3i ctanumu Ko-
ediuieHTammn?

14. Axi maTpuyi (BUSHAYHUKKN) HA3MBaKTb MaTpULSAMU (BUSHAYHMKAMMW)
['ypBiua?

15. Y yomy nonsrae kputepin N'ypsiya cTivkocTti JC?

16. Ax BurnagatoTs yMOBU CTIMKOCTI 3a ['ypBiuom ang n=1, 2, 3?

17. Axun 3aranbHUin NOPSAOK 3aCTOCyBaHHSA Kputepito ['ypsiua?

18. Axun Burnag mae matpudHa gopma [AC, Wo onucyeTbCcs CUCTEMOO
HOpManbHUX NiHINHUX AndepeHuianbHUX PiBHAHb 3i CTanMmm koedgiuieHTaMmn?

19. o Ha3nBaloTb TOYKOIO CMOKOK CUCTEMMU?

20. Lo Ha3uBalTb anrebpaiyHo KPaTHICTIO i FEOMETPUYHOID KpaTHic-
THO BracHoro yncna matpuui A cuctemmn?
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21. CopmynonTe TeopemMu npo: CTINKICTb, aCUMNTOTUYHY CTINKICTb,
HecTinkictb [C.

22. Ak BUMMAL Mae xapakTepucTudHe piBHAHHSA aBToOHOMHoI [C, wo
OMNMUCYETLCHA CUCTEMOI ABOX JTIHIMHUX anddepeHLianibHUX PIBHAHb 3i cTanMmu
koediuieHTamun (CNAP-1)?

23. 3a 9Ko (popMyro BU3HAYaTbLCA KOPEHi XapakTepucTu4HoOro pis-
HAHHA [C, wo onucyetbesa asoma J14P-17?

24. AKNA XxapaKTep TOYOK CMOKOK 3arnexHo Bif BNacHMX Yymcern Heocob-
nunBoi matpuui cuctemum mae OC y pasi KOpeHiB: OINCHUX i PIBHUX, OINCHUX i
Pi3HNX, KOMMITEKCHO-CMNPS>KEHNX?

25. Akuin xapaktep To4OK crnokoto Mae [C 3anexHo Big BracHuUX 4Yucen
y pasi ocobnmBoi maTpuui cuctemm?

26. OnuwiTh OOCNIOKEHHS Ha CTIKMKICTb cnpoLleHol Moaeni HauioHanb-
HOT €KOHOMIKM i Moaeni roHKM 036POEHb.

3apadi Ta BnpaBu

1. Jocnigntn Ha CTiKICTb po3B’a30k 3agadi Kowi ana [1P-1 aBoma cno-
cobamu: a) 3a 03HaAYEHHSIM CTiNKOCTi 3a JlsnyHoBMM; 6) 3BeAeHHAM A0 AO0CHi-
LDKEHHs1 nonoxeHHs pisHoBarun (X(t) =0):

Dy =y+t, y0) =1
2) ¥ =-y+t?, y(@) =1,
3) y =2+t, y(0) =1,

4) y'=t(y-1), y(0) =1,
5)y =t-1, y(0) = -1.

2. Jocnigntn Ha CTIMKICTb HYNbOBUIM PO3B’A30K 3aJaHuX AndpepeHuians-
HUX PiBHAHb 3a Kputepiem [ypeiua:

1) y"+y' +y +2y=0;

2) y" +2y" +2y' +3y =0;

3) 2y" +7y"+7y +2y =0;

4) YV +2y" +4y' +3y +2y=0;
5) yV +2y" +3y"+7y +2y=0;
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6) y +2y" +6y"+5y' +6y=0;

7) y"Y +8y" +14y" + 36y + 45y = 0;

8) y'V +13y" +16y" + 55y + 76y = 0;

9) vV +3y" +26Yy" +74y' + 85y = 0;

10) yV +31y" +5,2y" +9,8y' + 58y = 0;

11) 3y +13y" +19y" +11y' + 2y = 0;

12) 2y"Y +6y" +9y" + 6y + 2y = 0;

13) y¥ +2y"Y +4y" +6y" + 5y + 4y = 0;

14) y¥ +2y"Y +5y" +6y"+5y' + 2y =0;

15) y¥ +3y"Y +6y" +7y" +4y' +4y =0;

16) y' +4y"Y +9y" +16y" +19y' +13y = 0;
17) y¥ +4y"Y +16y" + 25y" +13y' + 9y = 0;
18) y¥ +3y" +10y" +22y" + 23y’ +12y = 0;
19) y' +5y" +15y" +48y" + 44y + 74y = 0;
20) y¥ +2y"Y +14y" +36Yy" + 23y’ + 68y = 0;
21) y" +2y"+2y'+y=0;

22) 2y"Y +13y" +28Yy" + 23y’ + 6y = 0;

23) yW +4y" +16Yy" + 24y + 20y = 0;

24) y¥ +13y" +43y" +51y" + 40y + 12y = 0;
25) y" +y=0;

m

26) y +y"+y +y=0;

27) yV +3y|V +2ym+ yn+3yr+ 2y: 0,

m

28) y' +y +y"+y +y +y=0;
29) 2y"V +11y" +21y" +16y + 4y = 0;
30) 6y +29y" +45y" + 24y + 4y = 0.
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3. BU3HauuTn xapaktep TOYOK CMOKOK AN4A 3adaHuX CUCTeM aAndepeH-
LianbHUX PIBHAHD:

x':5x—y, X =3X+ Y,
1) {y,:2X+y; 2) {y,:_ZXer’
3) {Xf—“?y’ 2) {X,f:XJrBy’
y _X+y1 y - X+y7
5) X ==2X-Y, 6) X :—2x+%y,
y =3x-vy; N
y =7x-3y;
X =3x-Yy, X =3X,
7) {y,:Xer’ 8) {y’:By;
X = 2X, X =-2x-5y,
X =-5x+ Y, X =3Xx-4y,
11) {y’ = x-7y: 12) {y’ = x—4y:
13) {XIZZX’ 14) {X,:_3X+2y’
y =X+Yy,; y =x-4y;
X =3x-4y, X =-2Xx-5y,
15) {y’ = x=2y: 16) {y’ = Ox+5y:
X =X-2Y, X =X=2y,
17) {y’ =2X-3y; 18) {y’ =3x+4y;
X =4x-Yy, X =2X-Y,
19) {y’:x+2y, 20) {y’=5x;
X = _2y1 X’:X+y1
2! {y’ =X-Y; 22) {y’ ==-8x~-5y;
X =2x-, X ==y,
23) {y':gx—4y, 24) {y’:3x+ Y;
X =3x -2y, X =Y,
25) {y’:2x—2y, 26) {y’ = —X.
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4. locniguTn Ha CTIMKICTb HYINbOBU PO3B’A30K CUCTEMMU i 3HANTKU 3ara-
NbHUI PO3B’A30K abo iHTerpasn piBHAHHSA, ke onucye TpaekTopii pyxy OC:

0 {x:{ 2 {x’i—x,
y - Xv y - yv
X =-=2X X =X
3 . ’ 4H" "
){y:—Zy; ){y:y;
X ==X X =
5) <, ’ 6)< ,
){y =-2y; ){y =2y;
7 {x’:—Zx, ) {x’:—x,
Y =-y; y=x-y;
X =2X+Y, {x’ = —2X,
9) <, 10) 4 .,
) {y =2y, 'y =0,
'=0, X =0,
11) <7, 12) 4,
){y=2y; ){y=x;
r:_y’
) {y’zo.

5. JocniguTtn: a) npu sikux 3HayeHHsx napameTpa allR HynboBwii
PO3B’'A30K HaBeJEeHUX CUCTEM € aCUMMNTOTUYHO CTIMKUM, a MpU AKUX — CTil-
kumMm; 6) Npu sknx 3HaveHHsix napameTpa allR ocobnuea Touka — cigno (By-
301, OKyC):

y X = x+ay, 2) X =ax+y,
y =ax+y; y =ay—(2a+1)x;
3 x’:2ax+y, 2) x,=x+(2—a)y,
y' = ay - 2ax; y' =ax-—3y.

6. Jocnigutu Ha cTinkictb Touky cnokoto O(0,0,0) HacTynHux cucTem:

X ==X+2 X =—=X+Yy+5z
1)y =-2y-z, 2) Y =-2y+z,
Z=y-12 Z =-3z;
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(X =X, (X' =-2x-Y,
3y =2x-Yy, 4) <y =x-2y,
Z=X+y-1z, Z =X+3y-z
(X' =-2x+Y, (X' =5x-y-4z,
5) Yy =-2y, 6) 1y =-12x+5y+12z7,
|Z =-3z; | Z =10x—-3y-9z.
BignoBiai

1. 1) HecCTiKMI; 2) CTiMKKIA; 3) CTINKUKA; 4) HECTINKUIA; 5) CTINKUA.

2. 1) HecTiknn;  2) CTiNKNK;  3) CTINKUKW;  4) CTINKUIK;  5) HECTINKUN;
6) CTiNKuK; 7) HecCTinknn; 8) HeCTinkun, 9) HecTinkum; 10) CTinknin; 11) CTinkuw,
12) ctinkun;  13) HecTinkun;  14) cTiknin;  15) HecCTinknn;  16) HeCTINKWN;
17) ctinkun;  18) HecTinkur;,  19) cTinkun;  20) HeCTinkun,  21) CTINKUN;
22) cTinkumn;  23) CTiknuKn,  24) CTikMn;  25) HECTINKNA;  26) HECTINKWNA;
27) HecTivkni; 28) HecTinknn; 29) cTinknn; 30) CTIMKNNA.

3. 1) HecTikun  By3on; 2) HecTinkum okyc; 3) cigno; 4) ueHTp;
5) cTinkun okyc; 6) CTINKUK BY30M; 7) HECTINKUIM BY305; 8)HECTINKUM BY30/T,
9) HecTikmn;  10) cTikuin;  11) aCMMATOTUYHO  CTIMKWA;  12) HECTINKuW,
13) HecTivkun By3on; 14) cTivkmin By3on; 15) cigno; 16) ueHtp; 17) CTikuin
By3on; 18) HecTiknmn okyc; 19) HecTivkmin, 20) HECTINKUK; 21) CTINKWIA;
22) aCUMMTOTUYHO  CTIMKUW;  23) aCUMNTOTUYHO  CTIMKUN;  24) HECTINKuUW,
25) HecCTiKn; 26) CTINKUN.

4. 1) CTiKknIA, X2+y2:C; 2) HecTivikuiA, Xy =C; 3) acuMnTOTUYHO
D o (s e = Oyl
ctivikuin, Y =CX; 4) HecTinkuin; Y =CX; 5) acumntoTuuHo cTikuii, y=CX";
6) HecTilKkuni, y:CXZ; 7) aCMMNTOTUYHO CTIKUN, y2 =CX; 8) acMMnNTOTMUYHO
crivkuin, 'y = x(C = In|x[); 9) Hecrilikwii, x:%y(CHn\y\); 10) crivikmi,

y=C, x=0 - BnacHa npsima; 11) HecTinkuin, X=C, y=0 — BnacHa npsima;
12) HecrTivikuii, X=C, X=0 — BnacHa npsama; 13) HecTikun, y=C, y=0 -
BracHa npsma.

5. 1) a) 3aBXaun HecTikum; 6) cigno, AKWO ‘d >1, By3on, AKLWO ‘d <1;

2) a) acuMmnToTu4HO cTinkuin npu all(—oo;—=1)J(-1;0), crivikuin npu all(—;0];
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6) syson npu all(—co;-1)U(-1;-1/2] (npn a=-1/2 supogxeHui); dokyc
npn all(—1/2;0) U (0;+x); ueHtp npu a=0; 3) a) aCUMATOTUYHO CTIlKMI
npu all(—oeo;=1), cTintkuin npm all(—o;—-1]; 6) ciano npn all(—1;0); By3on
npu all(—oo;—1)[J(8;+); dokyc npn all(0;8); 4) a) acMMNTOTUYHO CTiliKMiA
npu all(—co;—1) U (3;+00), crivikuit npu ald(—co;—=1]U[3;+); 6) ciano npu
all(-1;3); syson npu aD(l—\/E;—l)U(3;1+\/\F>); dpokyc npm aD(—oo;l—\/E]U
U[1++/5;+ ).

6. 1) aCMMOTOTUYHO CTiMKa; 2) aCMMNTOTUYMHO CTiNKa; 3) HECTINKa;
4) acMMMTOTUYHO CTiMKa; 5) aCMMNTOTUYHO CTilKa; 6) HECTInKa.

KnroyoBi TepMiHn

Cuctema, crtaH, npouec, anmHamiyHa cuctema (OC), 3akoH eBonwouil
(pyxy) OC, dasoBa TouKka, bazoBu NPOCTip, pasoBa TpaekTopid, hazoBun
nopTpeT, aBToOHOMHa (ctauioHapHa) [C, 3agaya crinkocti [C, CTiMKkicTb 3a
JlanyHoBUM, pO3B’A30K (CTINKWUIA, HECTIMKMA, aCUMNTOTUYHO CTiNKUK 3a Jlany-
HOBMM), HE30YpPEHUIN PO3B’A30K, 30YPEHUN PO3B’SA30K, TPMUBIanbHUIA PO3B’A30K,
MONOXEHHS piBHOBarn (To4yka CroOKow), maTpuui (Bu3HayHukM) ['ypsiua, Kpu-
Tepin lNypBiya, anrebpaiyHa KpaTHICTb, reOMeTpUYHa KpaTHICTb, Heocobnuea
MaTpuus, ocobnuea MaTpuus, Xapaktep TOHYOK CMOKOH0.

Pe3rome

BUCBITNIOIOTECA OCHOBHI NMOMOXEHHSA Teopil CTIMKOCTI AMHaMIYHUX CUC-
Tem (AC), aki onncyoTbCa 0OaHMM AndepeHLuianibHUM PIBHAHHAM abo HopMa-
NBHOK CUCTEMOK MNIHIMHUX audoepeHuianibHUX piBHAHb  1-ro  nNopsaky.
PosrnsHyTo: CTinkicTb 3a JlanyHoBuM, 3BedeHHs gocnimkeHHs OC Ha cTin-
KICTb 4O AOCHIOKEHHS TOYOK CMOKOK (AN O4HOro PiBHSHHSA | AN HasBaHUX
cuctem), kputepin [N'ypsiua aAns OgHOro PiBHAHHS.

[MpoBegeHO geTanbHMN aHani3 TOYOK CMOKOK 3asieXHO Bif BIIACHUX YM-
cen Ans BunagkiB Heocobnueoi i ocobnueoi maTtpuub cuctemn. HaBegeHo
intocTpaTtusBHi Npuknagn gocnigxkeHHa [C Ha CTiKKICTb | 3agadi 3aCTOCOBHOIO
Xapakrepy.

INiTepartypa: [15; 17; 21; 23; 24, 25; 27; 33].
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Po3pnin 6. KpaTHi i KpuBoOniHiuHI iHTerpanu
21. KpaTHi iHTerpanm

Hivoeo Hemae 6inbw npakmu4yHo20, HRK Xxopowa
meopisi.
J1. BonbumaH

Xou bu sik 0obpe npaurogana MawuHa, 80Ha 3MOXe
po3e'sizyeamu &ci 3adadyi, wo cmaensmbcs rnepeod
Hero, arnle cama X00HoI 3adayi He rnpudymae.

A. ERHWITENH

MeTa: HaBuMTM ManbyTHIX daxiBuiB YMiIHHIO aHani3yBaTu Nnocki (npoc-
TOpOBi) 06MnacTi, WO ONUCYKTLCA MiHIAMKU (NOBEPXHAMMW), SKi BU3HA4alOTb
NeBHi OOMeXeHHs1 Ha NPMNYCTUMI 3HAYEHHS YNCIIOBUX XapaKTePUCTUK Pi3HO-
MaHITHUX €KOHOMIYHUX i MPUPOLHUYNX MPOLECIB; BOSIOSITU TEXHIKOK IHTErpy-
BaHHA PYHKUIT Bif ABOX i TPbOX 3MIHHUX.

MutaHHA Temu:

21.1. lNoBepxHi gpyroro nopsaky (M211).

21.2. MNMopgginHuu inTerpan (MNAl) y oekapToBux KoopAnHaTax.

21.3. lNogBinHUKM iHTerpan y nonspHuUxX KoopanHatax. 3aMmiHa 3MiHHUX y
MAl.

21.4. 3acTocyBaHHA NOABIMHOrO iHTErpana.

21.5. MNotpinHun iHTerpan (MTI) y oekapToBUX KOOpAUHATAX.

21.6. [MoTpinHUK iHTerpan y uMniHapUYHUX i CEepUYHNX KoopanHaTax.

21.7. 3acTocyBaHHA NOTPINHOrO iHTErpana.

KomneTeHTHOCTI, WO hOpMYyHOTLCSA NiCNA BUBYEHHSA TEMMU:

3azarnibHoHaykKoea:. BONOAIHHA OCHOBaMW y3arafilbHEHHS iHTerpanbHOro
YMcneHHs PyHKLUIN OgHIET 3MIHHOT Ha BUNAZoK OYHKUIN ABOX i TPbOX 3MIHHUX,
NiAroTOBMNEHICTb 40 PO3B’sAI3aHHS 3aCTOCOBHMX 3a4av.

3azarnbHornpogeciliHa: yMiHHS BUKOPUCTOBYBATK 3acobu iHTerpanbHOro
YMCNEHHS B 3aJa4yax KOMMIOTEPHUX HAyK 40 aHarsnidy YMCroBUX XapakTepuc-
TUK PI3HOMaHITHUX ABULL, | NPOLIECIB, 30KpeMa, BUMNagKoBUX.

CnieuianizogaHo-rpogecitHa: BNPOBaMXEHHS KpaTHUX — MOABINHUX i
NOTPINHUX — iHTerpasniB y MoOLENOBaHHA yrpaBniHHA iHOopMauinHUMKN CUC-
TemMamu i, pa3oMm i3 TUM, YMiHHS JaBaTu KiNbKICHY MNOPIBHANbHY OLHKY 064mMC-
noBarnbHMM rpouecam Ta npouecam nepeTBopeHHs iHpopmau,i.
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21.1. NoBepxHi gpyroro nopaaky (M2)
M2[1. 3a2anbHe pi6HSAHHS, OCHOBHI 3adayYi

MoBepxHelo 2-ro NopsAAKy Has3WBacTbCA reoMeTpudHe Micle TOYOK
(r. m. T.) npoctopy R3, wo onucyetbes pisHsHHaM D(X, Y, z) = 0, nisa yac-

TUHA AKOro € MHOro4JieHoM Aapyroro crteneHsd BiAHOCHO 3MiHHUX X, Y, Z:

AX? +Bxy + Cxz+ Dy? + Eyz+ FZ> +Gx+ Hy + Kz+L =0,  (21.1.1)

ne A B, C, D, E F, G, H, K, L - piiicHi uncna (koecpiuieHTM ogHouneHis,
O MICTATb MOTOYHI 3MiHHI, i BinbHUK unen L); A, B, C, D, E, F - Taxi

yucna, wo A?+B?+C°+D?+E%2+F?# O(cmnymaume uye!).

CniBBigHoweHHA (21.1.1) HasuBalTb 3arafibHUM piBHAHHAM [12[1.
Bua nosepxHi, 1l po3TawlyBaHHA BiAHOCHO KOOPOMHATHUX MIOWMH 3anexaru-
Me Bif TOro, Skumm 6yayTb KoedilieHTU-napameTpu y 3arasibHOMY PiBHSIHHI.

AKwo 3aranbHe pPIiBHAHHA MPU MEBHUX 3HAYEHHAX CTanux, ki B HbOro

BXOAATb, HE 3a40BOJbHAETHCS XOAHOM Toukow (X, Y, z) [ R3, To kaxyTb, WO

BOHO BM3Ha4ya€e ySBHY MOBepPXHI. 3a neBHMXx ymoB (21.1.1) moxe BU3HauYa-
TV Napy pidHMX NiowmH abo Takux, wo 36iratoTbcs, abo ogHYy-€OMHY TOMKY;
TaKi NoOBepXxHi Ha3nBarTbLCA BUpomxKeHumMmu [M2[1.

Hanpuknao:

X2 + y2 + 2% = 0 — piBHSIHHS TOUKM B R3:

22-c?=0- PIBHSIHHSA ABOX NnowuH, napanensHux XOY (npu ¢ # 0);

x? — y2 = 0 — piBHAHHA ABOX BICEKTOPHUX MMOLLVH.

Mpwn BMBYeHHI M2[1 cTaBnATbCA ABi B3aeMHO 06epHeHi OCHOBHI 3apavi:

1) 3a BigOMUM PIBHAHHAM MOBEPXHi BCTAHOBUTHU 1l reOMEeTPUYHI BnacTu-
BOCTI;

2) 3a BiAOMMM BIlacTUBOCTSIMU T. M. T. 3HanTU (noBygyeBaTn, cKnacTw,
BiJLLyKaTN) PIBHAHHSA BiANOBIAHOI MOBEPXHI.

[MpyknagomM po3B’sA3aHHA OpYyrol OCHOBHOI 3ajadi € piBHAHHA cdepu
(amB. n. 3.3, 4. 1) PiBHAHHSA iHWNX HANBaXXNMBILLMX MOBEPXOHb PO3rNsaatoTb-
csa pani.
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UuniHdpuy4Hi i koHi4dHi 211

|. lMoBepxHA, sika yTBOpEeHa PyxoM MNpsiMOol, O nepemillaeTbca napa-
nenbHO camin cobi i nepetuHae dikcoBaHy niHitlo (KpuBY), Ha3MBaETbLCS
LUNiHAPUYHOK NOBepXHer, abo NpocTo uuniHapoMm. Pyxomy npsiMmy Hasu-
BalOTb TBIPHOM, a (PIKCOBAHY KPMBY — HANMPAMHOK UUMiHAPUYHOI NOBEPXHI.
HanpsmHoto moxe 6yTn Byab-gka 3iMKHEHa YK po3iMKHEHa niHis. (Yu MoxHa
NSOLWKNHY BIOHECTN OO0 UNIIHOPUYHNX NOBEPXOHbL?)

LUuninapom 2-ro nopsaakKy HasMBaeTbCA UUIIHOPUMYHA NOBEPXHS, Ha-
NPSMHOI0 AKOT € KpmBa Apyroro nopsaky: eninc (kono), rinepbona, napabona.
HasBa uuniHapa BU3HaA4Ya€eTbCA HaA3BOK MOro HanpsiMHoI. AKWO TBipHa napa-
neribHa OOHiN i3 KOOpPOWHATHUX OCEN, a HanpsMHa NEeXUTb Y MIOLWWHI, nep-
NEeHOVKYINAPHIA Ui OCi, TO PIBHAHHA UuniHOpa cniBnagae 3 PiBHAHHAM
HanNPsAMHOI.

[Mpn reomMeTpuyHin iHTepnpeTauil 306paxyeTbCd, SK NpaBuo, YacTuHa
NOBEPXHi MiXX ABOMa nepneHaAnKynapHUMU TBIpHIN nrowmnHamu (puc. 21.1.1).

ZA

—

Puc. 21.1.1. UnniHgpw 2-ro nopsgky:
a) eninTMyHuMNM,; 6) rinepboniyHun; B) napaboniyHun

BigcyTHICTb 3MiHHOT Z y HaBegeHUX PIBHAHHAX He NOBMHHA HEMNOKOITU:
came U obcTtaBmHa MiATBEPAXYE Te, WO anfnikaTta TOYOK MOBEPXHI Moxe By-
TV OyOb-9KUM OiINCHUM 4nCroM, B0 KoedilieHT Npu 3MiHHIN Z Yy PIBHAHHAX
cnig BBaXkatun piBHUM Hynto. Harnpuknad, piBHAHHA napaboniyHoro uuniHgpa

MOXHa 3anucati y Burnsgi: X° = 2 py +0LZ.
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AKWo Yy piBHAHHAX eninca i rinep6onu noknactu a =b, To oTpumaemo
BiANOBIAHO KPYroBUM i pPiBHOCTOPOHHIN rinepoonivyHMn uuniHapu.
(Hagedimb piBHAHHSA UMNIHAPIB ONA BUNaAKiB, KONU TBipHa napanernbHa
oci OX, oci Oy, i 306pasimsb ix.)
Il. MoBepxHSA, Aka yTBOpeHa pyxoM NpsiMol, WO NpoxoauTb Yepes 3aja-
Hy TOYKY i nepeTuHae (oikcoBaHy KpuBY, Has3sMBAETLCA KOHIYHOK MOBEpX-
Helo, abo KOHycoM. Pyxomy npsimy HasvBaloTb TBiPHOK, 3adaHy TOUKY —
BEpPLUMHOK, a (PIKCOBaAHY KpUBY — HaNPSIMHOK KOHyca. AKWO TBIipHOK €
KpmvBa Opyroro nopsiaky, To NOBEPXHA HAa3MBaETLCA KOHYCOM 2-ro NOpPSAKY.
z Ha puc. 21.1.2 306paxeHo KOHYC
— 2-T0 NOpsaKy 3 BEPLUMHOK Yy Mo4vaTtky
g‘.l'. KoopAMHaT, HaNpPsMHOK AKOro € eninc
\ AK pes3yrnbTat nepeTvHy AOBOX MOBep-
v XOHb — eninTu4yHoro uwuniHgpa (aue.
9 y puc. 21.1.2) i nrowmnHK, napanensHol

XOy:
* ’ 2 2
X
— +y—2 =1 z=c.
2 2 2 a“ b
DS A
a2 b? 2 [loBepxHsa cumeTpu4Ha BiOHOCHO

noyaTky KOOpOMHAT, a KOOPAWHATHI
Punc. 21.1.2. KoHyc 2-ro NnopsiAKY  nnowmHm cyTh 1i NNOLLMHA CUMETPIi.

B okpemomy Bunaaky, a = b, HanpsiMHO KOHIYHOT NoBepxHi Byae Kono,
TOAiI OTPUMAEMO PIBHAHHSA, AKe BU3HaYae (3HanOMUI) KPYroBMu KOHYC.

Hadeaxxnueiwi IN2[1, docnidxeHHs1 iXHbOI ¢hopMu Memodom repepisie

Hakonu4eHi BigomocTi 3 Teopil 21 cTtocyBanuca 3agadi BigwykaHHA
PIBHAHHSA NOBepXxHi (cdepwn, LuniHApiB, KOHYCIB) 3a BiAOMUMWU reoMeTpUYHK-
MU BnactmBocTamMu. [ani poss’da3yBaTMMeMO oOepHeHy 3ajady: 3a JaHuMm
PIBHAHHSAM MOBEPXHi BU3HAYUTU TI BUrNA4 i pa3oM i3 TUM YCTaHOBUTU reoMeT-
PUYHI BracTmBocTi. [ONs UbOro 3acToCOBYETHLCS , MeTO4 nepepisiB’, CyTb
SIKOro Monsarae y Takomy:

1) aHani3yromb NOBEPXHIO, YCTAHOBIIOKYM (3a PIBHAHHAM) NiHil nepe-
TUHY LaHOI NOBEPXHi i3 CYKYMHICTIO NMOWmMH, To6TO nepepisn NoBepxHi nno-
LLIMHAMWK, 30KpemMa KOopAMHATHUMU | napanesisHUMU TM NAoWwHaMU;
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2) cCuUHmMe3yrmes BU3HAYEeHi Ha nonepegHbOMY KpOLi reoOMeTpuyHi Brac-
TMBOCTI MOBEPXHI, LLO J03BONSAE yaBUTK bopmy (BUrNag) noBepxHi i 306pasu-
TN ii.

MpooeMOHCTPYEMO 3acTOCYyBaHHA MeToAy nepepisiB 40 OOCHIIKEHHS
KaHOHIYHMX (HAMNPOCTIWKNX) PiBHAHb HamBaxnueiwmx M2[1.

y2

2
EnintTnyHnn napabonoin (X—p +F =2z, p>0,q9> OJ.
1°. 3Haiidemo niHii nepeTUHy NoBepPXHi 3 NMOLLMHO XOy Ta nnowuHa-
MK, napanenbHuMu in (Z = h — const):

(21.1.2)

AKwo:

1) h=0, 10 piBHAHHA (21.1.2) 3a00BONLHATLCA NULLE KOOPAUHATaAMU
TOYKU (O;O;O), TOo6TO NnowmHa 2 =0 € 4OTMYHOW [0 AaHOI NOBEPXHI;

2) h< 0, To ogepxyemo ,ysaBHY" MiHilo, ockinbkn nnowmHn 2 =h<0
3a4aHy NOBEPXHIO HE NePETUHALOTD;

3) h >0, 7o piBHAHHA (21.1.2) MOXHa 3anucaTu y BUTNAAI:

X2 y2
S = 21.1.3
th >ah =1, z=h, ( )
TOGTO Mepepizamu MOBEPXHi NNoLu- ZA =]

Hamu, napanensHummn XQY, € enincuy,

niBoCi AKMx 36inbLIyOTbCA pa3oMm 3i

36inbweHHsam h (ous. puc. 21.1.3). 0 | x:O’I
2°. YecmaHosuMo niHil0 nepeTuHy Y= : .5
noBepxHi 3 nnowuHoto YOZ, piBHSH- »l‘—V\T‘ \7~/ O@
Ha akoi X =0 NS ;
/,
5 3\ | /2
2
X<, Y _ 2 _ X 0,
—+ - =27, y© =20z,
P9 - {x: 0. g
x=0 Puc. 21.1.3. EninTuunuit napaGonoin
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OTxe, oTpuManu piBHSHHA napabonu, poaTawoBaHoi y nnowwuHi YOz,

3 Biccto cumeTpii Oz.

3% Odepxyemo (aHanor4YHUM YMHOM) nepepi3 NOBEPXHi MIOLLMHOW
y =0: ue napa6ona, sika ONUCYETLCS PIBHAHHAM x2 = 2Pz, i po3TawioBaHa y
nnowwmHi XOz (3 Biccto cumeTpii Oz).

4°. 3o6paxyemo (3ripHo 3 posrnsHytum y 1°—3% BignosigHi niHii
(aus. puc. 21.1.3), WO gae 3MOry cknactu yasy npo opmy OOCNiAKyBaHOI
noBepxHi. HacamkiHeub Hakpecniemo obpuc (06BiAHY NiHiO) — niHilo, WO
OLEPXKYETLCSA K MHOXMHA TOYOK OOTUKY OO0 MOBEPXHi NpsiMUX, napanenbHnX
obpaHoOMy HanpsiIMy NPOEKTYBaHHS.

AHanoriyHo 34incHEeTbCS nNobyaoBa napabonoiga, nepepisn 9koro —

napabonu rinkamn OOHW3Y (X2/p+y2/q=—22) i napabonoigis, ocCi sKUX
cniBnagatoTb i3 koopamHaTHUMKM ocsimm OX, QY. PiBHSIHHS TakMx NOBEPXOHb

OTPUMYIOTbLCS i3 PO3rMAHYTUX PIBHAHb 3a JOMOMOrOK LMKITIYHOI NepecTaHoB-
KN 3MIHHUX.

3o06paxeHHst iHwmux M2 He 6yaemMo cynpoBoOLKyBaTK AeTanbHUM ONK-
COM, a HaBeZeMO NnuLLe PIBHAHHS NiHiM-nepepisi..

a? b% c?

YCTaHOBMMO PIBHSIHHSA TiHili-nepepisiB noeepxHi nnowuHoto XOy Ta

X2 y2 z°
TpuBicHun enincoipg SCET =1|.

napanenbHMMK 1 NnowmHamm i nobyayemo ix (puc. 21.1.4).

2 2 2 2 2 2
=h-const (X4 LeZm1 = X Ymah s
a C a C
AKwo:
Hh=o X+ Yoy pi-
a2 b2

HsHHA eninca B XOY;

hj<c: £ 4 Y

2) |h|<c: +-~2—=1 — pis-
2d b%d

HAHHSA eninca V' I'IJ'IOLLI,I/IHI, naparne-

nbHin XOy;

Puc. 21.1.4. TpuBicHuM enincoig
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3)‘h‘:C: (x=y =0, z==%c) — Touku Ha oci Oz;

X2 y2
4) ‘ h‘ >c = d<0: + = —1 — piBHAHHSA yABHOrO eninca.

—a’d -b?d

AHanoriyHo giemo y Bunaakax, konm X = h, y =h.

a’ b® c

MpoBoasium aHanis, aHanoriyHMn nonepeaHboMy, NepekoHyeMocs, Lo
npy NepeTuHi 060X NOBEPXOHb — OQHOMOPOXHUHHOIO i 4BONOPOXHUHHOIO Ti-
nep6onoigis — nnowwuHammn YOz, XOz opgepxyemo BianoBigHo rinep6onu
(puc. 21.1.5-a, 6):

2 2 2
Finep6onoign (X— + Y _Z - il].

(21.1.4)

Puc. 21.1.5. Tinepbonoigu: a) 04AHONOPOXHUHHUN, 6) ABONOPOXKHUHHUWN

MepeTrHM noBepxoHb nnowmHoo XOY gakoTb BignosigHo eninc i ysie-
HW eninc (gue. puc. 21.1.5-a, 6):

2 2 2 2
2=0: X—2+§:1, X—2+§:—1. (21.1.5)
a a
223



CxemaTnyHe 300paxeHHs eninciB, kpim ysBHoro, npu 2=0
i Z=xh# 0 HakpecneHo 3a crnpsikeHUMU AiameTpamu, a rinep6on (KoXKHOT
rifKkn) — 3a TpbOMa TOYKaMW.

X2 y2
Finep6oniyHui napabonoig | — ——=%x2z, p>0,q9>0].
P q

AHanisyloun piBHAHHA MOBEPXHi, NpaBa YacTUHA HAKOro 3i 3HaKOM
,Antc”, otpumaemo, wo nrnowmHa X =0 (y =0) nepetuHae i no napa6oni

y2 =-2qz (X2 =2pPZz), HanpsimneHin y Gik Bia’emHoi (godaTHoi) nisoci Oz.
MepeTuH noBepxHi nnowmHamm X =+ h (y =xh) pnae taky camy kpusy, ane

3CyHeHy Ha BennumHy h? 1(2p) (—h2 /(2q)) no oci Oz.
MnowwmHa XOY nepeTuHae NoBepXHIO Mo ABOX NpsiMuX (puc. 21.1.6):

zzo:[\/%—\/%J[\/%+\/yaJ:0:>y:i\/%x. (21.1.6)

Mpu z=h>0 (z=h<0) ogepxyemo rinepbony (ams. puc. 21.1.6) 3

aincHoto Biccto, napanensHoto oci Ox (Oy):

(21.1.7)

Puc. 21.1.6. Tinep6oniuHnn napabonoipg
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[MoBepxHO-napabonoia, siky po3rnsgaemMo, MOXHa ogep)kaTn 3a omno-
MOrow ABox napabon napanenbHUM NepeHeceHHsM OAHIET 3 HMX TakK, Wo i
BepLUMHA KOB3a€ Mo Apyri napaboni; Hanpuknag, siKWwo B3ATWM nepepiaun no-
BepxHi nnowmHammn YOz i XOz:

x=0: y2:—2qz; y=0: x2:2pz.

Micns Bubopy cuctemu koopanHaT NobyaoBy 300paXkeHHS MOXXHa Mo-
ymHaTtK 3 nepepisy nnowmHoo 2 =0 (gus. puc. 21.1.6): NnpoBecTu BioNoBiAHi
npsami (21.1.6), a noTim Bigknactu piBHi Bigpiskn OK i OL Ha OX.

Yepes Toukn K i L npoBogumo npsimi, napanensHi oci Oy, i Ha HuX Big
Touok K, L — niBxopaun napa6on, wo BignosigatoTb nepepizam X = h, x=-h.
Bioknagaioun Ha npsmux KT i LV, napanensHux oci Oz, piBHi Bigpi3ku,
oaepxumo BepumHn T, V unx napa6on. Motim yepes Tpu Toukn T, O, V Ha-
kpecntoemo napabony-nepepis npu Yy = 0.

Onsa nobynosu nepepizie X=0 i z==xh Bubupaemo toukn A, M 3
BiANOBIAHMMM annikaTamMu i 3HaXxogMMO, aHanoriyHo onucaHomy, we no ABi
TOYKM Napabonu i rinok rinepbonu (306paxeHo OAHY rifkKy).

3ayea)keHHs:

rinepboniyHun napabonoig, npaBa 4YacTuUHA PIBHSAHHS SKOTO 3i 3HAKOM
,MIHYC”, OCNIOXYETbCHA aHaNOoriyHo;

AKLLO NOBEPXHS OMUCYETLCA PIBHAHHAM 2 = XY, TO BOHaA Npoxogutume
yepes oci Ox i Oy, a nnowwHu, ski BkntoyatoTb Bick Oz i GicekTpucu koop-
anHaTHux kyTiB B XOY, € ii nnowwmHamu cumeTpii. Lle BunnvBae 3 Toro, Lo

2 -y =2z

TyT p =0 =1. lWo6 ogepxatu BianosiaHe 306paxeHHs, Tpeba Ha puc. 21.1.6

MOBOPOT CUCTEMU KOOPAMHAT Ha KyT 45° BignoBigae piBHAHHIO X

oci koopanHat OX i Oy cymicTuTh 3 NpsAMUMMU, SIKi € pe3ynbTaToM NepeTuHy

PO3rNAHYTOT NoBepxHi nnowwmHo Z =0,

KoHiyHa noBepxHA (KOHYC 2-ro nopsigky) — N — = 0].
a C

N . y_2 ) 2
2
MobynoBa 306paxeHHs Liel NOBEPXHi, SIK NpaBunio, He BUKNUKAE yTpya-
HEeHb, OCKIflbKM ANSA LbOro AOCTaTHbO A0CBIQY 3006paKeHHs KOHyca B cepea-
Hin LUKONI.
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3acTocoByun MeToA nepepidy (aus. puc. 21.1.2), oTpUMyemMOo:
1) npu X =0 — napy npsimux y nnowmHi yOZz:

Y_2)(¥,Z) 20 = 524Cy.
(b c)(bJrc) 0= z=£py:

2) npy Y = 0 — napy npsmux y nnowmHi XOz:

E—E §+E =0 => Z:iEX;
a Cc/\ia C a

3) npn 2z =0 —Touky O(0;0;0) — noyaTok koopauHar;
4) z=xh BusHauae enincu 3 nisocamu a =ah/c, B=bh/c, saki ne-

XaTb y nnowmHax, napanensHux xXOy:
X2, y° _
St 5= 1.
a® B
MobynoBy noBepxHi, Nicna BUOGOPY CUCTEMM KOOPAUHAT, 3PYYHO MOYM-
HaTW came 3 LMX nepepisi..
3ayeaxeHHs1. LinniHopn i KOHYCU € OKpeMMU BUNaZKaMn Tak 3BaHUX
NiHiNYaTUX NOBEPXOHb — NOBEPXOHb, YTBOPEHNX PyXOM npaMol. lNpami, ski
LiNIKOM HanexaTb MOBEPXHi, Ha3MBalTbLCHA NPAMOSIiIHIMHUMU TBipHUMUK. Ce-
pen gocnigpkeHnx Ha cdoopmy M2 oo niHinyaTnx NOBEPXOHb BiAHOCATLCS O4-
HOMOPOXXHUHHI rinepbonoigw i rinepbonivHi napadonoigw.

lMosepxHi o6epmaHHs

KpyroBui KOHYC, SIK i KpyroBum LUuningp, € npuknagomMm noBepxHi odep-
TaHHA — NOBEPXHi, YTBOpPEHoi obepTaHHsAM KpuBoi L — TBipHOI — HaBkomo
3apnaHoi npamoi | — oci o6epTaHHS.

HannpocTiwi piBHAHHA Takux NOBEPXOHb OTPUMYEMO 3a YMOBMU, L0 BiC-
cto obepTaHHA € ofHa i3 KOOPAUHATHUX OCen, Npu LboMy ByaemMo BBaxaTtw,
LLIO KpMBa He NEeXWUTb Y NNOLWMHI, NepneHanKynsipHin oci obeptaHHsa (30o2a-
danucs yomy?). BionoBigHi piBHAHHS MOBEPXOHb HA3UBaKOTb KAHOHIYHUMM.

Copmynioemo npaeusio hopmasnbHOI No6yaoBU PIBHAHHA MOBEPXHI
obepTaHH4A: W06 oTpMMaTn PIiBHAHHS MOBEPXHIi, YTBOPEHOT 06epTaHHAM ae-
SKOI NiHIT HABKOMNO KOOpAWHATHOT Oci, Tpeba:
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Y PiBHSAHHI KpMBOT MOTOYHY KOOPAUHATY, OAHOMMEHHY 3 BicCto obepTaH-
HS, 3anUwnTn 6e3 3MiHK;

ApYyry KoopauHaTty 3aMiHUTW KOpeHeM KBadpaTHMM i3 CyMW KBaapaTiB
koopauHaT, He OQHOWMMEHHMUX i3 BicClo 06epTaHHS, B3ATUM 3i 3HaKoM *.

3adaya 21.1.1. Cknactu piBHSAAHHSA M12[1, yTBOpEHOi 06epTaHHAM:

a) napabonu y2 =2pX (avs. puc. 2.3.5-B, 4. 1) HaBkorno oci OX;
6) napaGonu y2 = 2z HaBkoro oci Oz;

B) eninca X2/a2 + y2/b2 =1 (gu.. puc. 3.2.2, 4. 1) Haekoro oci Oy.

Pose’'sizaHHs. Mpy hopmanbHin nobyaosi (3a NpaBuiom) piBHAHb NoBep-
XOHb 06epTaHHsA He ByaeMo BBOAUTU Pi3Hi NO3HAYEHHS OM1s1 MOTOYHMX KOOp-
AWNHAT TOYOK KPMBOI, sika 06epTaeTbCs, i TOYOK MOBEPXHi, a BUKOPUCTAEMO
OLHAaKOBI 3BUYHI cMmBOonu X, Y, Z:

a) 3anuwaemo Yy piBHAHHI 6e3 3miHM abcuncy X, a 3MiHHY Y 3aMiHUMO
: 2 2,
3rigHo 3 npaBunomMm Ha £/ Yy~ + Z~:

Xo X

y2=2px = 5| = y*+7°=2px, (21.1.8)

Y o £y +2

e o — 3Hak (CMMBOJ) B3aEMHO OAHO3HA4HOI BignoBigHocTi (Giekuii).

PiBHAHHA (21.1.8) Ha3MBalOTb KaHOHIYHUM PIBHAHHAM napabonoina
o6epTtaHHA (3 Biccto OX) i 3anuncyoTb 3BUYaiHO y BUrNAA:

2 2

Y 47 —ox (21.1.9)
P P

6) aHanoriYHMM YNMHOM (rIPoKOMeHmMylme CUMBOSIYHWUIA 3anunc):

2_2 yARE Y4 2+ 2_2
X2 2
N FJA’F:ZZ_ (21.1.10)

OTpumanu KaHOHi4YHe pPiBHAHHA napabonoiga ob6epTaHHA (3 BicClo
Oz).
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B) 414 NOBEPXHIi, yTBOpeHOI obepTaHHAM eninca, Maemo:

2 2 2 2 2
X y YoV X y Z
XY -1 XY 42 -1 (21111
a2 b2 X o + /X2 + 22 a2 b2 a2

— KaHOHiYHe piBHAHHA enincoifga obepTaHHsA (3 Biccto OY). (3dozadalime-

cs1, PIBHAHHSA SIKOT NOBEPXHI OTPUMAEMO, KL a =D.)

[1pOrnoHyemMo TakoX CaMOCTINHO, SIK BrpaBy, CKMacTy iHLWI BapiaHTU piB-
HSHb NOBEPXOHb B a), 0), B).

[eomeTpuyHe 306paxeHHsa noBepxoHb (21.1.9), (21.1.10), (21.1.11) Ta-
Ke XX came, SK Ans enintuyHoro napabonoiga (aus. puc. 21.1.3) i TPUBICHOrO
enincoiga (gue. puc. 21.1.4), 60 npoekuielo Kona, po3TalloBaHoOro y Aesikin
NNOLWMHI, Ha iHWY (HenapanerbHy) NIOWNHY € enirc.

HacamkiHeUub 3a3Ha4YMMoO, WO HaBedeHi BiJOMOCTI BUKOPUCTOBYIOTLCSA

NPU BUBYEHHI IHTErpyBaHHA (OYHKUIN OBOX 3MIHHUX, i € byHOAAMEeHTOM Ons
GinbL rMnbokoro BuBYEHHSA Teopiil M2[1.

21.2 NopginHum interpan (MAl) y AekapToBMX KOOpAMHaTax

I4l. o3HayeHHs1, meopeMa iCHy8aHHsI, 2eOMempu4yHuUU
ma ¢i3u4Hul cmucnu

[MoHATTA ,NOABIMHUI iHTerpan” € NPUPOAHUM y3aranbHEHHAM MOHATTH
,BNU3HAYEHUN iHTerpan” Ha BUNagoK yHKUiT 4BOX 3MiHHUX. TOMYy MOro o3Ha-
YeHHS MPUHLUMMNOBO He BiOPI3HAETLCS Bif O3HAYEHHS BU3HAYEHOro iHTerpana i
BBOAUTLCA aHaNoriYyHMM YMHOM.

Hexait doymkuis 2= f(x,y), a6o z= (M), ie M =M(x,y), Busna-
yeHa i HenepepBHa B 3amkHeHin obnacTti D nnowmHn XOy, T06TO Ha MHO-

XWHI TOYOK KOOPAWHATHOT NNOWMHKN, 9ka obmexxeHa 3iMKHEHOK niHieto (abo
niHiamn) 1°, 3 ypaxyBaHHAM TOYOK NiHii ' — mexi obnacri.

BukoHaemo Taky (cmaHOapmHy) npouenypy:

— po3i6’emo obnacte D goBinbHUM YnHOM sIKMMUK-HEBYAb MiHIAMK Ha N

yacTkoBMx obnacTel i3 nnowamun AS, i =1,n (a6o NpocTo — Ha N NOLWMHOK
AS (pwc. 21.2.1)) i Hanbinbwy 3 BiAcTaHeW Mk ABOMa TOYKaMM MexXi nno-
LLIMHKM Ha3BeMo AiaMeTPoM nrowmHKK A;, | =1,N, a MmakcumanbHwii cepes

Hax A = max{\;} — aiameTpom po36uTTA oGnacti D;
|
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YA — gubepeMo Ha KOXHill i3 nnoLm-
HOK AOBIMbHUM YMHOM MO ToMU
D M;(x,y;), i=1,n, oGuncrmmo f(M;)

» i 3Hangemo nobytku f (M i ) [As;

— CK/1a0eMo Cymy BCiX Takux Oo-

6VTKi
A' As, YTKIB i

I In:Zf(Mi)m
0O M =1

Puc. 21.2.1. Po36uTtTta obnacTi

SKYy Ha3BeMO iHTerpasibHOK CyMOH
ana yHKUIT f(X, y) B o6nacti D;

— 0byucnumo rpaHnuo (AKLWO BOHA iICHYE) iHTerpanbHOT CyMn 3a YMOBMH,
WO AdiameTp po3buTTa NpaAMye OO Hynst Npu HeoOMeXeHOMY 3pOoCTaHHi N,
T06T0 A —» 0 pasom3 n - .

CkiHdeHHa rpanunusa | iHTerpanbHoi cymu |, konu giametp po36uTTH
npamye o Hyna (A - 0), a N - o, HasnBaeTLCA NOABIMHUM iHTerpanom
(BiO) pyHKUT f(X, y) no obnacti D i nosHavaeTbca Tak:

”f dS abo ”fxy

ae ” — 3HaK (CI/IMBOJ'I) ral;
D — o6nacTb iHTerpyBaHHs;
f(M)= f(x,y) - nigiHTerpansHa dyHkuis:;
f (X, y) ds — nigiHTerpanbHuii BUpas;
X, Y — 3MiHHi iHTEerpyBaHHs,;
ds — Tak 3BaHuIn enemMeHT nnoLyi, abo gudepeHuian nnoLy.

Omxe, 3a 03HAYEHHAM

= lim 1, = lim iZZLf(Mi)As1 :gf(M)ds:ijf(x,y)ds (21.2.1)

() (ne)

Teopema icHyeaHHsi 1[I, sky HaBognmo ©6e3 goBedeHHs, OPMYIto-
€TbCA TaK: AKLWO 3aaHa PYHKLiS ABOX 3MIHHUX HENEpPepBHa B PO3ITsSAyBaHil
3aMKHEHin obnacTi, TO iCHYEe CKiHYEHHa rpaHuus iHTerpanbHoi cymu (TobTo
MAl), i BOHa He 3anexuTb Hi Big4 cnocoby po3buTTa Ha NMNOLWWHKK, Hi Big BU-
Bopy TOYOK Yy HUX ANs CKNagaHHs iHTerpanbHOl CyMu.
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Y cBitni uiei TeopeMn po3duTTa obnacti D 3gilcH0ETHCS HaNPOCTi-
UMM i3 MOXIMBMX CrocoboM: y AekapToBin cuctemi koopauHat XOy — nps-

MUMU, NapaneribHUMU KOOPAMHATHUM OCAM. Y LbOMY BUMAAKY MIIOLLUMHKA —
NPSIMOKYTHWK 3i cTopoHamu AX, Ay, sikuil yTBOPIOETLCA NpU Nepexosi Bif Tou-

w M(X,y) oo Toukn N(x+Ax,y+Ay), ne Ax>0, Ay>0. Tomy As=Ax[Ay,
a ds=As=dx[dy, 60 ons He3anexHux aMiHHMX X, ¥ — Ax = dx, Ay =dy.

Taknm 4YMHOM, MOXHa 3anucaTu:

| =[[ f(x,y)ds=|ds=dxlely|=[[ f(x,y)dxdy. (21.2.2)
D D

reomempuy4Huu cmucn fl. AHanisyo4n 3 reoMeTpuyHOl TOYKM 30pYy
npoueaypy, sika nepeayeana o3HadeHHwo MNAl, ans Hesig'emHoi B obnacti D
dyHkuii (f(x,y)=0 (x,y)[ID), npuxoammo A0 BUCHOBKY: KOXHWUIA JOAaHOK

f (Mi )[AS, iHTerpanbHOI CyMuM YncernbHO AOPIBHIOE 06’€MY NPsIMOI NPU3MOYKK

3 nnoweto ocHoBu AS i BMCOTOW

z=f (x.y)

N;M;=f(M;) (puc.21.2.2), a Bcs
iHTerpanbHa cyma 4YucenbHO [a€ Ha-

Z .
BnukeHe 3HaveHHs V,, o6’emy V Tina,
0 | obmexeHoro nosepxHeto z=T(X,y),
X U — T '\ nnowmHoo Z =0 i unniHgpu4yHoo no-
- | TN . . .
TBIpHa = 11 1R BEPXHEI0, TBipHa AKOT naparnesibHa oci

D I \

. M, Oz, a HanpsamHolo cnyrye mexa [’
HanpsMHa - As; obnacti D ; Hapani Take Tino KOPOTKO

6yaemo HasuBatM LUAIHAPUYHUM
Puc. 21.2.2. [1o0 TnymayeHHs

Tinom ans dyHkuii f (X,y) Ha obnac-
reomeTpuyHoro cmucny Mol

Ti D.
Bka3aHe HabnwxeHHs1 TUM kpalye, YuMm MeHwe byayte AS, Tomy npu-

poaHo noknactu, wo V :)I\i rr(l)Vn, i KaxyTb: y eeomempuyHomy cmucni MNAI

pyHkuii | (X, y) >0 no o6nacti D uncenbHo OopiBHIOE 06’EMY LMMiIHAPUYHO-
ro Tina ans cgyHkuii f (X, y) Ha obnacti D, To6T0:

V = [[ f(x,y)dxdy. (21.2.3)
D

230



®izuyHul cmucn MAl. Hexan D — nnocka ToHKa nnatiBka 3i 3MiHHO
'YCTUHOW O = G(X, y), TOBLLMHA SIKOT HACTIfNbKM Mana, Wwo ryctTuHy 3a TOBLM-
HOK MOXHa BBaXXaTW HE3MiHHOW. Todi BBOAATb MOHATTS NMOBEPXHEBOI NyCTU-
HMU B OaHin Touyui G(Mi) SIK rpaHuULi BiQHOWEHHSA Macu NIOWMHKN A0 11 NSIOLL

AS 3a ymoBW, L0 BOHa — NnoLia — NpsIMye A0 Hyns.

NoGyTok G(Mi)[As Oae HabnwkeHy Macy ofHiei NnowuHkM, a
n

|, :ZG(Mi)ms — HabnwkeHe 3Ha4YeHHs macu M Bciei nnatiskn D. Lle
i=1

HAONWXKEeHHA TUM TOYHIWlEe, YMM MEHLUE KOXHe Aﬁ, TOMY MNOKMagaakTb

m=Iliml, = ”G(X, y)dS | KaXyTb: y gpisuyHomMy cmucni MOl Bio noBepxHeBOI
A-0
D

FYCTUHUN O = G(X, y) nnockoi nnatiekn D uncenbHo gopisHioe ii maci, To6TO
m= [[a(x, y)dxdy. (21.2.4)
D

3ayea)keHHs1. BiasHaunmo, wo ocHoBHi BrnactmeocTi Nl He Bigpi3HS-
I0TbCSA Bif BIAaCTUBOCTEN BU3HAYEHOro iHTerpana.

Hanpuknao:

1°. MAI Bia cymMu 6yAb-SIKOro CKIHYEHHOTO Yncna MyHKL LOPIBHIOE CyMi
BiANOBIAHMX IHTErpanis Big AOAaHKIB:

[[(F+ fo ..+ £ )ds= [] fyds+ [[ fods+...+ [[ fds.
D D D D
2°. CTanuii MHOXHMK MOXXHa BUHOCWTY 3a 3Hak (cumeon) NI

[[cfds=c[[ fds, c-const.
D D

3°. Akwo obnacts D pos6uto Ha asi nigo6nacti Dy, Dy, ski He MatoTh

CMiNbHUX BHYTPILWHIX ToYok, To Nl no Bcin obnacTi 4OpiBHIOE CyMi iHTerpanis
no il nigobnacrtam:

[[fds=[[fds+ [[fds, me D;UD,=D, D;ND,=0.
D D, D,

HoBeneHHs Bcix Bnactusocten MNAI, gk i BU3Ha4YeHUx iHTerpanis, 6a3sy-
€TbCS Ha BNacTUBOCTAX rpaHuLb (Y 3aCTOCyBaHHI O iHTerpasibHUX Cym).
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O6yucnerHs Il e dekapmoeux koopOuHamax

Hexait dpyHkuii Y = §;(x), Y = d,(X) Bu3naueni i HenepepsHi Ha Biapis-

ky [a,b] oci Ox,a x= L|J1(y), X = L|J2(y) — Ha Bigpisky [c,d] oci Oy.
ObnacTtb

D, ={(x,y)| a x<b, ¢,(x)< y<d,(x)}
Ha3BemMo nNpaBunbHo y Hanpsami oci Oy (puc. 21.2.3), a obnacTb

D, ={(x.y)| cy=d, wy(y)sx<w,(y)}

— npaBunbHolo y Hanpami oci OX (puc. 21.2.4).

VA YA
— d
y=0,(x)
_ ST
/ =y, ()
L% x=y,(»)
y:(P1(x) ¢
Ol a X =X, b x 9] >
Puc. 21.2.3. D, — npaBunbHa o6- Puc. 21.2.4. D, — npaBunbHa 06-
nactb y Hanpsami oci Oy nacTb y Hanpsami oci OX

Oy kpueux 04 (x), §,(x) (Wy(y), W,(y)) Hasueatotses BinnosigHo
HWXHbOO, BEPXHbLOIO (NiBOIO, NPaBoOI) AiNAHKaMM Mexi obnacrTi.
Mexi Fy, I, npaBunbHUX obnacrew Dy, D, y cumBonax onucytoTbes

| r,={(xy)| x=a x=b; y=,(x), y = 6,(x},
re={(xy)| y=c, y=d; x=w(y), x=w,(y}.

O6nacTb, NpaBunbHy Sk y Hanpsami oci OX, Tak i B Hanpsami oci Oy, Gy-
[IeMO HasuBaTy NPOCTO NPaBUNbLHOKO NNOCKOK obnacTio. [paBunbHUMY €,
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Hanpuknag, obnacTti, oOMexeHi NpAMOI0, NapanenbHOK OAHIN i3 KoopauHaT-
HUX OCeun, Ta OYrow KpuBOI 2-ro NopsaKy, ska ONMUCYETbCA KaHOHIYHUM piB-
HAHHSAM.

LLlo6 ycTaHoBUTK, 4M € 3adaHa obnacTb NPaBUbHOK Y HaNpsiMi SKOICh
3 ocen koopauHaTt, Tpeba 4iTKO YCBIOOMUTU Take: xapakKmepucmu4YHOIo
eslacmueicmio npasunbHoi y Hanpsimi oci Oy (OX) obnacTi € Te, Wo KoXHa

npsama X=X, (Y =Yy), SKa npoxoanTb yepe3 BHyTpilwH0 Touky M obnacri

(I\/I DF), nepeTuHae Mexy obnacTi nuwe y ABOX TOYKax i KOXHa 3 LiNSHOK
mexi I — HWKHSA, BepxHs (NiBa, NnpaBa) — € Oyrol nuwe ogHiei kpmeoi. o
CyTi Dy (D,) Ak MHOXUHa MoYOoK € pi3Huuer 080X (3HalOMUX) KpUBOiHil-

HuUx mpanieuit i3 piesHumu ocHosamu Ha oci Ox (Oy).
O6nacte D, ska He € npaBunbHOW, nerko nogaTu Yy BUIMAA

o6’egHaHHa obnacten tuny D,, D, 3gifcHuBLIKM po36UTTS ii HA YaCTWHW

Y
NPAMUMU, NapanenbHUMM KOOpaANHATHUM OCAM, BigNOBIOHO OO BUMOI Xapak-
TEPUCTUYHOT BNACTUBOCTI. SK nNpaBurio, ue nerko 3podbutn, AKWO AindHKu
Mexi obracTi € agyramu rpadikis enemeHTapHux (pyHKUIR, 3agaHux y SBHOMY
Burnani. Ha nigctasi agutueHocti Ml (BnacTtueicts 3°) po6UMO BMCHOBOK,
o OoBYMCreHHs 1oro no Oyab-AKin 3amkHeHin obnacti D 3BoguTbca Oo
BMiHHSI 3HaxoOuTW NOABIVHI iHTerpanu no npaeBunbHUM Yy Hanpsmi ocen OX,

Oy oGnactam.
Teopema 21.2.1 (npo ob4yucneHHss N[l 3eedeHHsAM OO0 OB80OKpamHoz20
8U3Ha4YeHo20 iHmezapysaHHs). NIl no obnacTi Dy (DX) MOXHa 3HanTn obumc-

NEHHsIM BM3HAYEHOrO iHTerpana 3a 3miHHot X (Y) Big BM3HaYeHoro iHTerpa-
na 3a 3miHHow Y (X) 3a dhopmynoto:

bl ®2(x)

| = [[f(x y)dxdy=[| [f(xy)dy|dx (21.2.5)
Dy a ¢1(X)
d[wa(y)

| = [[f(x y)dxdy=[| [f(x y)dx|dy]|. (21.2.6)
Dy cl wily)

A oeedeHH s nposeaemo ans obnacti Dy i pyHkuii Z= f (X, y) >0
D(X, y)D D, , cnupatouncs Ha reometpudHui emuen MAl (21.2.3) i popmyny
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obumncneHHs ob’emy Tina 3a BiAOMWMM MoLWaMM MOro napanenbHUx nepepi-
3iB (amB. ,BusHaveHun iHTerpan”):

b
V = [S(x)dx, (21.2.7)

ae S(X) — HenepepBHa QYHKUiA, 3HA4YEeHHAMM SKOI ONa  iKCOBaHOro

%o O[a,b] € nnowa nepepisy Tina nnowwmHolo X = Xy .

3rigHo 3 pwuc. 21.2.5 y Hac S(XO) — nriolia KpMBONIHIMHOT Tpaneuii
MNPQ, obmexeHoi gyroto Q73 KPUBOT Z = f(xo, y), BepTukansmu QM , PN
i Binpiskom-ocHoBoto MN, ne M =M (Xo,q)l(xo)), N = N(Xo,q) Z(XO)).

- Lito nrowy MoOXHa 3HanTM 3a
z=f (x.)

z [I0NMOMOrOl0 BU3Ha4YeHoro iHTerpana

A

0 3a 3MiHHOIO Y, a came:
P ¢ 2(x0)
S{xo) = { f (%0, y)dy.
¢ 1(x0)

Onst gosinsHoro x[[a, b] maemo:

¢ 2(x)

S(x)= [ f(x y)dy. (21.2.8)
¢1(x)

:
:

/M D N) - 3 ypaxyBaHHAM (21.2.8) copmy-
i)/ I/\‘ 2 , na (21.2.7) Habysae Burnaay:
g ) L) b| ¢2(x)
Puc. 21.2.5. FeomeTpuyHa v :f ¢{§(X1 y)dy |dx. (21.2.9)
a 1{X

iHTepnpeTaudia coopmynu (21.2.9)

3 iHworo 6oky, Ha nigcTasi reomeTpuyHoro cmucny MAal:

V = [[ f(x, y)dxdy. (21.2.10)
D

y

dictasnatoun (21.2.9) i (21.2.10), npuxogumMo [0 CNiBBIOHOLEHHS
(21.2.5). Teopemy noseeHo. m
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3aranbHUn BMNAAoK, KONU Hisiki 0OMeXeHHs1 Ha 3HakK nigiHTerpanbHol
dYHKLIT HEe HaknagawTbCs, MOXXHA 3BECTU OO0 PO3rfsiHYTOro BUGOPOM HOBOI
CUCTEeMU KoopaMHaT napanenbHUM nepeHeceHHsM cuctemm XOyz.

Y dopmynax (21.2.5), (21.2.6) iHTerpann y KBagpaTHuUX LyXkax (3a
3MiHHOIO Y, X Bi4MOBIAHO) Ha3nBaTb BHYTPIWHIMMK, a iHTerpanu Big HUX (3a
3MiHHOIO X, Y BigNOBigHO) — 30BHiWHiIMW. [1paBi YacTuHK Unx Popmyn Hasn-
BalOTbCA ABOKPaTHUMU, ab0 NOBTOPHUMM, iHTerpanamm pyHkuii Z= f(X, y)

no obnacrti D, (DX).

3acTtocoByloTb 1 iHWY (6e3 KBagpaTHUX AYKOK) hopMy 3anucy ABOKpaT-
HUX IHTerpanie, yka3ylu4m nopyy i3 CUMBOSIOM 30BHILLUHLOrO iHTErpana ande-
peHLuian BignoBigHOI 3MiHHOT, a came:

b $2(x)
[[f(x y)dxdy=[dx [f(x y)dy, (21.2.11)
Dy a  ¢1(x)

a  Waly)
[[f(x y)dxdy=[dy [f(x y)dx. (21.2.12)
Dy ¢ Ww(y)

3ayea)kuMo TaKoX, LLO:

30BHILLHIM iHTerpan 3aBxgu Mae cTani Mexi iHTerpyBaHHs i 6epeTbcs
nicns 064YNCNEHHS BHYTPILWHBLOIO;

NpY BHYTPILIHLOMY iHTerpyBaHHi 3a Yy (X) iHwa 3miHHa — X (Yy)— Tny-
MayunTbCA AK napameTp (i3 HUM NOBOAATLCS SIK i3 KOHCTAHTOH));

npu obuncnenHi MOl no geskin obnacti D, He 06oB’A3KOBO MpaBuUIb-
Hin, MOXXHa BMBUpaTn Byab-aKnin NOPSOO0K iHTEerpyBaHHA (30BHILLHI iHTerpanu
BGpaTtn 3a 3MiHHOK X, BHYTpPIWHI — 32 Y, 44 HaBnaku) i ue He BMAMWHe, 3BU-

YamHO, Ha OCTATOYHUM pe3yrbTaT, Xo4a 3 TEXHIYHOro BoKy, SIK NpaBwuo, OauH
i3 nigxoaiB BUABNSAETbCA BinbLU NPUAHATHUM, HiXX OPYTUA.

3azanbHull Nopss0oK supaxoeyeaHHsI MOBMOPHUX iHmMezpariie

Lle nuTaHHA BUCBITNIMMO Y BUMMISAAI KOMEHTapPIO, PO3B’A3YH0YN KOHKpPeT-
HUA npuknad: obuncnutu NIl Big PyHKUiT Z = f(X, y) = 6(X+ y) no obnacri
D 3 mexeto I :{(X, y)‘ y=0, y=x, x—-2y+1= O} (nicns cumsony | Bka-

3aHO PIBHSAHHSA NiHI, AKi 06MexyoTb obnacte D).
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1°. 3o6paxaemo (6ynyemMo) obnacTb iHTerpyBaHHS i aHanizyemo i 3
METO BCTAHOBJIEHHS TOrO, Yn Byae BOHA NPaBUSIbHOK Yy HanpsiMi SIKOICh i3
KoopaAMHATHMUX ocen. AKWOo ,Tak”, TO 3acTOCOBYOTb ©e3nocepegHbO OOHY 3
dopmyn — (21.2.11) abo (21.2.12); KW ,Hi” — po3dusaoTe D Ha npaBunbHi
nigobnacTi i BUKOPUCTOBYIOTb BriacTuBiCTb aguTmeHocTi ML

Y Hawomy npuknagi obnactb iHTErpyBaHHS € MpaBUIbHOK Yy Hanpsmi
OX (puc. 21.2.6-a), amxe BUKOHYHOTbLCA BUMOTU XapakTepUCTUYHOI BracTu-
BOCTI: NniBa i NpaBa NaHkn Mexi obnacTi — Bigpi3ku ABox npamux: X =2y -1,

X =Y, TOMy MOXHa 3anucaTu:

D=D,={(xy)|csy=d, yyy) s xsw,(y}=
={(x y)| 0= y<1 2y-1<x<y}. (21.2.13)

Y

Puc. 21.2.6. 3obpaxeHHs1 obnacTi iHTerpyBaHHs MAI

Y Hanpsimi oci Oy obnacte D He € npaBunbHoto (puc. 21.6-6), 60 HUX-
HA AinsHka il Mexi cknagaeTtbecs 3 Bigpi3kiB ABOX pisHMX npsimux: Y =0,
Yy = X. Ane 1l MOXHa nogatn y Burnsagi ob6’egHaHHA OBOX MPaBUSIbHUX Y Ha-

npsmi Oy obnacteit Dy, D5, Ha siki D pos6usaeTbes npsimoto X = O:

D=D,UD,,
e
Dlz{(x, y)| ~1<x<0,0< ys%(x+1)}. (21.2.14)
DZ:{(x,y)\Os X<l X< ys%(x+1)}. (21.2.15)
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2°. YemaH08/110eMOo MeXi 30BHILUHBOrO | BHYTPILLHBOrO iHTErpyBaHHS Ta
8UINUCYEMO NOBTOPHI iHTerpanu.

Ons yporo obnacte um nigobnacte Tuny D, (Dy) noaymku abo rpadpiy-

HO NPOEKTYIOTb Ha Aesiky NpaMy, napanensHy oci Oy (OX), abo Ha camy Bicb
Oy (OX), AKLI0 obnacTb poaTalloBaHa no oauH Gik Big Hel. KiHui ogepxaHo-

ro Bigpiska, TouHiwe ixHi opauHaTn C, d (abcumucu a, D), BU3HAYaOTb MEXi
30BHILHBLOrO iHTerpyBaHH4. [MoTiM AMBMMOCH, SKUMU PYHKLIAMU OMUCYIOTLCH
niBa i npaBa (HWXHS | BEPXHS) OiNSHKM Mexi obnacTi um nigobnacrten, To6To

BCTaAHOBJIIOEMO BUA, (DYHKLIN X:L|J1(y), X:L|J2(y) (y:q)l(x), y:¢2(x)),
AKi | BU3HA4YaTb MEXi BHYTPILLHLOIO iIHTErpyBaHHS.
3rigHo 3 pwuc. 21.2.6-a obnacte D npoekTyeTbca Ha Bigpi3ok

[C,d]=[0,l]. Ons koxHoro Y i3 [0,1] abcumca X 3MiHIOETbCA BIfA

L|J1(y) =2y-1po L|J2(y) =Y. BignosigHui nepexig sia MOl 4o NOBTOPHUX iH-
Terpanis mMae BUrMsA:

1 y
| = [[6(x+y)dxdy =6[dy [(x+y)dx. (21.2.16)
D 0 2y-1

Ons iHWworo nopsiaky iHTerpyBaHHs, 3rigHo 3 puc. 21.2.6-6, maemo: D

(DZ) npoekTyeTbcA Ha Bick OX Ha Bigpi3ok [—1,0] ([O,l]). OpavHata Y y

LmMx mexax 3miHieTbesa Big 0 go %(X+1) (ans Dy), Big X po %(X+1) (ons
D2). OT)Ke,
o L)
| =[[6(x+y)dxdy=6 [dx [(x+y)dy+[dx [(x+y)dy| —(21.2.17)
D -1 0 0 X

Ak Gaummo, nepeBary Tpeba BiggoaTM AOBOKpaTHOMY iHTerpany i3
(21.2.16): nopiBHAHO 3 (21.2.17) noro BigwyKaHHA noTpedye BABIYI MeHLwe
obumncnoBanbHol poboTn. 3ayBaXkMMo, LLO MEXi iHTerpyBaHHA MU PakTUYHO

ogepxanu we B 1°, konn onucysanm D, Dy, D, (aus. (21.2.13), (21.2.14),
(21.2.15)).
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3°%. O6YucnoeMo NOBTOpPHI iHTerpanu dyHKLii Z = f(X, y) B obnacTi D,

MOYMHAKYM 3 BHYTPILWWHLOrO. AKWO BHYTPILLHIW iHTerpan ,rpoMi3gkun”, To no-
0 3Haxo4sTb OKPEMO; Y NPOTUMEXHOMY BMNAAKy OBYMCNEHHS OBOKPATHOMO
iHTerpana npoBoAsATb ,AaHLOXKOM”, WO i 3pobumo B (21.2.16):

1 y 1
| =6[dy [(x+y)dx=6[dy X7+XYJ
0 2y-1 0

Mpy 0OBYMCNEHHI BHYTPIWHBOrO iHTErpana BpaxoBaHO, WO QYHKLis
X+Yy po3rnagaeTbca AK (PyHKUiA Big X Mpu NOCTIMHOMY Y, TOMYy Ons Hel

nepBicHOI 6yae yHKLis X2/2 +Xy. ®

21.3. NMNoaBiNHMK iHTerpan y nonsipHUX KoopAuHaTax.
3amiHa 3amiHHux y NAl

O3HayeHHs T[] G enemeHm nnowi @ NosssPHUX KOOpPOUHamax

Hexal y 3amkHeHin obnacti D, sky BigHeceHo OO MonsipHOT cucTemu
koopanHat POQ, ne p — nonspHui pagiyc (OSp<00), ¢ — nonaApHWA KyT
(OS ¢ < 2T|), O — nontoc (noYaTok KoopauHaT), 3aJaHa HenepepBHa YHK-

uis z=F(p,$), a6o z=F(M), ne M =M(p,9).
Ak i B cuctemi XOy (aue. n. 21.2) 34iCHUMO:

— po36ummsi D Ha nnowmHkn AS (i :]71) i3 niameTpom A;

— 8ubip Ha koxHi i3 Hux Toukn M, (pi,9;);
n

— cknadaHHsi iHTerpansHoi cymn |, =>° F(M i ) [AS ;
i=1

— ob6yucnerHs rpaHuui | iHTerpanbHoi cymu |, npu A — O pasom i3

n-o:l=1imlI,.
A-0
(")

238



Uucno | (3a ymoBM oro icHyBaHHs) Ha3uBaloTb NOABIMHUM iHTerpa-
nom Big dyHKUji Z= F(p,(l)) no obnacti D y nonsipHin cuctemi koopauHar i
AULWLYTb:

I :”F(M)ds, abo | :”F(p,(l))ds. (21.3.1)

Lle o3HayeHHsA OOCTOTY NOBTOPHOE O3Ha4YeHHsA [Nl B gekapToBMx KOOp-
avHatax (21.2.1), Tomy i B cuctemi pOd goctatHs ymoBa icHyBaHHA | — He-
nepepBHICTb PYHKLIi F(M) OM OD.

Ockinbkn y Bunagky icHysaHHs MAOI rpanmus | He 3anexuTb Big cnoco-
Oy po36uTTa obnacti D Ha nnowmHKK, TO Oro 3AINCHIOKTL HANNPOCTILLUM
cnocobom — KoOOpAUHATHUMMW NiHIAMWN: KOHLEHTPUYHUMW KONamu (p—ConSt) [

NPOMEHAMM (d) —ConSt), To6TO NiBNpAMUMHK 3 nodatkom O (puc. 21.3.1-a).

Puc. 21.3.1. O6nactb D Taii nnowwmHka AS y nonsipHMX KoopauHaTax

LLlo6 opepxaTtu BUpa3 ans enemeHTa (audpepeHuiana) nnowi ds y cuc-
Temi POQ, posrnaHemo okpemy nnowmHky AS (puc. 21.3.1-6), Mmexa Kol He
Mae CrinbHUX OiNsHOK i3 niHieo . Ti MoXHa po3rnaaaTi sk YacTuHy obnacrTi
D, saka opepxyetbcs npu nepexodi Big Toukm M (p,d)) 00 TOYKM

N(p+Ap,¢ +A¢), KONMW NOMAPHWUIA pagiyc (NonApHWUiA KyT) HabyBae NPUMPOCTY
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Ap (Ad). Y nosHauenHi nnowmnkmn (AS) iHgexc i He nuwemo, 6o ans Buse-
OeHHs1 dS He cyTTeBO, sika 3a HOMEPOM MIIOLMHKa TAKoro TUMY PO3rNsSAa€Tb-
cs. YacTkoBi obnacTi po3ouTTs, y AKMX Oeski OiINAHKM MeXi HanexaTtb NiHii [

He BepyTbCs OO yBaru, OCKifIbKM BOHW HE BMIMBAKOTb HA rpaHuLto iHTerpanb-
HOT CyMU; Lie JoBOASATb Y BinbLl NOBHUX i CTPOrMX Kypcax MataHaniay.

Akwo yepes SR, SOQN NO3HA4YNTU MIoLWi KPYroBMX CEKTOPIB i3

ueHTpanbHum kyTom AQ i BignosigHo 3 paaiycamu P, p + AP, To YncenbHO

AS=Soqn = Sowr =5 (P+8p) A0~ 2p°A0 =pApAG +28p°A0. (2132

Mpu npsmyBaHHi npupocTiB AP i AQ Oo Hyna nepwwmit i Apyrvin goaaH-
KW npaBoi YacTMHKu (21.3.2) Tex NpsiMyloTb A0 Hynsi, To6To AS cTaHOBUTL
CyMy OBOX HeckiH4yeHHo manux npu Ap —» 0, A¢ — 0. MonosHOW YacTUHO
HeckiHyeHHo Manoi AS, To6To AudpepeHuianom dS, € HeckiHYeHHO mana

pPAPAd, 6o apyrvin gogaHok (lApZAq)) — HeCkiHYeHHO Mana 6inbLu BuUco-

2
Koro nopsaky. [incHo, NopiBHIOKYN HECKIHYEHHO Marli, MaeMo:

1,2

=Ap“A
Ap-0 PAPAD  pp-02p
AD -0 AG -0

BucHoeok. EnemeHT (oudpepeHuian) nnowi ds y nonsapHUX koopauHa-
Tax yepes AudepeHuiany HesanexHux 3amiHHux dp =Ap, dd =Ad onucy-

€TbCS CNiBBIAHOLEHHSAM:
ds=pdpdd. (21.3.3)

Taknm 4nHom, (21.3.1) HabyBae Burnagy:

| =[[F(p.,¢)ds=[[F(p.0)pdpdd. (21.3.4)

Came Take nogaHHsa TNl B nonspHux koopauvHaTax O03BOSIIE 3BECTU
MOro oB6YNCNEHHA 0O BMPaxoBYBaHHS NMOBTOPHUX iHTerpanis, 3a aHanorieto 3
obumncneHuam Ml B aekapToBmx KoopaMHaTax.
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O6yucnenHns Nl e nonsapHux koopouHamax

3amkHeHa obnacTtb Dp y cuctemi PO HasneaeTbCA NpaBUNBLHOMO 3a
P, AKWO BOHa obmexeHa ABoma npomMeHsiMu ¢ =a, ¢ =3 i gyramu aBox
HenepepaHux kpueux P =p;(0), p=p,(d). i Taka, wo Gyab-sikui NpomiHb
$ =g, Wwo npoxoauTtb Yepes BHYTpiWHO Touky M obnacti (M U 17), nepe-
TUHae Mexy nuwe y ABoX Toudkax (puc. 21.3.2). o cyrTi Dp AK MHOXWHa TO-

YOK € PIi3HULE [OBOX KPUBOMIHIMHMX CEKTOPIB, SKi 3ycTpidanuca npu
O0BYMCNEHHI NNOLL NSIOCKNX QRIryp Y NONSIPHUX KOOpAMHAaTax.
Y cumBonax Dp iiimexa [’ p ONMCYIOTLCA Tak:

D, ={(p.9) [ a <9 <P, py(d)<p=pa(d).

Iy :{(p,d)) ‘ d=0a,0=0; p= pl(q))’ p= p2(¢)}. (21.3.5)

Oy kpueux Pq(d), po(®) Gynemo HasmsaTu BignosiaHo nepuwoto,
apyroto Big nontoca O ainaHkamu mexi obnacri.
3amkHeHa obnacTtb D¢ y cuctemi PO HasnBaeTbCA NpaBUNBLHOMO 3a

¢, SKwo BoHA obOMexeHa AyramMmu ABOX KOHLUEHTPUYHMX kin P =Y, P =0
(y,0 — const) i ayramu gBOX HenepepBHUX Kpuemx ¢ = d)l(p), ¢ = ¢2(p), i
Taka, Wwo 6yab-AKe Koo P =P, IO NPOXOAWUTb Yepe3 BHYTPILWHIO Touky M

obnacTi (M [l F), nepeTuHae Mexy nuwe y gBox Tovkax (puc. 21.3.3).

jd/ \\
P=p,(9)
Iy D
./\L\
P=p,(®)N\
\
p
x > >
0 P O Y Po O P
Puc. 21.3.2. MNMpaBunbHa 3a P Puc. 21.3.3. MNMpaBunbHa 3a ¢

obnacTb y NONsAiPHUX KoopaMHaTax o6nacTb y NONsIPHUX KOOpAMHATax
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Y cumBonax D¢ i i mexa [ ¢ OMMCYIOTLCA TaK:

={(p,9) ly<p<d, di(p)<o< d2(0)},

L :{(P,q)) p=y,p=8 0= o1(p), & = ¢2(p)}. (21.3.6)

Oy kpueux §,(p), d,(p) Gymemo Hasusatu BinosioHo nepuuoio,
apyroto Big oci OP pginsaHkamu mexi obnacri.

[oBinbHy 3aMkHeHy o6nactb D y nonsipHuMx KoopauHaTax MoxHa no-
aatn y Burnagi ob’egHaHHA npaBuribHUMX obnacTten, ki ogepXyTbCa pos-
outtam D Ha yactMHu (nigoGnacTi) koopAauMHATHMMM niHiAMKW. 3aBOsikuv
BNacTMBOCTI aAUTUBHOCTI iHTerpan no BCin obnacTi gopiBHIOBAaTUME CYMi iH-
Terpanis no nigobnactax. Omke, 9K i B AeKapToBUX KoopauHaTax, o64YncneH-
HA [10l B nonsipHMX kKoopanHatax 3BOAUTLCS OO BMIHHS 3HAXO4UTWU MOro no
npaBUnbHMX obnacTax.

Teopema 21.3.1 (npo 38edeHHs [Nl do noemopHozo iHmMeepana). MNAal

MO NpaBwUIbHIN obnacTi Dp (D¢) MOXHa 3HaUTN 0BYMCNIEHHAM BM3HAYEHOro

iHTerpana 3a 3aMiHHo ¢ (P) Big BU3HauyeHoro iHTerpana 3a 3MiHHow P ()
3a hopmyroto:

Bl p2(d)
I = ”F p.¢)pdpdd = I Ilj p,d)pdp [do (21.3.7)
al pa(d
2 (p)
| = IIF(p,¢)pdpd¢=I IF) p.9)dd | pdp |, (21.3.8)
Dy (o

abo (y 3anuncy NOBTOPHUX iHTerpanis 6e3 kBagpaTHUX OYXKOK):

B p2(d) 5  02(p)
=[dp [F(p.9)pdp | =[pdp [F(p,0)do |. (21.3.9)
o pe(d) y ¢1(p)

Ha npakTuui yacTiwe 3acTOCOBYETLCA TakKuMW MOPSAOK IHTEerpyBaHHS:
BHYTPILWHIN iHTerpan G6epeTbca MO P, a 30BHIWHIN — N0 ¢; TOMy po3GUTTS

obnacri iHTerpyBaHHa D, akiio BoHa He € NpaBuUIbHOW, NPOBOASATL Ha npa-
BUITbHI 3a P nigobnacri.
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3aranbHun nopsiaok obuncnenHs MOl B nonspHMx koopanHaTax NpuH-
LUMMNOBO Taknn camun, K i ana NIl B gekapToBux kKoopauHaTtax.

[[OnoBHE YyTpYyAHEHHs1 — po3ni3HaTtn obnacTti Tmny Dp, D¢ | BCTAHOBUTH
NPaBUIIbHO MEXi IHTErpyBaHHS, OKpiM, 3BiCHa piy, 06YMCNEHHA BU3HAYEHUX
iHTerpanis. ¥ YacTUMHHUX BuUNagkax NPAMORiHINHI abo KPUBOMIHIAHI LiNSHKKN
Mexi obnacrten Dp, D¢ BUPOOKYIOTLCS B TOYKW. Tak, Hanpuknag, obnactb

Dp CTae NPOCTO KPUBOMIHIMHUM CEKTOPOM, SKLWLO B TOYKY BUPOOXKYETLCH

nepwa Big O ginaHka mexi obnacrTi, i ToA; pl(d))EO. Axwo nontoc O nexuTs
BCepeauHi obnacTi iHTerpyBaHHsi, OOMeXeHOI OfHIEl 3iIMKHEHOW TiHiet
P=pP, (d)) TO 11 pO3rNaAgatnTb AK NpaBunbHy 3a P obnacTs:

D, ={0<¢<2n, 0<p<p,(0)}.

Mpuknad. OGumcnut MOl Bio yHKUji Z=3p28in2¢ no o6nacti D,
obmexeHin niHismu: P =2sing, p =2cos¢.

1°. 306paxyemo obnacTb iHTer-
pyBaHHA (puc. 21.3.4) 49K nepeTuH
ABoOX KpyriB i3 pagiycamu 1 i ueHTpa-
MW Ha BepTUKani ”n ropusoHTani,
KoMna SKMX MNPOXOAATb 4Yepe3 TOuKU
P 0O, AW2,114). Us oBnacTb € npasu-
NbHOO 3a ¢ 3 enemeHTamu BUPO-

(P:aI'CCOS—p

2

; mxeHHa O, A: touui O Bignosinae
BupomkeHe koro P =0, a Touui A -

Puc. 21.3.4. OGnacTb iHTerpyBaHHsl BypomkeHa Ayra kona P =~/2.

OT1xe,
D=D, ={(p.9)|0<p<+2, arcsin(p/2) < <arccos(p/2)}.  (21.3.10)

O6nactb D He € npaBunbHoto 3a P, ane npomeHem OA i MOXHa po3-

6uTn Ha ABi NpaBunbHi 3a P obnacti Dy, D,, npaeaa, 3 enemeHTamun Bupo-
[KEHHSI:

D, ={(p,9)| 0o <1W4, 0<p<2sino},
D, ={(p,0)| W4<dp <12, 0<p<2cosd}.
243

(21.3.11)



2°. YcmaHoemoemMo Mexi 30BHILLHBOrO | BHYTPILLHLOrO iHTErpyBaHHA Ta
gurnucyemMo NoABivHI iHTerpanu.
AHanizyemo D sk D¢ | 3aKSIO4aEMO, WO MOXINBI 3HAYEHHS MONSIPHOro

pagiyca p ans Toyok obnacTti nexartb Big 0 go J2, 10670 p [0, \/E] — BiO-
Pi30K 30BHILWHBLOrO iHTEerpyBaHHs. [1pn BigLyKaHHI MeX BHYTPILLHbOrO iHTer-
pana BpaxoBYEMO, WO Bignik nonsipHoro kyta Big nonspHoi oci OP
30INCHIOETLCS NPOTU XOAY FOANHHUKOBOT CTPINkW. Y nogymkax (abo ¢isnyHo)
npoBoaMMo ayry kona 3 ueHtpom B O, sika nepeTuHae nepuy i apyry Big OP
AOINAHKKU Mexi obnacTi, i AMBMMOCH, SIKUMW OYHKLiSMW BOHM OMUCYHOTLCH,
TOBTO YCTAHOBMIOEMO BUA (PYHKLIA ¢ = ¢1(p), ¢ = ¢2(p); BOHM | BU3HAYalOTh

noTpiBHi mexdi. Y Hac: ¢, (p) =arcsin(p/2), ¢,(p) = arccodp/2). Omxe,

J2 arccos(p/2)
| = [[3p®sin2¢ (pdpdp =3[ p°dp  [sin2¢dp. (21.3.12)
D 0 arcsin(p/2)

Akwo nicns 306paxkeHHss 06nacTb iHTerpyBaHHA onucaHo BigMNOBigHUM
4YMHOM Yy cumBorax (ams. (21.3.10), (21.3.11)), TO Mexi iHTerpyBaHHA BU3Ha-
YalTbCH ,aBTOMATUYHO". Tak, Hanpuknag, i3 (21.3.11) ogepxxyemo:

|=[[F(p.¢)ds=[JF (p.¢)pdpde+ [[F(p.¢)pdpde= F(pd)=307sin2|=

1 2
ma 2sin¢ 2cosd
jsm2¢d¢ j p>dp+ jsn2¢d¢ j p>dp |. (21.3.13)
4

3°. O6yucnoemMo NOBTOPHI IHTErpanu, NOYNHAYM 3 BHYTPILLHBOTO.
3HangemMo BHYTPILWHIN iHTerpan i3 (21.3.12):

arccos(p/2) arccos(p/2) _
j sin2pdd = —%COSZ(I) = —% co{Zarccosgj —co{Zarcsi n%ﬂ —
arcsin(p/2) arcsin(p/2) i

_| cos2a =2cos’a -1=1-2sin’a: __1 P 2_ _|1_o[P g _

- : . = 2 1 1-2 =
cos(arccosa)=a; sin(arcsina)=a/  2[| |2 2

:1—p2/2 (MK BepTUKarbHUMU pUCKaMKU BKasaHO OOBIAKOBY iHbopmauio 3

TPUroOHOMETPIT).
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/2
J2 2 J2 4 6
=3[ p31-P |dp=3 3pd_3p——p— =1
Ip( 2Jp g[ 2 P72, 12 )

Ha nepwwin norngag, peanisauis (21.3.13) notpebye Oinblwe obuucntio-
BanbHOI poboTn, 60 MICTUTL ABa MOBTOPHI iHTerpanu. Ane SKLWOo BpaxyBaTu
cumeTpito obnacrti i noBepxHi BiaHocHo npomeHs OA, To goctaTHbO obyuc-
NUTU NULWe OAWH NOBTOPHWUK iHTEerpan, Hanpuknaza, nepLumvn.

Takum YNHOM:

4 28ind 4|2sn0

|_6jsn2¢d¢ j o3dp= 6jsn2¢d¢£-& =

4
—24f sin2¢ sin® ¢ dp =|sin2p = 2sin¢ cos¢ | = 48[ sin® ¢ cosd dp =

4 . 6, VA 6
=48 sn¢ d(sing) = 483" o' 8( 1) -1
£ (sin¢) 6 | V2

3BnyanHo, npu obumucnenHi MOl He oboB’aA3koBO po3rnggaTtn obuasa
NOpsSAKN iHTerpyBaHHs (Xiba WO Anst KOHTPOMIO NPaBUbHOCTI PO3B’A3aHHS),
a BMbnpatoTb Kpallnm 3 TOUKM 30py 06’emy obumcnioBanbHoOi poboTun.

3amiHa 3miHHux y T4l

Ak BigOMO, OCHOBHUM METO4OM OOYMCHEHHSA BM3HAYEHUX iHTErpanie €
MeTo4 3aMiHM 3MiHHOI (MeTod MigCTaHOBKMW), KU OO3BONSE 3adaHUN iHTer-
pan 3BectTn 4u o Tabnu4Horo, Yn o 6inbw ,ApocToro” iHTerpana. Llen me-
ToA nowmproeTbes i Ha M1, ane noro 3actocyBaHHA YCKNaQHKETLCA TUM, WO
Tpeba BigwyKyBaTn ,Nigxoxi” NiACTAaHOBKN He ANsl OAHIET, a Ans ABOX 3MiH-
HUX.

PosrnsHemo cnovaTky YacTUHHUIW BUNagoK metoay niacraHosku y M/,
MOB’A3aHUN i3 MepexodoM Bif OeKapTOBMX KOOpAWHAT X, Y OO0 NOMSAPHUX —

P, ® uyn HaBnakwu, WO 3yCcTpivYaeTbCs PigKo.
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Axwo cymicTutn cuctemm koopamHat XOy i pOd Tak, Wo ixHi noyaTku

O cnienagatoTtb, a nonsapHa Bick OP nexutb Ha oci OX, To nepexia Biag ae-
KapTOBMX KOOPAWHAT A0 NOMSAPHUX ONUCYETLCS CMiBBIAHOLLIEHHAMM:

X=pcosp, y=psing, (21.3.14)

a 3MiHHI P, ¢ 4epes X, Y BUpaxarTbCHA TaKUM YNHOM:

p=+x*+y?,
: (21.3.15)
& =arccos — X =arcsin——Y— =arctg? = arcctgX
X2+ Y2 X2+ y? X y

(X#0, y#0; y npotunexdHomy Bunagky Kyt ¢ HeBU3HAUYEHWIA).

HasegeHi oopmynu i MOXYTb cnyryBaTu TUM ,MICTKOM”, KU oB4mc-
neHHs 3agaHoro NIl B ogHMX koopauHatax — ,ctapux” — 3Bege Ao obuyuc-
neHHs 6inbw npoctoro MOl B gpyrux koopguHatax — ,HOBUX”.

Hexan Tpeba obuncnutu MOl Big pyHKUiT Z = f(x, y) no obnacti D y
AEeKapToOBUX KOOpANHATaXx:

| :ij £(x, y)dS=IDI f(x,y)dxdy. (21.3.16)

Akwo obnacte D € npaBunbHOO B NOMAsSipHUX KoopAMHaTax, To obunc-
NeHHs1 AaHoro iHTerpana MoXxHa 3Bectu Ao obuncneHHs MOl no D y nonsp-
HUX KoopAuHaTtax 3amMmiHOW 3MiHHMX X, Y 3a dopmynamu (21.3.14) 3

ypaxyBaHHsM (21.3.3):

| =[[ f(x y)ds=[[ f(pcosd,psind)pdpdd = [[F(p,d)pdpdd, (21.3.17)
D D D

pe F(p.¢)= f(pcosg,psing).

3po3ymino, Wwo Takum nepexig aouinibHo pobutu, akwo MOl B HOBMX KO-
opAanHaTax nerwe obyncnnTu, HiXk 3agaHnn iHTerpan.

AHanis ¢oopmyn (21.3.15) nokasye, WO y po3rnggyBaHoMy BUNagKy Le
6yne HanesHe Togi, KONW nigiHTerpanbHa yHKLis f(x, y) MICTUTb (K opar-

2 : : . , .
MeHT) X° + y2 abo oaVH i3 BMpa3iB, KU € NPaBOK YaCTUHOK PIBHOCTEN Y

246



y

(21.3.15), Hanpvknag, arctg;; A0 TOro X obnacTb iHTerpyBaHHs npasuibHa

(Tvny Dp, D¢), a il mexa mictutb ayru kin (kpatue 3 ueHTpom B O) i Biapisku
NPOMEHIB, o BuxoaaTh i3 O.

(4-x-y) no o6nacrti D,

Wl

lpuknad. O6uncnutun MOl Big QyHKUIT Z =

OBMeXeHil niHicl X2 + y2 -2y =0.

1°. Bo6paxaemo obnactb D, ecmaHo810eMO MeXi IHTErpyBaHHS Mo X
i Y, sunucyemo NoBTOpPHUM iHTerpan (abo NoBTOpPHI iHTerpann).

" N y:HW PiBHSHHS x2+y2—2y:0 onu-
=2sIn

P b cye kono 3 uentpom y Touui (0,1) i

%\ pagiycom 1 (puc. 21.3.5):

D
24(y-1?%=
y-1)° =1.

BignosigHa obnactb — Kpyr — €
- MPaBUnbHOIO Y Hanpsami 06ox ocen
y=1-1-x koopauHat. Posrnggatoun 1i sk Dy,
-1 O 1]3 X 3Hangemo yHKUil, L0 OnNUCylTb

HWKHIO | BEPXHIO OINAHKN Mexi 06-
Puc. 21.3.5. ObnacTtb iHTerpyBaHHA pgcri.

[nsa uboro po3B’sAXXeMo PIBHAHHA MeXi BIQHOCHO 3MiHHOT V!
y2 —2y+x2 =0 = y o =1xV1- X2 .

OyHKUia Y = ¢1 =1-+1-x? (y= (I)2 =1++v1-x ) onvcye nie-

KOJO, sike NEXUTb HWXkYe (Buwe) npsmoi Y =1.
OTxe,

=D, ={ (x y)| ~1=x<1, 1-V1-x* < y<1+1-x°},

1 1+\/1—7
I —”zdxdy—sfdx [(4-x-y)ay.
1 1-1-x2
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BuaHo, wo nigiHTerpanbHa yHKLUiA 30BHILWHBLOrO iHTerpana (no X) mic-

TMTUME (Nicna B3ATTA BHYTPILWHLOrO iHTerpana) ippauioHanbHICTb \/l—xz,
pauioHanisauis kol noTpebye TPUroHOMETPUYHOI NiACTAHOBKU. YHUKHYTH ip-
pauioHanbHOCTI MOXxHa (Byno 6 3pa3sy) 3a AONOMOrok nepexoay Ao nonsp-
HUX KOOPAMHAT; WO i 3pobumo.

2°. 3diticHroemo nepexia 40 NONsPHUX KoopauHaT, nomidatoum, wo D e

obnactio Tuny D, saka o6mexeHa npomeHsmu ¢ =0, ¢ =T (BOHM JaioTb

p!
po3ropHyTuin KyT); nepiua Big O ainsHka mexi BupomxeHa B Touky O, a apy-
ra — ONUCYeTbCA PIBHAHHAM P =2SIN(. BoHO ogepyeTbes i3 PIBHAHHA MeXi

3amiHoO X, Y Ha P, ¢ 3a dopmynamu nepexony A0 MONAPHUX KOOPAUHAT:

X=pcosd, y=psing,

2 .
= -209Nn$=0=>
X2 +y2 =2 p"—2psing

X? + y2 -2y=0 =
= |p20| = p=2sin¢.
Taknm YAHOM, Y NONIAPHUX KOOpOAMHATAX MaeMo:

D, ={(p.0)| 0O<d<T O<p<2sing};
7= F(pv¢):%(4—pCOS¢—psin¢);

m 2sn¢
| = [[F(p.6)pdpdd =2[dp [(4-pcosp-psing)pdp;
D 0 0

p

nigiHTerpanbHa (PyHKUiS BHYTPIWHBLOIO iHTEerpana pauioHanbHO 3anexHa Bij
P, @ 30BHiLIHbLOro — Big COSP, SING.

OcTatoyHo oTpumyemo | =Ti. e
PosrnsHemo Tenep 3aranbHW Nigxig Woao nepexony Big ctapux 3MiH-
HUX IHTErpyBaHHA X, Y 0O HOBUX — U, .

Hexan X = X(u,v), y= y(u,v) — (byHKLiT ABOX 3MiHHMX, BU3HAYEHi Ha
o6nacti D' nnowwmnn uO'D, ki koxHin Touwi i3 D' cTaBnsATh y BigNoBiAHICTL

OfHY i TiNbkK 0f4HY TOYKy i3 obnacTi iHTerpyBaHHs D Ha nnowwHi XOy, a X,

X, Yy, Y, — IXHi YaCTUHHI NOXiaHi.
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BusHauHMK gpyroro nopsigky

, (21.3.18)

3anexHumn Big 3MiHHUX U i U, HasnBalTb (PYHKLiOHaNIbHUM BU3HAYHUKOM
dyHKLIN x(u,v), y(u,v), abo sskoGiaHOM nepexoy 40 HOBMX 3MiHHMX (Kapn
Akobi (1804 — 1851 pp.) — HIMELbKUIN MaTeMaTUK i MEXaHIK).

Teopema 21.3.2 (¢popmyna nepemeopeHHsi koopduHam y N4). Akuw,o:
— dymkuist f(X,y) Henepepera va D, a F(u,v)= f(x(u,v), y(u,v)) -

Ha D;
— NepLuUi YacTWHHI NoXigHi X, X,, Y|, Y, HenepepsHi Ha D’;
— gkobiaH J :J(U,ZJ) BiAMiHHUIA Big Hyns BcepeauHi D', To6t0 J#0
O(u,0)OD'\ I,
TO crnpaseanuea goopmyna:
[[ f(x, y)dxdy = [[F(u,v){J |dudo, (21.3.19)
D D’
ae | | — 3Hak (cumBos1) Mogyns.

Bupas ‘J‘dudv Ha3VBaETLCA €MeMEeHTOM nnowi B (KPpUBOMIHINHUX)

KoopauHaTtax U, 0. Jlerko nokasatu, WO B NOMSPHUX KoopAauHaTtax, TobTo
konm U=p, U=0¢: akobiaH J=p, a enemeHT nnowi ds=pdpdd (aus.
(21.3.3)).

BmiHHs BuGuMpatn nigxoxi HoBi 3miHHI B N[l 3aranom moxHa BigHecTu
He 0O KaTeropii TEXHIKM IHTerpyBaHHs, a 40 MUCTELTBA iHTerpyBaHHs, i 3ara-
NbHi pekoMeHgauil B LbOMY NfiaHi gaBaTu AyXe BaXKo. B okpemux Bunaakax,
konn [ onncyeTbCA OOHOTUMHUMM KPMBMMMK OBOX BMAIB, TO B POSi HOBUX
3MiHHUX U, U BMBMpatloTbCa NapameTpu, ki BU3Ha4yaloTb cimencTBa (MHOXMN-
HWN) UMX KPUBUX.

Harapgaemo, WWo 3a ogHUM i3 TIyMayeHb, napameTpu — Le BenuyiuHu (y
Hac — YNCNOBI), AKi XapakTepusyloTb OOHOTUMHI 06’ekTK (NiHiT, NOBEpPXHi, piB-
HAHHS TOLLO) B TOMY CMUCHI, LLO PI3HMUM IXHIM 3HAQYEHHSM BiANOBIgal0Tb KOH-
KpeTHi 06’ekTn (3 po3rnsaaysaHux); Hanpuknag: y = kx+b; k, b — napameTpu,

chikcoBaHi 3HaUYEHHS SIKUX BU3HAYalOTb Ty UM iHWY npsimy Ha nnowwmHi XOy .
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Mpuknad. O6YUCIUTH ”g dxdy, D — o6nactb i3 mexeto I, oe

={(xy)| y=x°, y=2¢% y=x, y=2x}.
1°, Bubupaemo HOBiI KoopauHaTK | 8CmMaHo8/TFEMO (PYHKLIT X = x(u,v),
y= y(u,v), Ans 4oro aHanisyemo ['.

Mepwi gBi niHii — napabonu cimencTea y=aX2 npu a=212; iHwi —
npsimi aHcam6nto Yy = kx npu k =1,2. Omxe, noknagaemo: U=a, v =Kk, Togi

— -0
R x=xuo)=
= =

— = 2
L s P

2°. BHaxodumo obnactb D' i Ako6iaH nepexoay 40 HOBUX 3MIHHUX.
PiBHAHHSA NiHiK mexi [ HabyBatoTb BUrNAAY:

u=1l,u=2,0=1 0v=2.

Otxe, D’ :{ (u,v) ‘ 1<u<?2, 1<v< 2} — KBagpar 3i ctopoHoto 1, a

ox ox| |-o Ll
_ _|ou ov|_| u ui__o ,
J=Ju,0)= = -—#0 Uu,0)UD".
WOTlay oy T oz g T "0 T
ou 0v uz u

3°. 30ilicHIoEMO nepexin A0 HOBUX 3MiHHMX 3a chopmynoto (21.3.19):
2
8 8 ([ v° 8 du
”—wwy:—j——mMU——L—
3 3
o/ o 7ju

_ -4 4(1 1)(8—1):1.

7U2‘1 3‘1

I—"—-I\J
II

PekomeHdyemo nobyaysatu obnacti D, D' i o6uncnutu MOl 6e3 sami-
HU 3MiHHUX. ®
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21.4. 3acTocyBaHHA NnoABIMHOrO iHTerpana
O6yucneHHs nnow, Nockux ¢ghicyp ma o6’ emie npocmopoesux misn

MaTepian uboro nyHkTy 6yaemo Buknagatv B AOBIAKOBOMY BapiaHTi, He
yOaruyncb 40 AeTanbHOro po3rnsagy, ane 3 HaBegeHHSIM KOHKPETHUX npukna-

AiB.
BiglwykaHHA BKazaHMX YNCNOBUX XapaKkTEPUCTUK reOMETPUYHMX 00’ EKTIB

6a3yeTbca Ha reomeTpudHomy cmucni MOl (ame. n. 21.2) sk o6’emi V Tina,
oOMeXeHoro 3Bepxy MOBEPXHEK, 3a4aHOK PIBHAHHAM Z = f(x, y), ae
f(x, y) — HeBig'’emHa i HenepepsHa B obnacTti D dyHkuis, 360kiB — UuniHAa-

PUYHOIO MOBEpPXHeto 3 TBipHO, napanenbHot oci Oz, i HanpamHow [ 3HK-
3y —obnactio D — ocHoBoto Tina — nnowmHn XOy:

Vv =[[ f(x y)dxdy. (21.4.1)
D

Y BunNagKky, Konm f(x, y) =1 D(X, y)D D, onepxyemo chopmyny nno-
wi Sp nnockoi dirypm D:

Sp =IDf dxdy. (21.4.2)

[Mpn po3B’A3aHHi 3agady crig MaTy Ha yBaasi Take:
— akwo D He € npaBunbHO0 06NacTo y HaNpsMi OHIET 3 ocell Koop-
AnHaT, To i, 3BM4anHo, po3bueatoTb Ha NpaBunbHI NigobnacrTi;

— NoBepxHs Moxe 6yTn 3agaHa PiBHAHHAM Y = L|J(X, Z) abo X = ¢(y, Z),
Toai oonacte D postawoeaHa Ha nnowuHi XOz a6o YOz i BignosigHo:

V = [[y(x, z)dxdz, V = [[¢(y,z)dydz; (21.4.3)
D D

— gakwo oaepxanun MAlI no D [0 xQOy cknagHuii, To Ans Moro cnpo-
LLLEHHSA cnig 34IMCHUTY Nepexig A0 HOBUX 3MIHHUX;

— ANSi Kpaworo OCMUCIIEHHS TOrO, sike caMe LuIiHgpUYHe Tino 4Yu nnoc-
ka dirypa po3rnsagalTbCa, PEKOMEHAYIOTL AaBaTM CXeMaTUYHe 300paXkeHHs
Tina abo xoya 6 obnacTti D, W06 NnpaBuUnbHO BU3HAYUTN MEXi iIHTErpyBaHHS.
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lMpuknad. 3Hantn ob’em Tina, oGMeXeHOro MoBEpPXHAMU X? + 2° =1,

x+y—-4=0, y=0.

1°. YcmaHoemoemo nigiHTerpanbHy yHKLil0 i 06nacTb iHTerpyBaHHs,
aHani3yruyu piBHAHHS NOBEPXOHb:

PIBHAHHS X2 +2° =1 ONUCYE LUNIHOPUYHY MOBEPXHIO, HaNpsiMHa SKOI —
kono Ha nnowwmHi XOz 3 ueHTpom y Touui O i 3 pagiycom 1, a TBipHa napa-

nenbHa oci Oy;
X+Yy—4=0 — piBHAHHSA NnowuHK, napanensHoi oci OZ;

y =0 — piBHSAHHS nnowmHn X0z,

Omxe, obnacTtb iHTerpyBaHHs poaTallioBaHa Ha MNOWMHI
D= { (X, Z)‘X2 +27% < 1}, a nigiHTerpanbHa MyHKUiA Y = L|J(X, Z) =4-X,
TO6TO UMniHOpu4YHe TiNo 3niBa obmexeHe Kpyrom, a cnpaea — dirypoto, 06-
MeXeHoto enincom (puc. 21.4.1).

xOz:

Z\
N N
(1,0,0) ;
\
O\ \
1,000 _ _
/
N\

Puc. 21.4.1. UnniHgpuyHe Tino

Ockinbkn obnacte D — kpyr, a nigiHTerpanbHa dyHKkuUis npocTta (BoHa
niHiHa BIAHOCHO 3MiHHOI X ), TO OOUiNbHO BBECTU MONSIPHI KOOPANHATW.
2°. [lepexodumo OO0 MOMSIPHUX KoopAuHaT i obyuciroemo BigNOBIAHUN

NOABINHUK iHTerpan:

y=uxd=a-x |20 | [y=pg)=a-peos
D={(x2)|x*+Z* <1} x2+22—p2 D={(p.0)|0<d<2m0O<p<1}
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1
0

2n 1 2mn
= V =[[W(p.¢) pdp dp = [d [(4-pcosp)p dp = Id¢(2p2—%pscos¢)
D 0O O 0

2n
=4mn (Ky6. on,.).
0

211 _
. g (2—%cos¢j b :(2(1) -14 nq)j

PexkomeHOyemo 3Hantn V 6e3 nepexogy 40 HOBMX 3MiHHUX i MOPIBHATK
3 ofepXXaHuUM pesynbTaTtoMm. @

Ob6yucrneHHs nnouwi Kycka nogeepxHi, obmexxeHo20
3iMKHeHOo JliHiero

3a pgonomoroto MOl MoxHa obuuncnioBaty He Tinbky Nnowi diryp, pos-
TaloOBaHWX Ha MNIIOCKIN NOBEPXHi (MNOLWWMHI), @ N Takux, SKi CTaHOBNATb Yac-
TUHY KpMBOT (KPMBOMIHIMHOT) NOBEPXHi, OBMEXEHY 3iIMKHEHOIO MiHI€ElO.

Po3rnaHeMo noBepXHIO, fika OMUCYETbCA PIBHAHHAM Z = f(X, y), ae
dyHKLUiA f(X, y) HenepepBHa i Mae HenepepBHi YaCTUHHI MOXiAHI Ha OesKin
obnacti nnowuHn XOY. Hexaih S — nnowia 4acTUHM NOBEPXHi, OOMEXEHOT
3iMkHeHoto niHieto L ; yepes [’ nosHaummo npoekuito wiei niHii Ha XOy, a ve-
pe3 D — obnacTtb Ha XOY, obmexeHy niHieto 1.

3a umx ymoB crnpaseanvea Taka ¢popmMyna nsoLli Kycka noBepXxHi:

2 2
Sz{)h/ﬂ(%) +(g—§) dxdy . (21.4.4)

3apgavy BiglykaHHA MOl S Kycka NoBepxHi Z = f(X, y) PO3B’A3YI0Tb

y TakoMy Mopsaaky:

1°. Yemaroenorome ninito L (AKWO BOHa SIBHO He 3ajaHa 3a YMOBOLO
3agadi), npoekTytoThb 1i Ha XOY i BU3HavatoTb niHito /7, a 3a Heto — i obnacTb
iHTerpyBaHHa D.

2°. 3Hax00mb YacTUHHI noxigHi dyHKUiT Z = f(X, y) | nigiHTerpanbHy
dyHKuito B (21.4.4).

3°. O6yucnoroms BiONOBIAHWI NoABIAHMI iHTerpan. Mpy 3acToCyBaHH
dopmynu (21.4.4) 3anuwaloTbCa B CUMi pekomeHaauil woao ob64ncneHHs
nnouy i o6’emis.
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lMpuknad. 3HanTK NNowy MOBEpPXHi Tiel YacTuHM napabonoiga obep-

TaHHa X2 +Z° + Yy =4, saka BMpi3aeTbCsA KPYroBMM LWMIHAPOM X% +2%=1

(amB. puc. 21.4.1).
1°. Ockinbku niHis NEpeTUHY 3a4aHNX NOBEPXOHb — KOMO — NPOEKTYETb-

cs Ha XOz Ha komo X°+2°=1, To D:{(X,Z)‘X2+22S1} (A i Ha

puc. 21.4.1.)

2

2°. PiBHSIHHSA NOBEPXHI X +7° + Y =4 BusHavae yHKuilo Y = L|J(X, Z) =

=4-x? - 22, gna soi Yy = —2X, Y, =—2Z. Takum YnHom,

S=[[W(x z)dxdz= ”\/1+ Ax? +47° dxdz.
D D

3°. O6uucnoemo MA| nepexoaom A0 MOSIIPHUX KoopAuHaT:

Wx =1+ 46 +2) | PO [ 4y = 10402

=| z=psinp =

D:{(x,z)\ X2 + 7 sl} x2+22:p2 D:{(p,q))\Osq)sZnOSps]}

=

2m 1 2n 1
= S=[[F(p,0)pdpdd = [dd[1+4p" pdp :% Jdo J(L+4p) 2d(L+4p7) =
D 0 0 0 0

= %q) En %(14. 4p2)3/2‘(1) = 1_12 Dgn(53/2 —1) = 7—6T(5\/§ —1) ~55(ks.0n.)

PekomeHAyemo 3HaiTn S 6e3 nepexody 00 HOBUX 3MIHHUX i MOPIBHATU
3 ofepXaHUM pesynbTaTtoMm. @

BidwykaHHs1 Macu, MOMeHmMie (cmamuy4Hux i iHepuii) ma koopOuHam
uyeHmpa msiKiHHsS1 NJ0CKOI niaamieku

Maca nnamieku. Axuo noBepxHesa ryctuHa 0 = O(X, y) nnockoi nna-

TiBkm D € HenepepBHOIO dyHKLUie0, To Ti Maca (3riaHO 3 Pi3UYHUM CMUCIIOM
Mol obuuncnoetTbes 3a opmMynoto:

m= [[o(x, y)dxdy. (21.4.5)
D
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[HWi oi3nYHI XapakTepucTuku nnaTiBKM BU3HAYalOTbCA 4Yepe3 Macy,
TOMY iHTerpan i3 (21.4.5) abo nigiHTerpanbHa yHKUISA BXOOATb SK CKI1agoBi
YacTUHKU 00 POopPMYn, 3a AKUMU Ui XapaKTEePUCTUKN OBYNCTTIIOITLCA.

Cmamu4Hi MOMeHmu nnamieku ma koopduHamu ii yeHmpa msi-
XiHHS. Haragaemo, WO cTaTUMHUM MOMEHTOM MaTtepianbHOI TOYKM 3 Ma-
coo M BigHocHo oci (Npamo’) | HasuBaoTb o6yTOK Macu M Ha BiacTtaHb d
Bi Toukm go oci: M|, =mld.

Akwo Touky BigHeceHo o nnowmHn XOY, To, ik NpaBwuno, obuyucnio-
I0Tb CTaTW4Hi MOMEHTM BIiOHOCHO koopauMHaTHux ocen: My =mly,
M y = MIX, oe X, Y — KoopauHaTth TOYKW, SIKi | BKa3yloTb Ha BiAgcTaHb il Bif

oceun koopauHar (3i 3Hakom + yu —).

Poarnapatoun nnatisky D ak mMHoxuHy (cucmemy) MmamepianbHUX mo-
4OK, NPMUXoANATb (3a cTaHOapTHOK cxemorw (aus. n. 21.2)) go ¢opmyn cra-
TUYHMUX MOMEHTIB:

M, =[[o(x y)ydxdy, M, =[[o(x,y)xdxdy. (21.4.6)
D D

Akulo 3ocepegnTu BCKO Macy B LEHTPI  TSKIHHA C(xc,yc), Toni

M, =mly;, M, =mlx;, ssiacu:

M M
-—_ Y =X 21.4.7
XC m ] yC m ) ( )

abo B pO3ropHyTOMY BUMMAA;:
[[o(x, y)xdxdy [[o(x, y)ydxdy

) [}jo(x, y)dxdy Ye = D”o(x, y)dxdy

Xe (21.4.8)

®opmynu (21.4.8) HasmBaoTb popMynamMum KOOpAMHAT LEeHTpa TA-
XiHHSA.

MomeHnmu iHepuii nnamieku. MoOMeHTOM iHepuil MaTepianbHOI TOYKN
3 Maco M BigHocHO oci | HasmBaloTb AOBYTOK MacK M Ha KBagparT BiACTaHi

d Big Toukm gooci: J =m [d?.
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Y cuctemi koopamHat XOY posrnsgaloTe MOMEHTU iHepLil BiAHOCHO KO-
opavHaTHux ocen: J, :m@z, Jy:mD(Z, a TaKoX LeHTpanbHU (MonsipHNi)
: . — 2 2\ —
MOMEHT BifiHOCHO Toukn O Jg =m(X” +y“)=J, +J,.

Poarnagatoun nnariBky 9K cucmemy mamepiasibHUX MoYoK, 3a BiJlOMOIO
npouenypot (aus. n. 21.2) ogepXyTb pPo3paxyHKOBi (pOpPMyniM MOMEHTIB
iHepuiT:

Jy=[[o(x y)y*dxdy, J, =[[o(x,y)x*dxdy,
D D

(21.4.9)
Jo = [[o{x, y) (X* + y?) dxdy.
D

®opmynu (21.4.5) — (21.4.9) 3HAYHO CNPOLLYOTLCS, AKLLIO D(X, y)D D
o= O(X, y)—const; npu O =1 maca nnaTiBky YMcenbHO AOPiBHIOE i nnowi S
| TOOI NPO CTaTUYHI MOMEHTU Ta MOMEHTM iHepUil roBOpATb SK NMPO XapakTe-

PUCTUKM HE QDi3NYHOT (HaaineHoli Macoro) NnaTiBkK, a Niockol (reoMeTpPUYHOI)
dirypu. Npu Haroai ansa obuncneHHa signosigHux NIl BBOAATbL HOBI 3MiHHI.

lpuknad. 3nantn My, My; Xe, Ye; Jy, Jy, Jo nnockoi cirypu, o6-
MEXEHOI apKoto CMHycoign Yy =sSin X, XD[O, Tl] i Biccto OX.

1°. Moknadaemo O'(X, y) =1 3sHaxogumo mM=S= ” dxdy, ne
D

D={(x,y)| 0sx<m 0<y<sinx} (puc.21.4.2):

sin X T

T snx T Tt
S=[dx jdy:fdxty‘ :jsmxdx:—cosx‘ =—-(-1-1=2.
0 0 0 0 0 0
YA
1
T N\ C
8 \
] R S S T F

Puc. 21.4.2. ObnacTtb iHTErpyBaHHs
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[lns cTaTU4HMX MOMEHTIB, 3rigHo 3 (21.4.6) npu O =1, maewmo:

smx

sin x Tt

_ 12 _
ij ydxdy = fdx fydy jdeLO —Egsn xdx =
‘sm x =1 (1- cost‘ 1?1 cos2x)d 1(x—lsin2x)n:1n-
2 4O 4 2 o 4
sin X Tt
” xdxdy = fxdx jdy fxdx[y‘ = [xsinxdx =

0

u=x, du =dx
dv sinxdx, ©v=-CoSX

=—XCcosX, + jcosxdx =Tr+sinXy =T

2°. 3Hax00UMO KOOPAMHATY LiIEHTPa TSXKIHHS:

XC—-hAy Tt Y. = Ile It
s 2°7’¢ s 8
(@abcumcy X. B cuny cumetpii D BigHocHO npsamoi X =T/2 moxHa 6yno 6
BKkaszaTu 6e3 obuncneHnb).
3°. O6yucrnoemo MoMeHTH iHepLii (21.4.9):

sin X 3smx L
= [[ y* dxdy= fdx [y*dy= fdx@L %fsin3xdx:

D 0 0 0 0
_|sin®x=1-cos®x | _ 17, _ _ 1 _cosx)| _a,
= amxin= dlwsx) - 3j(l coszx)d(cosx)— é(cosx Tjo—@

sin X sin x Tt

”x dxdy = szdx jdy fxzdx[y = [ x*sinxdx.

0

Llen iHTerpan 6epeTbCs iIHTErpyBaHHSAM YacTuHamu (4Bidi):
— 2
u=x°, du=2xdx|_

Tt
:szsinxdx: _
dv =sinxdx, v =—cosx

0

+

T
=X COSX‘
0

Tt
+2[ xcosxdx =10 +2l;,
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e

Tt Tt
u=x du=dx . T : i
|, = | Xxcosxdx= ’ . |=XxSnX.—|sinxdx=co =-2.
1 g dv=cosxdx, v=sinx )40 g 940
OcTaToyHoO:

J,=TC-4=586, a Jy=J,+J,=630.

3ayeaxeHHs1. Kpim noagiviHnx, abo ABOBMMIpPHUX, iHTerpanis y mat-
aHanisi BMBYalOTb TaKOX GaraTtoBuMipHi (M-BUMipHI, M= 3) iHTerpanw.
O3HayeHHs BiANOBIAHNX MOHATb BBOAATLCS aHanoriyHo Tomy, sk ue poburno-
ca ana Mgl (n. 21.2), i ob4ncrneHHa X 3BogMTbCA A0 0BYUCIEHHSA M-KpaTHUX
BU3HadeHux iHterpanis. Mopyy 3 MOl Hanbinbw 3acTOCOBHUM Yy NpaKTuLi €
NOTPINHUKN (TPUBUMIPHUIA) IHTErpan, 4o po3rnsagy sKoro i nepengemo.

21.5. NoTtpinHum interpan (MTI) y aekapToBux KoopauHaTax

O3Ha4YyeHHs1, meopemMa iCHy8aHHs, 2eoMempu4dHUU
ma ¢pizu4yHul cmucnu

[MOHATTA ,NOTPIMHUKN iHTerpan” € NMPUPOLHUM y3arasfilbHEHHSM MOHATTH
,MOOBINHUIN IHTerpan” Ha BUNagoK OYHKUiT TPbOX 3MiHHUX. TOMY MOro o3Ha-
YeHHA NPMHUMMNOBO HE BiApPI3HSAETLCS Bif O3HAYEHHS NOABIMHOIO iHTEerpana.

Hexait dyHKLia U = f(x, Y, Z), abo U= f(M ) ne M =M (X, Y, Z), BU-
3Ha4yeHa i HenepepBHa B 3aMKHeHin obnacTti V TpuBMMIPHOrO MNpocTopy
XOyz, To6TO — Ha MHOXWHi TOYOK, sika OOMeXXeHa 3aMKHEHO NOBeEpXHED S,

3 ypaxyBaHHSIM TOYOK Lii€i noBepxHi sk mexi obnacTti V .

BukoHaemo Taky (cmaHOapmHy) npouenypy:

— po3i6’emo obnactb (Tino) V OoBiNbHUM YMHOM 3a [AOMOMOIOK CiTKU
NOBEPXOHb Ha CKiHYEHHe 4ucno N YacTkoBux obnacten i3 o6'emamu Av;,

i :]71 (@bo npocto — Ha N yacTtkoBux Tin Av;, (puc. 21.5.1)) i HanbinbLwy 3

BiACTaHen Mix ABOMa Toukamu Mexi YacTkm Av; Ha3BeMo giamMeTpom yacT-
km A;, i =1,N, a MakcumanbHmii cepen Hux A = max{\;} — piameTpom pos-
i

ouTtTa obnacrti V ;
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— 8ubepemMo Ha KOXHiu i3 YacToK Oo-
BiMTbHUM YMHOM MO TOML Mi(xi,yi,zi),

i =1,n, o6uucnumo f(M,) i sHatdemo
no6ytku f(M;)[Av;;

— cKnademo CyMy BCix Takux gobyt-
KiB
n
I, => (M)A, (215.1)
i=1

.\<V

0]
Ky Ha3BeMO IHTerpanbHOK CYMOIO
X

Puc. 21.5.1. Po36uTta Tina V
Ha YyacTKoBi obnacTi

onsa dyHkuii f (X, Y, Z) B obnacTi V;

— obyucnumo rpaHuulo (SKWO BOHa
ICHY€) iHTerpanbHOI CyMU 3a YMOBMU, LLO
AiameTp po3buTTa NpaAMye 00 Hyns Npy HEOOMEeXeHOMY 3poCTaHHi N, ToOTO
A > Opasom3 n - .

CkiHdeHHa rpanuusa | iHTerpanbHoi cymu |, konu giametp po3buTTs
npamye Ao Hyna (A — 0), a N - o, HasnBaeTbCA NOTPINHUM iHTerpanom
(Big) doyHkuii f (X, Y, Z) no obnacti V i no3HayaeTbca Tak:

J'JI f(M)dv, a6o J'JI f(x,y,z)do,

ne ”f — 3HakK (cumson) IMTI;

V — obnacTb iHTErpyBaHHs;

f(M) = f(X,Y,2) — nigiHTerpanbHa yHKLis;
f (X, Y, Z) dv — nigiHTerpanbHuii BUpas;

X, Y, Z — 3MiHHi IHTErpyBaHHs,;

dv — Tak 3BaHuin enemeHT 06’emy, abo audepeHuian ob’emy.

Omxe, 3a 03HAYEHHAM

= i = = 21.5.2
I ()|\II'T}))| (Allm))éf ), mf )do f\{jf(x,y,z)dv. (21.5.2)
n- o n- oo
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Teopema icHyeaHHs [1TI, aky HaBogumo 6e3 AoBedeHHSs, OPMYNO-
€TbCA TaK: AKWO 3a4aHa PYHKUIA TPbOX 3MIHHUX HenepepBHa B po3rnsayBa-
Hih 3aMKHEHin obnacTi, TO ICHye CKiH4eHHa rpaHuus iHTerpanbHOl cymmu
(tobTo INTI), i BOHa He 3anexuTb Hi Big cnocoby po3buTTa Tina Ha YacTKu, Hi
BiJ, BUOOPY TOYOK Y HMUX AN CKNagaHHSA iHTerpanbHOi CyMu.

Y cBiTni i€l Teopemu po3butTts obnacti V Ha uvactkm Av;, i =1n,

30INCHIOETLCS HAMMPOCTILIUM i3 MOXITMBUX CNOCOBOM (HMXK4Ye, AN CNPOLLEH-
HSi 3anuciB, y No3HauveHHi yacTku Av, iHgekc | nponycTumo). Y aekapToBii
cuctemi koopauHat XQOyz HainpocTiwnm € po3dutta Tina V nnowmHamu,
napanenbHUMN KOOPAWHATHUM nnowmMHam. Y uboMy Bunagky yactka Av—
NPSIMOKYTHUI napanenenines (npuamouka) 3 Bumipamun AX, Ay, Az, akun
YTBOPIOETbCA BHaAcnigok nepexogy Big Toukn M (X, Y, Z) 00  TOYKM
N(x+Ax,y+Ay,z+Az), npe Ax>0, Ay>0, Az>0. Tomy OTPUMYEMO
Av =AX[Ay[Az, a dvo=Av=dx[dy[dz, 60 agns He3anexHWx 3MiHHMX X,
y, z — Ax=dx, Ay =dy, Az = dz. Takum 4nHoM, MOXHa 3anucaTu:

| = j\{jdv =| dv = dx[dly [dlz| = f\{f f(x y, 2)dxdydz. (21.5.3)

FeomempuyHuii cmucn MTI. MNoknagemo f(X,Y,2) =1, Toai KoxHMiA
A0AaHOK f(Mi)[Avi iHTerpanbHOi CyMnN YMCeNbHO AOPIBHIOE 00'EMY NPsSIMO-
KyTHOro napaneneninega (puc. 21.5.2) 3 pogatHumu Bumipamun Ax;, Ay, Az .

[HTerpanbHa cyma 4ucenbHO [ae

v
HabnmwkeHe 3HaveHHs V, obemy V

z ycboro Tina (o6’em Tina i came Tino
NO3HAYEHO OHIEID | TIEK X NITEPOIO).
YkasaHe HabnmkeHHs TUM Kpalle,

yum meHwe 6yayte Av,, TOMy npupo-

AHO MOKNacTu, Lo

dz . ) V= )l\l_r% Vi,
4 (N= )

Puc. 21.5.2. lo TnymayeHHs a ue i fae (3a 03HaYeHHsM) NOTPINHIA
reomeTpuyHoro cmucny MTI iHTerpan.
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Takum YnHoM, y eeomempuydHomy cmuchi MNTI Big dyHkuii f(X,y,2) =1
no o6nacti V uncenbHO AOpiBHIOE 06’eMY Tina, ke € 06NacTIo IHTerpyBaHHs:

V =[[[dv = [[[dxdydz. (21.5.4)

®i3uyHuli cmucn [1TI. Hexan Tino V 3anoBHeHe maTtepianbHUMU TOY-
kamu, i Bigoma dyHkuia U =H(X,Y,2) — ryctuHa posnoainy mac. Lo6yTok
u(Mi)[Avi — [OAAHOK iHTerpanbHoi cymu |, — nae HabnwkeHy macy ogHiei

n
yacTkn po3dutts, a |, => u(M;)Dv; — HaGnukeHe 3HaueHHs macu M
=

ycboro Tina V. Lie HabnukeHHs TUM TOYHiLe, YUM MeHwe koxHe Av;, Tomy
noknagatote M= lim |, = f”u(x, Y,Z)dv i KaxyTb: y hi3UYHOMY CMUCTI

A0
(n-w) Y

MTI Big ryctuHm Tina Y = Y(X, Y, Z) YicensHO AOPIBHIOE Oro maci, To6To

m= [[[u(x, Y, z) dxdydz. (21.5.5)
v

3ayeakeHHs1. Big3Haunmo, wo ocHOBHi BnactmeocTi [NTI He Bigpi3Hs-
I0TbCSA Bif BNacTUBOCTEN BU3Ha4eHoro iHTerpana i Mmal.

1°. MTI Big cymu Byab SIKOrO CKIHYEHHOTO Yncna QyHKLM JOPIBHIOE CyMi
BiANOBIAHMX IHTErpanis Big4 AOAaHKIB:

JIJ(h+ £+ fi)do = [[] fudo+ [[] fato+...+ ][] fido.
v % % v
2°. CTanuit MHOXHUK MOXHa BUHOCUTM 3a 3HaK (cumson) MTI;

j\{jcfdv:cj\{jfdv, c—const .

3°. Akwo obnactb V posbuto Ha Agi nigobnacti Vy, V,, ski He MaioTb

CMiNbHUX BHYTPILLHIX TOYoK, TO INTI no Bcin obnacTi 4OpiBHIOE CyMi iHTerpanis

no nigodnactam:
[[] do=[[[ f do+ [[[ f do.
Y% A Vs

BnacTuBictb adumueHocmi 3° y3aranbHIETbCA Ha OOBifIbHE CKiIHYEHHE
yucno nigodnacren.
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O64ucneHHs 1Tl 8 dekapmosux kKoopOuHamax

O6uncnenHs MTI (21.5.3) 34iNCHIOETLCA LWINAXOM NOCAIAOBHOMO ob4unc-
NEeHHS iHTerpanis MeHLOI KpaTHOCTI: BU3HadeHoro iHTerpana (Bl) 3i 3amiHHOO
IHTerpyBaHHA Z i 3MiIHHUMU MeXamu iHTerpyBaHHs (3anexxHumu Big X i Y) Ta

noaginHoro iHTerpana (MAl) no obnacTti, sika € NpoeKuieto ny Tina V Ha
nnowmHy XQOy.

Hexan o6nactb V € Tinom, oOMexeHUM 3HU3Yy i 3Bepxy BianoBigHO
nosepxHamu z=h(x,y) i z=H(X,y), ae h(x,y), H(X,y) HenepepsHi B
3amkHeHin oonacti DLIXOY dyHkuii; D — npoekuist V,y Tina V' Ha nnowmny
XOy, 10610 D =V, .

BigwToBxytoumch Big gisnyHoro cmucny MNTIl gk macu Tina 3 rycTuHow
f(x, Y, Z) m:ffj f(X,y,Z)dv Ta cnupatounck Ha Teopemy icHyBaHHs MTI,
\Y
CKnagemMo [eLlo iHaKwe iHTerpanbHy Cymy, WO TakoX Aae HabnukeHe 3Ha-
YeHHS Macu Tina, 9K i iHTerpanbHa cyma (21.5.1). 3gincHiouun BignoOBiAHI
rpaHnYHi Nnepexonn, OTPMMaeEMO iHLIEe NOAaHHA Macu BCbOro Tina.

z, H Ha pwuc. 21.5.3, ana wnoro cnpo-
1

/ : LLieHHs, 300paxeHo nuiie obBiaHy ni-

Ve Hit0 MOBEPXOHb, WO 0OMEXYTb TiNo

IT AZJ LV V.

Po3i6’emo obnacte D gosinbHUM

obBigHa  yuHoM Ha N yacTok AS 3 piametpa-

MU A; i 8u6epemMo Ha KOXHiii i3 HMX

\
- — — — — Lo £ -
/

poBinbHy Touky M; (%, V). MnowwH-

O / ! Y J—

L < As. ui As (1 =1,n) signosigae yacTuHa
. D=V M, obnacti V y Burnsagi npusaMoudKu-
CTOBMYMKA 3 KPUBOSIHIMHAMU OCHO-

Puc. 21.5.3. O6bnacTb iHTErpyBaHHA gavu, a Touli M; — Bigpisok i3 KiH-
V Taii npoekuis Vxy Ha XO _ _
P YHEEY T wamm h=h(x,y;). H=H (%),

Po3i6’emo OOBINTBHUM YNHOM KOXHY NPU3MOYKY NNowMHamu, napanernb-

Humn XOY Ha K vacTtun 3 annikatamn Az; (] :ﬁ) i B enemeHTi po3outTH
subepemo fosinbHy Touky (X, Y, z;).
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Byoemo Gpatu AZj HaCTifbKM Mannumu, Wo rycTUHY po3noginy mac 3a
annikaTtolo MoXHa BBaxaTtu ctanoto. Toai maca vactkm Ao, =As [Azj aopie-

HiosaTume obyTtky f(X;,Y;,z;)Az;As;, a ixHa cyma pae HabnwkeHe 3Ha-

k

YeHHsl Macw BCiei NpU3Moukn: > f(X%,¥i,2))Az;As. Y pasi cikcosaHoro |
j=1

Lue € iHTerpanbHa cyma ansa dyHkuii (X, Y, Z) Big 3MiHHOI Z Ha NPOMiXKY

[hi,Hi], rpaHuusa skoi 3a ymoBM, WO K — oo i max{Az;} - 0, Bu3Havae
]
Macy CToBn4uKa:

H
Am = [ f(x,y;,z)dzAs, (21.5.6)
h.

ne h=h(x,y;), Hi=H(X, V).

Cknademo Tenep cymy Bcix Am, i =12,...,N, i Takum YnHOM OTpuMa-

n

EMO HabnKeHy Macy BCbOro Tina: M, IZAm , @ pa3oM 3 TUM — iHTerpanb-
i=1

HY CyMy Ans yHKUii 3MiHHUX X, Y. Ii rpaHnus 3a ymoBu, WO N — o0 |

aiameTp po3ouTtTa A = m_ax{)\i} — 0, nae noaggiHuK iHTerpan no obnacti D
|

i BU3Ha4yae macy Bcboro Tina V' :
H(x,y) H(x,y)
m= [[| [f(xy.2)dz|ds=][]| [f(xy,2z)dz|dxdy. (21.5.7)
D\ h(x,y) D\ h(xy)
Takum YnMHOM, B [eKapTOBUX KOOpANHATaxX Mae Micue dpopmyna:
H(x,y)
[[[ f(x,y,z)daxdydz=[[| [ f(x y,2)dz |dxdy (21.5.8)
% D\ h(xy)

— cbopmyna 3BepeHHA o6uncneHHs MTI go obuncnenHs MNAl sig Bl.

Akwo obnacte D € npaeunbHoto y Hanpsimi oci Oy (ame. puc. 21.2.3),
10610 D=D, ={(x,y) | a< x<b, ¢1(x)< y<d,(x)}. 10
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b ¢2(x) H(xy)
mf X, Y, z)dxdydz = fax [ dy [f(xy,2)dz. (21.5.9)
a ¢1(x)  h(xy)

Akwo obnacte D € npaBunbHoto y Hanpsami oci OX (aue. puc. 21.2.4),
0670 D=D, ={(x,y) [c= y<d, Wy(y)< x<w,(y)} 1o

d Wa(y) HxY)
Ifoy, dxdydz=[dy [ dx [f(xy, 2)dz. (21.5.10)
Cowly)  h(xy)

CnisBigHoweHHs (21.5.9), (21.5.10) € ¢popmynamm 3BeaeHHA 064YMC-
neHHs MNTI go nocnigoBHoro ob6uncneHHa Tpbox Bl, abo — oo Tpukpar-
Horo iHTerpyBaHHA. Bl 3i ctTanummn mexamu iHTerpyBaHHA Ha3uBalOTbLCA
30BHIiLWHIMW, iHWI — BHYTPILWHIMM iHTerpanamm.

OckKinbKkn BM3HaYeHi i NOABINHI iHTerpanu Bxe ,6panucs”, To ob4ncneH-
HA MT] He NOBMHHO BUKITMKATWN YTPYOHEHHS.

CTtocoBHO TpuBMMipHOT obnacTi V, sk i aBoBuMipHOi D, BBOAATL NOHSAT-
T ,NpaBuUnNbHa obnacTb”. 3okpeMa, o6nacTtb V Ha3nBaeTbLCS NPaBUIIBLHOIO Y
Hanpsami oci Oz, akwo koxHa npsima, NpoBeAeHa Yepe3 BHYTPILLHIO TOYKY

obnacrTi, NnepeTuHae Mexy Snuile y BOX TOYKaXx i KOXHa 3 OiNAHOK Mexi S—
HWKHS | BEPXHA — € KYCKOM MOBEPXHi, ika ONUCYETLCA €AMHUM aHaniTM4HUM
BUpa3oMm. Akuio obnactb V € npaeBunbHot y Hanpsami oci Oz i npoekTyeTbea

Ha nnowuHy XOY y npaBunbHy ABoBMMIpHY obnacte D =V,,, To BoHa Ha-

3MBaETbCS NPOCTO NPaBUSIbHOK TPMBUMIPHOKO 06NacTIO:

V={(xy,2)| asx<b,¢,(x)<y<d,(x), h(xy)<z<H(xy)} (21511)

abo

c<ys<d, Py (y) Sxsy,(y), h(x y) Sz H(x, y)}. (21.5.12)

Akwo poarnsayBaHa obnactb He € NpaBUIIbHO, TO, CNMPAKYUCh Ha
BnacTmBiCTb agutusHocTi [MTI, ii po3dbmBaoTb nnowmHamu, napanenbHUMK
KOOpAWHATHMM NSIOWMHAaM, Ha NpaBubHIi TPUBUMIPHI obnacri.
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Y yacTuHHOMY BMnaaky, konu obnacte V € npssMOKyTHMM napaneneni-
negoMm i3 rpaHsmMu, napanenbHUMM KOOPANHATHUM NIoLWUHaM, To6To

V ={(x,y,z)|asx<b,csy<d, es<z<q}, abcdeq-const,

obuuncneHHs MTI 3BoanTbCa 00 064YNCIEHHSA TpbOX (3BMYanHKX) Bl 3i ctanu-
MU MeXaMWn iHTerpyBaHHS:

171 (v, 2)dxcydz= [axfay{ T (x,y,2)z.

a c e

[Mpyn LbOMY NOPSAOK IHTErPYBAHHA HE Ma€E CYTTEBOrO 3HAYEeHHS. AKLLO
no Toro x f(x,y,2) =k —const, To MTI moxHa po3rnsgati Ak AobyTok K i

Tpbox BI:

110 (x.y. oy dz =k T oy 2

a c e

3ayeaxeHHs1. Mexxa S npasunbHoi obnacTi V moxe onncyBaTuch piB-
HAHHAMK Bugy X = h(y,z), x=H(y,z) a6o y=h(x,2), Yy =H(X,2). Y umx
Bunagkax ansa nepexoay Big MNTI go TpukpaTHOro iHTerpana AouisisHO NpoekK-
TyBaTu Tino V BignosigHo Ha nnowwmHn YOz a6o XOz i Toai obnacTi iHTer-

PYyBaHHS ONULLYTbLCA Tak:

V ={(x,y,2) |V, h(y,2) < x<H(y,2)}, (21.5.13)
abo
V ={(x,y,2) | Vie, h(x,2) < y<H(x,2)}, (21.5.14)
ae Vyz, V,, — npaBunbHi (y HanpsMi xo4a 6 ofHiei 3 ocelt koopamMHaT) NMocki
obnacri.
[Ons nobygoBn Oinblwl HaodHOro 3obpakeHHa obnacten (21.5.13),

(21.5.14) yacto 6yBae 3py4yHMM BigXig Big TpaguUINHOro po3TallyBaHHS Ocen
koopaMHaT y npocTopi: Hanpwuknag, Bice OX un Oy posTtawysBaTy BepTuKa-

NbHO abo 3MIHUTK HaNPsM ocen Ha NPOTUNEXHUIA Ta iH.
Hani HaBegeHo npuknag obuncnenHs Tl i, pasom i3 TuM, 3aranbHUN
NOpSALOK 1X BUPaxXOBYyBaHHS.
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Mpuknad. O6uncnutn MTI | :”jx(y—z)dxdydz no obnacti V, sika
Y

obMexeHa TpbOMa MOBEPXHAMM OPYroro nopsagky: X=2- y2 -72,

x:—\/l—yz—zz, y2+z2 =1.

1°. AHanisyemo 3apaHi pPiBHSIHHS 3 METO BCTAHOBMEHHS TOro, siki no-
BEPXHi BOHM OMUCYIOTb, | 306paxyemo (byayemo) obnacTb iHTerpyBaHHs abo
NPUHANMHI 1T NPOEKUit0 Ha OAHY 3 KOOPANUHATHUX MIIOLWMH.

2

Y HalwoMy npuknagi: X=2- y2—Z — PiBHSIHHS Kpyrosoro napabonoiga

3 Biccto cumeTpii OX i BepwmHoto B Touui A(2,0,0), nopoxHMHa SIKOro Mic-

™Tb noyvatok O; X:—\ll—yz—z2 — PpiBHSAAHHA niBcepwn papgiyca 1 3

ueHTpom y noyatky koopauHat O(0,0,0), posTtawoBaHOi HWKYe NMOLMHM

XOV (piBHAHHS X° + y2 +72=1 onncye BCo capepy); y2 +7°=1- PIBHSIHHS
KPYroBoro uuniHapa 3 TBipHoW, napanensHoto oci OX, i HAaNPAMHOK — KONOM
y2 +7°=1 pagiyca 1 3 ueHTpom y noyaTKy KOOpAMHAaT, pOo3TallOBaHUM Ha
nnowmHi yOz.

Ha puc. 21.5.4 cxemaTnyHO 306pakeHO NOBEPXHI, WO 0OMEXYHTb Tino
V : 06BigHi niHii napabonoina, cpepu i umMniHapa Ta kona 3 LeHTpaMu B TOY-
kax O, Oy — niHii nepeTnHy cdepw i napabonoiga 3 LMNIHAPOM.

2°. YcmaHoernoemMo Mexi iHTerpyBaHHS (30BHILLHBOTO i BHYTPILLIHLOTO)
Ta 8UNUCYEMO TPUKPATHUM iHTerpann.

Ons uboro nogymku (abo rpadivyHo) NpoekTyoTb Tino V Ha ogHy 3 Ko-
opanHaTHMX nnownH (6axaHo, Wwob BignosigHa nnocka obnactb Oyna npa-
BUNbHOI Yy Hanpsmi xoda 6 ogHiel 3 ocen koopauHaT). Y Hawomy BUNaaKy
(omB. (21.5.12)) kpale npoekTyBaTh obnacTtb iHTerpyBaHHs Ha YOZ:

Vv :{(X, Y,2) ‘ V,,, h(y,z) < x<H(y, Z)} — npaBwunbHa TPUBUMIpPHA

o6nactb, 60 noeepxHi h(y,z) =—/1- y2 -7 H (y,2=2- y2 ~ 7% i nnocka

obnacte V,, =D :{(y, Z) | y2 + 72 Sl} — KpYr, MEXeK SIKOro € HanpsiMHa

uuningpa (puc. 21.5.5-a), 3a40BOMbHAIOTL YMOBW O3HAYEHHS MNpPaBUIbHOIT
TpuBUMipHOi obnacti. Obnacte D € npaBunbHo OBoBUMIpHOK obnacTio y
HanpsiMi o6ox oceit: i Oy, i Oz. Ha puc. 21.5.5-6 306paxeHo npoekuito V Ha

nnowuHy YOX; BOHa € npaBunbHOLO Tinbky y Hanpsmi oci OX.
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A
(T
yizi=1 ///2// ' ; O,

x:_4/1_y2_22 y :y

y4

Puc. 21.5.4. Kapkacu noBepxoHb, wo Puc. 21.5.5. Npoekuii o6nacTti V
o6MexyloTb obnacTk iHTerpyBanHsa V  Ha nnowmHu: a) YOz; 6) yOX

Bubupaemo npocTiwy obnactb — Kpyr — i 34iNCHIOEMO, BXe 3HanoOMUK
no MAl, nepexia Ao nonspHuUx koopAanHaTt y nnowwmHi yOz:

y=psine|
Z= pcos¢

D, ={(p.0)| 0sdp<2m 0= p=1}.

Ockinbku y2 +27% = p2, TO obnacTb iHTerpyBaHHs OnuLIETLCA TakK:

:{(X,p,d))\ O<¢p<2m0<p<l _WSXSZ—pZ},

Ae NoABiNHI HEPIBHOCTI Y (PirypHUX Oy>XKax AalTb MeXi IHTerpyBaHHs 3a BiJ-
NOBIAHUMW 3MIHHUMW.

Onsa nigiHTerpansHoro Bupasy, 3 ypaxysaHHsm wo dydz = pdpdd, ma-
EMO:

f (x,y,Z)dxdydz = x(y - z)dxdydz = F (x,p,®) = xp?(sin$ — cosd)dxdpdd .

Tenep MoOXHa BUNUcaTu TPUKpPATHUN iHTerpan:

i 2- 2
|—2[ (sind — cosd)dd [ p%dp [ xax.
0 e
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3% O64uCnIOEMO TPUKPATHUIA IHTErpan, NoYMHaouK yaarani 3 4pyroro
BHYTPIWHbOro Bl.

Y posrnsgyBaHOMY npuknagi — crovaTtky 3a 3MiHHOK X, a MoTiM — 3a
3MiHHOIO P

2-p 2-p
= Jrax=3x =1l2-p2)7 - (2-p2)] = L (3-307 + ).
—\/1-p? —\1-p?
1 1
_1 2 _a b4, 6Yq=1(~3_35,.1.7) _19
Tenep BMpaxoByeMO 30BHILLHIW iHTerpan:
2T 211
e j(sinq)—cosq))dq):—(cos¢+sin¢)‘0 = 0.
0

(FpornioHyemo nepekoHaTucs, Wo oduymcneHHs MTI 3rigHO 3 pUCyHKOM
21.5.5-6, nae Ton camuin pesynbTar.)

AKLWL0 BHYTPIWHI iHTErpanu ,rpoMi3aki”, To IX 3HaxoaAaTb OKPEMO, SK Le i
6yno 3pobrieHo; y NpOTUNEXHOMY BUNAAKY OBYUCIIEHHS TPUKPATHOrO iHTEer-
pana npoBOAATb ,JIAHLIKOXXKOM”.

ByBae Tak, Wwo akuinch i3 Bl (BHYTPILWHIN Y/ 30BHILLHIN) Mae cTani Mexi
IHTerpyBaHH4A i MOro nigiHTerpanbHa (QYHKUIA 3aneXxuTb Bif 3MIHHOI, Aka He
dirypye B iHWNX CKIagoBUX TPUKPATHOrO iHTerpana. Todi noro MoxHa obuunc-
NnoBaTU He3arnexHo BifA iHWuX Bl — aBTOHOMHO. AKLWO 3BanTn Ha L obcTa-
BWHY 3 CaMOro crnoyaTKy, TO MOXHa ypa3 oTpuMmaTy BianoBiab.

Y pasi, Konm NpocTopoBe TiNno obmexeHe Kyckamu umniHgpuiHmnx abo/i
chepunyHMX NOBEPXOHb, TO BUKOPUCTOBYIOTH CreLianbHi KoopauHaTu.

21.6. NMoTpinHMM iHTerpan y uuniHapnYHNX
i chepuyHUX KOopaAMHaTax

Axkwo B gekapTosiii cuctemi koopauHaT XOyz B ofHil i3 koopaAMHATHUX

NMOWWH 34INCHUTK nepexia 40 MONSPHUX KoOOpAMHAT, TO KOXHIM Touui npoc-
TOpPY Bignosigatnme Tpirika vncern, ABa 3 AKMX € KoopanHatamun P, ¢, a Tpe-

TS 3anuwaeTbesa aekapTtosoo: (P,,2), (p,VY,9), (X,p,P). 3asHayeHi Tpinku
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yucern HasnBalTbCA LUNIHAPUYHMMU KOOpAUHATaMM TOYKW, a cUcCTema Ko-
OpAvHaT — BIANOBIAHO UMAIHAPUYHOK. Ha puc. 21.6.1 3006paxeHo uuniHAa-
pVYHI koopanHatn P, ¢, Z. BoHn nos’A3aHi 3 AekapToBMMW KOoopAnHATamu

CNiBBigHOLLIEHHAMMN:

X=pcosp, y=psing, z=z, (21.6.1)
ne 0<p<+oo, 0<p<2n, —0<z<+00.

EnemeHT 06’eMy B koopanHatax P, ¢, zZ 306paxeHo Ha puc. 21.6.2.
dopmyna nepexoay B [Tl Big AekapToBMX OO0 LUNIHOPUYHMX KOOPAWN-
HaT, 3 ypaxyBaHHsAM Toro, wo ds =dxdy =pdpdd (aue. (21.3.3)), Taka:

][ f (x,y, 2)dxdydz = [[[ f (pcos¢,psing, Z)pdpdddz, (21.6.2)
v v

Cc

ne V. —o6nactb npoctopy PO$B, sika sianosiaae V B XOyz.

Mpu po3B’asyBaHHi Npuknagy (ave puc. 21.5.4) Bxe, BrnacHe, 6yno Bu-
KOPUCTaHO UMNIHAPWYHI KoopauHatu X, P, .

ZA ZA
, M (p,0,2)
P,P v
2 dz
@) B 0L4do N
p 7 Yy Y
RS v / dp
N
X x
Puc. 21.6.1. UuniHgpnyHi Puc. 21.6.2. EneMeHT 06’ emy
koopauHatn P, ¢, Z B LIUNIHAPUYHUX KOOpANHATaxX

CdepunyHum koopauHatamu Toukm M (X, Y, z) npoctopy XOYZ Haswu-
BatoTbes uncna P, ¢, 6, ge p — goexuHa pagiyca-sektopa OM Toukn M

¢ — kyT Haxuny go oci OX npoekuii OM Ha nnowwmHy XOV; 6 — kyT Biaxu-
neHHst pagiyca-sektopa Toukn M Big nnowmHn XOY (puc. 21.6.3).

CdpepuuHi koopamHat P, ¢, B Toukm M nos’sizaHi 3 i gekapToBMMHU
koopAuHaTamu X, Y, Z doopmynamu:
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Xx=pcospcosO, y=psinpcosO, z=psinb, (21.6.3)
ne 0<p<+wo, 0<p<2n, —-T/2<O0<T/2 (aus. puc. 21.6.3).

2 2

2

+y2+z
2

HeBaXxko nepekoHaTucs y crnpaBennBoOCTi PIBHOCTI X

HasBHICTb y PIBHAHHAX NMOBEPXOHb, WO ONMUCYTL TiNno, Bupasy X~ + y2 +z
LNigKasye” nepexig 0O chepudHuX KoopanHar.

EnemeHT 06’'emy dov = dxdydz (puc. 21.6.4) y chepuyHUX KoopamMHaTax
onucyeTbea Tak: dv = pZCOSdedG, a cpopmyna nepexoay B INTI Big aekap-

TOBUX A0 ccbepqumx KoopaOunHaT Ma€ BUrM4an.
(][ f (x, y, 2)dxdydz= [[[ F (p,,6)p” cos@dpdd db, (21.6.4)
V Ve

ne Vg —o6nactb npoctopy POPO, sika Bignosigae V B XOyz;
F(p,9,0) = f(pcos¢cosB, psindcosh, psinb).

ZA
Z )\
’M(paq)ae)
p
ol 10 L,
// y >
AL P TS 4
N

Puc. 21.6.3. CdepuyHi kKoopanHaTy Puc. 21.6.4. EnemeHT 06’emy
p. 9,0 y chepuyHMX KoopanHaTax

lMpuknad. O6uucnnTn o6’em Tina V, oOMexeHOro NoBEpPXHeE, Lo Onu-
CYETbCS PIBHSAHHSAM (X2 + y2 + 22)2 =16z.

1°. AHanisyemo piBHSHHSA 3a4aHOi NOBEPXHI Ta 306paxyemo fi.

Ockinbkn X i Y BXOOATb Y PIBHAHHA TiNbKW y KBagpartax, To BianosigHe
TiNno cumeTpuyHe BigHocHo mnowmH XOz ta YOz. [dani, ockinbku niBa vac-
TWHa 3aBXaW AojaTtHa, HeobxiaHo noknactn i 2= 0, To6TO BCe Tino posTta-
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woBaHe Buwe nrowmnHn XOVY. Lle nossonsie oGMEXUTUCb OBYMCREHHSM

0o6’eMy 4YBEpPTI HALLOro TiNna, sika NeXuTb Yy NepLIOMY OKTaHTI.
PiBHAHHA Mexi obnacTi iHTerpyBaHHs MOXHa nogaTu y BUrnag;:

x2+y2+22:4\/E abo x2+y2:4\/E—22,

a ue o3Hayae, WO niHisMu piBHA noBepxHi (Mfpu Zz=C—CONSt) € kona 3

ueHTpamu Ha oci Oz i pagiycamm R =+ 4Jc —c? . Came usa obcraBmHa fo-
3BOJIsiE BCTAHOBUTK npoekuito Vxy Tina Ha nnowwuHy XOY: Heto Gyae kpyr

pagiyca \/é 3 LEeHTPOM Yy no4vaTKy KoopauHaTt — NpoekLuia nepepisy Tina nno-
wmHow Z =1.

Y3arani ,He3Hanomy” noBepxH OOCMIAXKYEMO MeTOAOM nepepisis. Ha-
KonuyeHa iHopMaLlis Aae MOXNMBICTb 306pa3uT cxematuyHo Tino V, sike
Haragye ,MOpCbKy ranbky” (puc. 21.6.5).

2°. YcmaHoenoemMo mexi BHYT-
PILLHBOrO i 30BHILIHLOrO IHTErpy-
BaHHA Ta 6UrnuUcCyeMo TPUKPaTHUN

iHTerparn.
HasBHICTb Yy pPIBHSAHHI MOBEPXHI
> BUpasy X2 + y2 + 72 Aae nigcrasu
g Ans nepexogy A0 cpepuyHUX Ko-
opauHat (ams. (21.6.3)).
Puc. 21.6.5. O6nacTb iHTerpyBaHHA —  [10l@EMO PIBHAHHSA MOBEpPXHi B
»MOPCbKa ranbka” LUMX KOopAMHaTax.

x2+y2+22:p2
z=psinG, 0<O<T1Y2

— (p?)? =16psin® = p3=16sin6= p=3/16sin0o, (21.6.5)

(x2 + y2 + 22)2 =16z=

| pasoMm i3 TM OTPUMYEMO MeEXi BHYTPILUHLOrO iHTErpyBaHHA 3a 3MiHHOIO P

0<p<%/16sin8.

Mexi iHTerpyBaHHs BU3Ha4Ya€e TEOPETUKO-MHOXUHHUA ONUC YBepTi 06-
nacTi V (3 ypaxyBaHHSAM cumeTpii Tina):

V ={(0,9,0)|0<sp<12,0<0<12, 0<p<316sin6}.
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3Baxatoum Ha (21.6.3), BUNMCyeMO TPUKPaATHUN iHTerpan:

w2 w2 316sn6

V = [[[do =[[[p? cos@dpdpdd =4 [dp [d® [ p*cosbdp.
v Ve 0 0 0

=

3%, O6YUCEMO TPUKPATHUI IHTErpan ,MaHLIoXKKOM”, MOYMHAIOUM 3 30B-
HilwHboro Bl, i pa3om 3iHTerpyemo 3a 3amMiHHO0 P

W2 w2 J16sn6 2 3|316sn0
V=4a[dp [dO | pzcosedp:4¢‘W2Df cosBdo | =
0 0 0 0 0 0

son 32m,_1 "2 _16
=22l [ sinBcos@df == (-=:cos26) =271 (ky6. on.). ®
3 ) 3 4 , 3

21.7. 3acTocyBaHHA NOTPINHOIO iHTerpana

Matepian uboro nyHKTy 6yaemo BMKnagaTtv B 4OBIAKOBOMY BapiaHTi, He
yAaruncb 00 AeTanbHOro pos3rnsagy, CNuMparyucb Ha BXe PO3rnsHYTUA Ma-
Tepian, 3okpema, Ha 3actocyBaHHs /1.

Ha reomeTtpudHomy cmucni MNTI 6a3yeTbcs o64McneHHA 06’emiB npo-
CTOPOBUX TiN, a came, AKWO Tino V € npaBunbHOK NPOCTOPOBOK obnacTio,
TO 1oro o6’em obuncnoeTbes 3a oopmynoto (21.5.4):

V = [[[do = [[[exclydz.

Y pasi HenpaBunbHOI obnacTi, TiNo po3bmBalTb Ha YaCcTUHK, SKi 3a00-
BOMbHATL YMOBM NMpasunbHOI 06nacTi, i 3any4yatoTb, Npy Harogi, unniHgpu-
YHi abo chepunyHi KoopAnHaTHK.

O6uucneHHa Mmacu Tina. AKWo ryctuHa posnoginy mac K = p(x, Y, Z)

npoctopoBoro Tina V e HenepepBHo yHKLiEW, TO horo maca (3rigHo 3 di-
3n4HUM cmucriom [MNTI) Bu3HavaeTbea 3a gpopmyroro (21.5.5):

m= [[[p(x, y, z)dxdydz.

IHWIi isnyHi xapakTepucTukn Tina V BM3HaYalOTbCSA Yepes macy, ToMy
Len iHTerpan abo noro nigiHTerpanbHa (OyHKUis BXOAATb SIK CKIagoBi YacTu-
HW 0O POPMYI, 3a SKUMU Lii XapaKTePUCTUKM OBUNCTTIOITHCS.
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O3HauyeHHs i hopmynn anss oOYMCNEHHA CTaTUYMHUX MOMEHTIB Tina
BiAHOCHO KOOpAMHATHUX MAOLWMUH OTPUMAEMO, MIPKYOUM TaK camo, AK iy
ABOBUMipHOMY BUNAAKY:

My :j\{jzm(x, y,z)do, M, :f\{jxm(x, y, z)do,

21.7.1
My = [[]y B(x. v, 2)do D
\/

KoopanHaTtu ueHTpa TAXIHHA BM3HA4YalOTbCs 3a AONOMOroK CcniBBia-
HOLLEeHb, aHanoriyHnx oopmynam (21.4.7), a came:

M M
A 24 — Vixz - Xy
— LY. = , = , (21.7.2)
= cTTm o T
®opmynu (21.7.2) nerko nogatn y po3ropHyTOMy BUrMALI — Yepes iHTe-
rpanmw.

Cepel MOMEHTIB iHepLiT pO3pi3HAIOTL:
MOMEHTHU iHepuil BiAHOCHO KOOpAMHATHUX OCeMN:

m(y +2°)[u(x,y, 2)do, J, m(x +22)u(x, y, 2)do,

(21.7.3)
=[[[(x*+y )m(x,y,Z)dv:
\Y
MOMEHTMU iHepuil BiGHOCHO KOOPAMHATHUX MNJIOLMH:
Jyy = [[[2° Mu(x,y, 2)do, Iy, = [[[x* Ou(x, y, z)do,
v , v (21.7.4)
3, = [[[y Iu(x, y, z)do;
\Y
NONMAPHUNA MOMEHT iHepuil:
Jo=dy+ 3y, + 3 = [[[(x* + y* +2°) u(x, y, 2)do. (21.7.5)
\Y

PospaxyHkoBi popmynun (21.7.1) — (21.7.5) 3HA4HO CMPOLLYOTLCH, AKLLO
ryctmHa U = p(x, Y, Z) = const D(X, Y, Z) [V ; npu U =1 maca Tina umcensHo
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AOpiBHIOE NMoro o6’eMoBi i Togi NPO CTaTUYHi MOMEHTU Ta MOMEHTU iHepuil
rOBOPSATHb SIK NMPO XapakTEPUCTUKN HE GDI3UYHOrOo Tina, a NPoCTOpOBOI reoMeT-
PUYHOT Qoirypu.

lMpuknad. 3HanTn ob’em, CTaTUYHI MOMEHTM i KoopaMHATK LEeHTpa TS-

XiHHS  reoMmeTpuyHOi  coirypn, OOMeXeHOI NOBEPXHSMM: x2+22:1,

X+y—-4=0, y=0 (ame. npuknag n. 21.4 3 puc. 21.4.1).
CnpoekTyeMo uuniHapu4dHe Tino He Ha nnowuHy XOZ, a Ha NnowjuHy
XOy (puc. 21.7.1) i 6ynemo 6patu BignoeigHi MTI B gekapToBux, a He B LK-

NIHAPUYHUX KOOPAMHATAX.
1°. Moknademo B po3paxyHKOBMX

dopmynax p(x, Y, Z)El i obyucnumo

Y

ob’em Tina. 3BMYaMHO, MOXHaA 3HANTK
BCi XapakTepucTuku, Kpim ob’emy, 3a
ponomoroto MTI B ymniHOPUYHKUX KOOp-
AavHaTtax, MNopiBHATUM pes3ynbTaTu i 3po-
OUTU BUCHOBOK, KM Nigxid BUSABUBCS
MEHLL OBTSXKIMBUM Yy TEXHIYHOMY MIaHi N >
Ta 6inbLwe cnogobascs. 1 0] 1 4 X

3rigHo 3 puc. 21.7.1 Ta BUXIGHUMHU
AaHMMK NogaeMo B cMMBOSiax obnactb
IHTerpyBaHHs, BUMUCYEMO TPUKPATHUN
iHTerpan i o64ncnemMo noro:

Puc. 21.7.1. NMpoekuin
UMNiHOPUYHOro Tina

Ha nnowuHy XOy

i L[arn=i mmen =i
y>:/0 Vi =D= {(x y)|-1=x<1, 0sy<4-x}
4-X \/—7 1-x2

V:I.JdXdde_IdX Idy IdZ_IdX jdyz =

v —1-x2 1 —V1-x2

1 4-x 1 . .
=2 V1-x2dx fdy:2j(4—x)\/1—x2dx: X=8int = 1 =arcsinx
4 0 21

dx=costdt, tO[-12,172] -

2 /2 2
=2 [(4-sint)cos’tdt =2 [ [2(1+cos2t)dt+ [costd(cost)] =
~7'2 -T2 ~T2
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/2

3
:2{(2t +sin2t)+ 08 t} = 4T
3
~T7/2
(pesynbTat cniBnagae 3 paHiwe 3HanaeHum V =41 (ky6. oa.)).
2°. BHaxodumMo CTaTWYHi MOMEHTM Mxy, Myz, M,, i nidpaxosyemo
KOOPAVHATU LIEHTPa TSKIHHS:
1 4-x 1-x? L 4-x 2 1-x2
M,y = [[[zdxdydz= [dx [ dy [zdz= [dx | dy? =0.
V - _ 1_X2 -1 0 - 1—X2

AHarnoriYyHMm YNHOM OTPUMYEMO:
_ _ _ _65
Myz—j\{jxdxdydz——g, sz—j\{jydxdde—En

OT1xe, Mmaemo:

M M

yz i __XZ:6_5 - X _
e = 16 YTV T3 Ty O
OcTaTouyHo:
_ _ _ 7 _65
V_4H’Mxy_0’Myz__Z’sz_§n’

(%c: Ve 2:)=(~1/16,65/32,0).

OBumMcneHHss MOMEHTIB iHepUil NMPOCTOPOBUX TiNl HE BUKITMKAE MPUHLIN-
NOBMX TPYAHOLLIB, ane BignoBigHi opmMynu, wo BkoYawTb B cebe [T,
Ginblw cknagHi. Lle BMknukae yTpyaHeHHS B NnaHi BUpaxoByBaHHSA iHTerpanis,
i TOMy BUHMKae notpeba B GinbL rMMOOKOMY i AeTanbHOMY aHanisi nigiHter-
panbHOro BMpasy 3 MeTOK 3HanTKU edpekTUBHUI Nigxia Ao peanisadii iHTerpy-
BaHHA.

Okpim po3rnaHyTux 3actocyBaHb T, aki, Tak 61 MOBUTK, ,HaBMNPSMKN”
BUNNMBAOTL i3 reomMeTpuyHoro i disnyHoro cmucnis [T, icHylOTb iHLWi,
NoB’A3aHi 3 aHani3oM nosniB Pi3HOMAaHITHOI NPUPOAN: EeNEeKTPUYHUX, MarHiT-

HWX, eNEeKTPOMarHiTHMX, rigpomMexaHiyHunX, TensIoBmX, iHPopMaLinHNX TOLLO.
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3annTtaHHA ANA caMoAiarHOCTUKKU 3aCBOEHHA MmaTtepiany

Bignosigi Ha BCi 3annTaHHa cpoOpMynionUTe CrIOBECHO, 3anuLiTb Y CUM-
BONiYHiN dopmi, obrpyHTYnTE (Ha nigcTaBi O3Ha4YeHb, TEOpPEM, npaBu, dop-
MYJ1 TOLWLO), HaBeAiTb BiANOBIgHI KOHKPETHI Npukagw.

1. Aki gil nepeytoTb O3HAYEHHIO NOABINHOIO iHTerpana?

2. Ulo HasmBaoTb NOABIMHMM IHTErpanom y ekapToBMX KoopanHatax?

3. Ak dopmyroeTbCA TeopemMa iCHyYBaHHA NOABIMHOIO iHTerpana?

4. Y yomy nonsirae reoMeTpuYHnM Ta QI3NYHUIN CMUCIT NOABINHOIO iHTE-
rpana?

5. AKMMKN OCHOBHUMM BNacTUBOCTSIMM BOSioAi€ NOABIMHUIA iHTerpan?

6. Aki obnacTi HasmBalTbCA NpaBunbHUMK y Hanpsami oci: OX, Oy (Ha-

BeAiTb BignoBigHI CUMBONIYHI 300paXKeHHs)?

7. 3a akuMmun dpopmynamm obUMCrIOTLCA NOABINHI iHTErpanu no npa-
BUNbHUM 0BNacTsM iHTerpyBaHHA?

8. UM nNpuHUMMIOBO BIOPI3HAOTECA O3HAYEHHA NOABIMHOrO iHTerpana B
AeKapToBUX i NONIAPHUX KoopanHaTax?

9. Y akux BUNagkax AouifibHO 34iMCHIOBATK nepexia y noaBinHOMY iHTe-
rpasni 0o NofpHUX kKoopamHaTt?

10. Ak 3gincHETLCA Nepexia y noaBiMHOMY iHTerpani Bif AeKapTOBUX
KOOpAuHAaT 4O NONAPHUX?

11. Y yomy nonsrae MeToA 3aMiHu 3MiHHOI Y NOABIMHOMY iHTerpani?

12. Axi reomeTpuYHi Ta (isnyHi 3aCTOCYBaHHA NOABIMHOIO iHTErpana Bu
3HaeTe?

13. Axi Ail nepenyr0Tb 0O3HAYEHHIO NOTPINHOrO iHTerpana?

14. Ulo Ha3MBaOTb NOTPINHUM iHTErpariomM y ekapToBMX KOOpAnHaTax?

15. Ak dpopmynoeTbCa Teopema iCHyBaHHA NOTPINHOIO iHTerpana?

16. Y yomy nonsrae reoMeTpuyHMn 1a Pi3UYHUIA CMUCIT NOTPINHOIO iH-
Terpana?

17. AAkKWMn OCHOBHMMU BNACTUBOCTSAMM BONOAIE NOTPINHUI iHTerpan?

18. Aki npocTopoBi 06nacTi HasuBalTbCA MPaBUIIBHUMUK Y HanpsMi
ocem koopauHat: OX,Qy, Oz (HaBeaiTb BigNOBIAHI CUMBOSiYHI 306paXKEHHST)?

19. 3a akumu popmMmynamm oBUYMCNIOTE NOTPINHI iHTEerpanu 3 NnpaBusb-
HOK 06nacTio iIHTerpyBaHHA?
20. Alky npoCTOpPOBY CUCTEMY KOOPAWMHAT Ha3MBalTb LUMMIHOPUYHOLO,
chepnyHoto?
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21. 3a aknmn doopmyriamMmu 34IMCHIOETLCA NMepexig y noTpiHOMY iHTer-
pani Big AekapToOBMX KOOPAUHAT 40 LUIIHAPUYHKX, A0 CHEPUYHNX?

22. Aki reomeTpuyHi Ta Pi3nNYHI 3aCTOCYBaHHA MOTPIMHOrO iHTEerpana Bu
3Haete?

23. 3a kol ymoBu ob’em obnacTi iHTerpyBaHHs NOTPINHMIA iHTerpan i
MOro 3aHaYeHHs 0JHAaKOBi 3a BENTMYNHOKO?

3apadi Ta BnpaBu

Po3B’dA3yBaHHA BCiX 3a4ady i BUKOHaAHHSA BMNpaB crif CyrnpoBOLXyBaTu
reoMeTpUYHMMU INKCTpauisamu.

1. YctaHoBUTK Mexi iHTerpyBaHHst no obnacti D dyHkuii z = f (X,Yy)
Ta nogatu MOl y Burnagi noBTopHUX iHTerpanis abo iXHbOT CyMu:

1) D: x=-1, x=2, y=2, y=4;
2) D: y=0, y:1—X2;
3) D: x2+y2=a2;
2 .
1+ x2°
5 D:y=0, y=a, y=X% X—-y=2a.

4 D:y=x% y=

2. YcTaHoBUTM 06nacTb iHTErpyBaHHs Ta OOYMCNUTK 3adaHi NOBTOPHI
iHTerpanu:

1 2 2 J3x
1) [dx] (X2 + y?)dy: 2) [dx [xydy;
0 1 1 X
4 2 a 2y
3) [dy[ (x+y)~2dx; 4) Jax [xydy;
3 1 0 y-a
fov - foy
5) [dy | ———dx; 6) |dy |dx.
0 x/aX +y 0 1y

3. 3MiHMUTK NopsaaoK iHTerpyBaHHA B 3agaHux MOl

24 1+/x
1) [ [ f(x, y)dydx; 2) [ [ f(x y)dydx;
13 0 %3
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1V1-x2 a+/ Y(2a-y)

3) [ [f(xy)dydx; 4) f [ £(x, y)dxdy;
10 0
1 1-y 211 SNX

5) [ [ f(x y)dxdy; 6) [ [ f(x y)dxdy.

0_[1-y? 0 0

4. O6umcnutu MNAI, 3gincHiooYM Nepexig 40 NONSPHUX KOoOpAMHAT:

a /a a a2_y2
1) | j Jaz - X2 - y?dydx; [ (X% + y?)dxdy:
0 0 0 0
00 00 2 2 2a + x(2a—x)
3) [ [e 7Y )dydx; 4 [ [ dydx
00 0

5. O6uuncnutu MNAI, 3gincHMBLWKM 3aMiHy 3MiHHMX Tak, Wob obnacTb iHTe-
rpyBaHHA nepeTBopunacs Ha NPSAMOKYTHUK:
e Bx

=] x> y2dydx;

Oax

2) | =[[dxdy, D:xy=a’ xy=2a% y=x,y=2x (x>0, y>0);
D

3) | :” dxdy

DAXC+y

6. O6umcnutu nnowy S dirypu-obnacti D, oGmexeHoi niHisMu (niHieto):

D:y+x2=1y+x?>=2y=x% y=4x? (x>0).

1) D: y2:2x, y=X;
2) D: y2:4ax, y+x=3a, y=0;
3) D: \/§+\/§=\/5, y+Xx=a,;

4) D: y=gnx, y=cosx, x=0;
5 D:p=asin2¢;

6) D: p?> =a’cos2¢;
7) D: (x2/a2 + y2/b2)2 :2xy/cz.
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7. O6umncnutn o6’em V Tina, obmeXeHoro noBepxHAMmu S:

ZXZ: = = =0:
1)S'a+b+c 1, x=0, y=0, z=0;

2) S: x+y+2z2=3, x2+y2:1, 2=0;

3) S: xy=2z2, (x—1)2+(y—1)2:1, 2=0;
4)S:x2+y2:22, x2+y2—2ax:O, 2=0;

5) S: y:xz, x:yz, 2212+y—x2, 2=0;

6) S: x> +y?=a’ x/a+z/c=1, x=0, y=0, z=0;

7) S: x2+y2:a2, X2 + 2°

2

:az'
8) S: y2+z =X, XxX=y, 2=0;

9) S: x2+y?+7°=a’, xX*+y*=R? (a>R);

10) S: x> +y? =az, x*+y?=2ax, z=0;

. A2 — A2 2 2 2 _ .2 — .

11) S: p=a“cos2p, x“+y“+z°=a°, z=0. (PosrnsHyTK TiNO,
LLIO BU3HAYaETLCA BHYTPILWHICTIO LusiiHApa.)

8. O6uncnuTK Nnowly Kycka noBepxHi S, skuii BU3HA4YaeTbCst (0OMeXxy-
€TbCS) NOBEPXHAMUN Sy

1) S: x2+y2:zz; S x2+y2:2ax;

2) S:x+y+z=2a; Sy x°+y?=a®(x=0,y=0,z20);

3)S: x?+y*+7z°=a®% Sy z=b (a>b,z>b>0);

4) S: x2+y?+72=a% Sy x*/a®+y?/b? =1 (a>h);

5 S: S: x2+y2 =2ax; & x2+y2:zz, z=0;

6) S: x2+y2=a2; S:z=mx, z=0 (m>0);

7) S: y2+22:2ax; S: yZ:ax, X=a.

9. 3HanTn KoopAMHATU LieHTpa TAXKIHHSA, BBaXatoyn NOBEPXHEBY yCTuU-
HY CTasoo i PiBHOK OONHUL:

1) piBHOCTOPOHHBLOIO TPUKYTHMKA 3i CTOPOHOIO A, OfHa 3 BEPLUNH SIKOro
€ NnoYaTKoM KOOpAuHaT, a BucoTa nexuTb Ha oci OX;
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2) KpYroBoro cektopa pagiyca a, 3 bicektpucoro Ha oci OX i ueHTpanb-
HUM KyTOM 20 ;

3) HWKHBOT NOJSTOBUHK Kpyra X2 + y2 = a2;

4) cirypn, obmexeHoi Biccto OX Ta apkow UMKNoiaun X:a(t—Sint),
y = a(l- cost);

5) cbirypun, obmexxeHoi netneto p2 =a’ Ccos2¢;

6) dhirypu, obmexeHoi kapaioigoto p =a(l+cos¢).

10. OBYMCNUTM MOMEHT iHepLil:

1) cbirypu, obmexeHoi enincom xz/a2 + yz/b2 =1, BigHocHo oci Oy i
noyaTtky KoopauHar;

2) chirypu, obmexeHoi kapgioigoto p =a(l—cosd), sigHocHo nontoca;

3) kpyra P =2acos¢ BigHOCHO Nontoca;

4) kpyra (X — a)2 +(y- b)2 = 2a? BigHOCHO OCi Oy;

5) girypn, obmexeHoi napabornoto y2 = ax inpamMol X =a, BigHOCHO
npsamol y=-a.

11. O64ncnnT HaBedeHi NOTPIVHI iHTerpanu No NPocTopoBin obnacrTi,
oBMeXeHin 3agaHMn NOBEPXHAMMU:

- Oxdydz
1
W oy ety

,oe V: x+y+z=1 x=0, y=0, z=0;

2) [[[ ycos(x+ z)dxdydz, ge V: y=+/x, y=0, 2=0, x+z=7/2;
v

3) [[[xdxdydz, pe V: x* +y*=1,2=0, 2=3;
v

,heV: z:x2+y2, z=1;

- dxdydz
4)[\{_ 75

5) |[[ xyzdxdydz, ae V : y=x% x=y? z=xy, 2=0;
Y,

6) [[[ zdxdydz, ne V: z:\/4—x2—y2, 2=0;
v
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7) mxyzzg’dxdydz,nev: z=xy, y=x, x=1, z=0;
Y,

8) [[[dxdydz, ne V: x> +y2+72=2Rz (R>0), x2+y?>-2?=0
Y,
((0,0,R)OV).

12. O6uncnutn ob’em Tina, obmexeHoro cdepotro X2 + y2 +7°=4 |
napabonoigom X2 + y2 =3z

13. 3HanTn KoopauHaTU LEeHTpa TSXKIHHA | MOMEHTU iHepuil nipamigwn,
obmesxeHoi nnowmHammn X =0, y=0, 2=0, x/a+y/b+2z/c=1.

14. OBYMCANTU MOMEHT iHepLil KpyroBOro npsiMoro KoHyca BifHOCHO
noro oci.

15. OBYMCNNTU MOMEHT iHepLil KpyroBOoro npsiMoro KoHyca BigHOCHO
AiameTpa Noro OCHOBM.

16. 3HanTn 06’em Tina, odbMexXeHoro NoBepxHeto X2 + y2 + 272 =Vax.
BignoBiai
1.1) fdszdy a6o fdyfzdx
-1 2 -1
1 1-x 1 1y
2) |dx jzdy abo jdy [zax;
-1 0 -Jl-y
a a®-x? a Va®-y?
3 [dx [zdy a6o [dy [zdx;
-2 _Jg2_2 —a _[a2-y2
1 2/(1+x?) Jy 2 2/y-1
4) [dx jzdy a6o jdy [zdx+[dy [zdx;
-1 x2 -Jy 1 -J2/y-1
a Yyt2a 2a a
5) jdy [ zdx a6o jdszdy+ jdszdy+ jdx jzdy.
y 0 2a Xx-2a
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21 %, 22,

5) ﬂTa—a@rctg %;

42
3. 1) [ f(x y)dxdy;
31

141-y?
3)[ [ f(x y)dxdy;
0_[1-y2

0 1-x2

25 . 11 4.
3) Inﬂ, 4) za ;
1
G)Z(n 2).
13y
2) | [ f(x y)dxdy;
0 y2

a a
4 [ [ f(xy)dydx;
Oa—v ¢'512—X2

5) [ [f(x y)dydx+[ [f(x,y)dydx;

-1 0
1 Tm—arcsny

6) [dy [ f(x y)dx+]dy

0 arcsiny

20

Tt/ 20

3) [ ] e‘pzpdpdq):
0 a

2

2) y=ux, xy=o; | :%Inz;

:2 @-Q —§+|n5
3 10

2

3) y=—x"+u, y=ox; |

. 1) S=2/3;
3) S=a%/3;
5) S=m?/8:
7) S=a%?/c?.

.1) H\/az—pzpdpdq):gag’;
0a

2n+arcsiny

[ f(x y)dx.

T—arcsiny

T/ 2a 3 T 4
2 [ [p dpdq):ga;
00
T/ 2 2acos¢

H [ pdpdq):’—ZTaz.
0 0

_ e 1 = L a3 3.
.1)x—u,y—uv,l—21([3 av);

25 4 2

2) S=10a?%/3:;
4) S= J2-1;
6) S= a’:



7. 1)V =abc/6; 2) V =3n;

3)V =x; 4)V =32a%/9:
5) V =569/140; 6) V =a3(4-1/3);
nV:mfk; 8) V =1/64;

) V=4r/3[a’-(Wa®-FR?)°;  10)V =3m%/2;
11) V = a%/9rfgn+ 20-1612).

8. 1) S=2ma’/2; 2) S=1a?/3/4;
3) S=2m(a? - ava? -b?);
4) S=4mm2 -8a? arcsin(+/a? —b2/a):
5) S=8a°; 6) S =2ma’;
7) S=ma?(/3-1/3).

9.1) x, =av/3/3, y, =0; 2) X, =2asina/3a, y, =0;
3) %, =0, y. =—4a/3m; 4) e =an, y, =5a/6;
5) X. = Ta/2/8, y, =0; 6) X, =5a/6, y, =0.

10.1) 1, =m@h/4, 1, = rabla® + b2)/4;

2) 1, =35ma%/16; 3) 1, =3m’/2;
4) 1, =3m* 5) | =8a*/5.
11. 1) In2/2-5/16; 2) %(nz—S);
3) O; 4) 21/3;
5) 1/96; 6) 4m;
7) 1/364; 8) TR>.
12. 1 =191/6.
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, —abc | _blac | _c’ab
X 60’ Y 60"’ Z 60"

13. (XC’yC’ZC):(Z’Z’Z

_ abc(a® +b” +¢°)

lo 60
4
14. | :T[:T—(r), h — BucoTa, I — pagiyc ocHOBM KOHYyca.
_mhr®(2h* +3r%)
15. | = 60 .
16. | :T[a3/3.

KnroyoBi TepMiHn

Obnactb, po3buTtTs, giameTp po3buTTs, iHTerpanbHa cyma, rpaHuus,
NOABINHUM iHTerparn, NOTPINHWUIA iHTerpan, Teopema iCHyBaHHA, LWUIHOPUYHE
TifI0, reOMEeTPUYHUN CMUCIT, PISUYHUIN CMUCH, MOBTOPHWUW iHTerpan, 3amiHa
3MiHHUX, AKoBiaH, UMNIHAPWYHI KoopauHaTK, chepudHi KoopauHaTtu, nnowa,
o6’em, Mmaca, cTaTU4YHUA MOMEHT, MOMEHT iHepUil, LeHTp mac.

Pe3rome

Po3rnapatoTbCs OCHOBHI MOJSIOXKEHHS IHTErpanbHOro YMCIEeHHS OYHKUIN
ABOX | TPbOX 3MiHHMX. BUCBITNIEHO: 03HAYEeHHA OCHOBHUX MOHATb; reomMeTpu-
YHWUU | PI3UYHMIA CMUC NOABIMHOIO i NOTPINHOrO iHTEerpana; OTPUMaHHS Po3-
paxyHKOBUX popmyn — popmMy”n nepexogy 00 MOBTOPHUX iHTerpanis — ans
oBYMCNEHHs iHTerpaniB Big (PyHKUIN OBOX i TPbOX 3MIHHMX; MeTon 3aMiHu
3MiHHMX; Nepexig 00 UMNIHOPUYHUX | chepuyHnX KoopanHaTt y NOTPIMHOMY iH-
Terpani; obuncneHHs nnoLli i macu nnockoi girypu, o6’eMy NpocTopoBOro Ti-
na, CTaTU4HMX MOMEHTIB | MOMEHTIB iHepuil nNnockux iryp i Tin. Buknag Teo-
pPeTUYHOro martepiany CynpoBOLXKYETbCA iNOCTPATUBHUMM NPUKNagamMu.

INiTtepartypa: [3; 4; 6; 8; 13; 14; 28 — 30; 34].
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22. KpnBoniHiunHi iHterpanu (KPI)

[nuboka Oymka Oae 8i0rnosiob, asie HiXmo He 3Hae,
SIK nrocmaesumu 3anumaHHs makum 4uHom, wob ei-
ornoeidb mozna 6 6ymu 3po3ymina.

Ayrnac Agamc

lonosHa cuna mamemamuku nosigeae 8 Mmomy, Wo pa3om
3 po36’s3aHHSIM OOHIET KOHKpPemMHOI 3adayvi B0Ha CmMeopHe
3azanbHi nputomu i criocobu, 3acmocoeHi 8 bazambox
cumyauisix, Ki Hagimb He 3a8x0u MoXHa repedbayumu.
M. bawwmakoB

MeTa: po3wmpntn Kpyrosip ManbyTHix daxiBuiB Woa4o0 onepadii iHTer-
pyBaHHA PYHKUIN KiNbKOX 3MIHHMX; HABYUTWU BOSMOAITU TEXHIKOK IHTErpyBaHHS
dYHKUIN Big ABOX | TPbOX 3MiHHMX Ha 06MnacTAX, SKi € MHOXMHOK TOYOK NNOC-
kol abo NMPOCTOPOBOI KPUBOT, ANS Pi3HMX POPM 3aBAaHHA nigiHTerpanbHol
dYHKLUIT: napamMeTpuydHol, ABHOI, Y MONSAPHUX KoopAMHAaTax, i 3acTocoByBaTH
TEOPETUYHI 3HAHHSA OS5 PO3B’'A3aHHA 3a4ay NPaKkTUYHOro 3MICTY.

MutaHHA TemMu:

22.1. KpuBoniHinHun iHTerpan 3a gosxuHot gyru (1-ro pogy) — KPI-1.
22.2. 3acTocyBaHHS KPUBOMIHIMHOIO iHTEerpana 1-ro poay.

22.3. KpuBoniHiHum iHTerpan 3a koopguHatamu (2-ro pogy) — KPI-2.
22.4. 3acTocyBaHHS KPUBONMIHIMHOIO iHTErpana 2-ro poay.

22.5. TToHATTA NpO NOBEpXHEBI iIHTerpanmu.

KomneTeHTHOCTI, WO hOpPMYIHOTHCSA NiCNA BUBYEHHSA TEMMU:

3azasnibHoOHaykoea:. BONOA4IHHA OCHOBaMW y3ararilbHEeHHS iHTerpanbHOro
YNCINEHHS PYHKLIN OOHIET 3MIHHOT Ha BMMNagoK OYHKLIM ABOX i TPbOX 3MIHHUX,
| NiQroToBMNEHICTb 4O PO3B’A3aHHS 3aCTOCOBHUX 3a4au.

3azanbHonpogheciliHa: yMiHHA BUKOPUCTOBYBaTK 3acobu iHTerpanbHOro
YMCNEHHS B 3aJayax KOMMIOTEPHUX HAYK 40 aHarsidy YMCroBUX XapakTepuc-
TUK PiBHOMaHITHMX SIBULL, | NpOLECiB, 30KpemMa, BUNagKkoBuUX.

CnieuianizogaHo-rpocpecitHa: BNpoBagXeHHS KPUBOMIHINHUX iHTerpanis
1-ro i 2-ro pogy B MoLentoBaHHA ynpaBniHHA iHpOpMaUiMHUMK CUCTEMaMM i,
pa3oM i3 TMM, JaBaTW KiNbKICHY MOPIBHAMbHY OLIHKY 0BG4YucntoBanibHUX Mpo-
LeciB Ta Npouecis nepeTBopeHHA iHbopMmau,i.

285



22.1. KpuBoniHinHuu iHTerpan 3a goexuHoto ayru (1-ro poay) — KPI-1
KPI-1: o3Ha4yeHHs1, meopeMa iCHy8aHHs1, OCHOBHI eflacmueocmi

[MOHATTA ,KPMBOMIHINHWI iHTerpan” € y3aranbHeHHaMm, K i MO, noHaTTa
,BU3HAYeHN iHTerpan” Ha BUNaZdoK, konu obnacTtb iHTerpyBaHHA — He Biapi-
3ok oci OX, a gyra kpvBoi Ha nnowwmHi XQOy (abo y npocTopi XOyz).

Hexait AB (abo npocto AB) — ayra HenepepBHOT kpuBOiI L Ha nnoLumHi
x0Oy,a z=f(x,y), a6o z= f(M), ge M(x,y)OxOy, — BusHauera Ha AB
doyHKLIS.

Mpopobumo HacTynHe (aHanoriyHe ToMYy, Lo MU pobunu npu posrnsaai

BU3HA4YeHOro, NoABINHOrO i NOTPIMHOIO iHTerpanis):
— pozi6’emo ayry AB [OOBINbHUM YMHOM Ha N YaCTUHHUX OYT i3 JOBXMW-

Hamm Al | =1,n (a60 NPOCTO — Ha LyXeuku Al;), | HaGiNbLLY 3 fOBXWH Oy-

xeqok A =max {Al;} nassemo piameTpom po36uTTsa ayrn AB Ha uacTuHm,
I

(puc. 22.1.1);

’ B — 8ubepemMo Ha KOXHIN i3 [Yy»Ke4oK
A [OBIMbHUM YMHOM MO TOYL| Mi(Ei,r]i),

i =1 n, o6uncnumo f(Mi) i 3Hangemo
noGytkn f (M;)IAl;

— cKrnademMo cymy BCiX Takmx gobyr-
KiB

n
O X In :Zf(M,)UM, , (22.1.1)
i=1

Puc. 22.1.1. Po36uTTa Ayru Ha
AYKeUKU

Ky Has3BeMO iHTerpasibHOK CYyMOK
ans oyHkuii f (X, y) Ha ay3i AB;

— 0byucnumo rpaHnuo (AKLWO BOHA iICHYE) iHTerpanbHOT CyMn 3a YMOBMN,
Lo AiameTp po3buTTa A NpsMye [0 Hynsa pasom i3 N — o,

CkiHdeHHa rpanuusa | iHTerpanbHoi cymu |, konu giametp po3buTTs
NpAMYE 00 HYIS ()\ - O), a N — 00, HAa3NMBaETLCH KPUBOMiIHIMHUM iHTerpa-
nowm Big dyHkuii f (X, y) 3a poBxuHow ayrn AB y Hanpsawmi Bio 4 no B
abo kpuBOniHiNHUM iHTerpanom nepworo poay (KPI-1), i no3HavaeTbCs

CMBOJIOM:
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(B)
[f(x,y)dl, a6o [f(xy)dl, (22.1.2)
B (A)

ae j— 3Hak (cumson) KPI-1;

AB — wnsx iHTerpyBaHHs;

(A), (B) — mexi iHTerpyeaHHs (A, B GepyTbcst B oyxku, 60 Le He unc-
na, Sk y BU3Ha4yeHoMmy iHTerpani, a kiHuesi Touku ayrn AB);

f (X, Y) — nigiHTerpanbHa dyHKUiS;

f (x,y)dl — nigiHTerpanbHuii BUpas;

dl — andepeHuian ayrv (amdpepeHuian amiHHOI iHTerpyBaHHs | ).

OTxe, 3a O3HAYEHHAM:

(B)

= lim 1= lim Y f Nl = [Hy)d = [fxy)d. @213
(h2)  (hoe) AB Q

HaBepeHe o3HadeHHs KPI-1 3anuwaetbca B cuni y BUNaaKy, Komnu Tou-
kn A, B cniBnagatotb, To610 AB — 3iMKHeHa niHia .

3aMicTb crioBocnony4eHHs ,3a 0oexuHor Oyeu AB” BxuBaloThb iHLIE —
.o oy3i AB”.

[licna oO3Ha4YeHHA NOHATTA NPUPOAHO MOCTaE MUTAHHSA: SKi YMOBU
MOBWHHI 3a40BOSIbHATU MigiHTerpanbHi QYHKUIT Ta QYHKUiT, WO OMUCYTb
LWINAXW IHTEerpyBaHHs, WOo6 iHTerpasnbHi CyMyn Manu CKiHYEeHHi rpaHuui, To6To
o6 icHyBanwu BignosigHi KPI-17?

Y 3acToCcoBHMX 3agadax piBHSAAHHA KpuBoi L, no aysi sikoi 6epetbes KPI,
Yn KOHTYp [, sk NMpaBwno, nogalwTb y MNapameTpuyHin dopmi: X = X(t),
y= y(t), t, <t<t, (aBHO 3apaHy pyHKUil0 Y= y(x) 3aBXau MOXHa npen-
CTaBWUTM B NapamMeTpuyHin gopmi: X =1, y= y(t)). AKWO P YHKUT X(t), y(t)
HenepepBHO AndepeHLinoBHi Ha iHTepsani (1;,t,), To BignosigHa kpuBa Ha-
3mBaeTbCca rnaakoto. Kpvey HasvBalTb KYCKOBO-rNMaaKow, SKWO 11 MOXHa
pO36UTK Ha CKiIHYEHHE YUCNO rMagKknx ayr.

Bignosiab Ha nocTaBneHe 3annUTaHHSA 4ae Teopema iCHYBaHHS.

Teopema 22.1.1 (icHysaHHs1 KPI 3a 0oexXuHor dyau). AKLWo:
— ayra AB kyckoBo-rnagka;

~ coyrkuist 2= (X, y) HenepepsHa Ha AB,
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10 KPI-1 If(x, y)dl iCHye (TODOTO iCHYE CKiHYeHHa rpaHuus iHTerpanbHoi Cy-
AB
MW | BOHa — rpaHuLsA — He 3anexarb Hi Big cnocoby po3outtas AB Ha vyacTu-
HW, Hi Big BUOOPY TOYOK Ha HUX ANS CKNagaHHs iHTerpanbHOi cyMn).
[MoHatTa KPI-1 nowwuproeTbca Ha BUNAgOK PYHKUIT Big TPbOX 3MiHHUX:

u= f(X, Y, Z), TOAi WNAXOM iHTerpyBaHHs € ayra (KOHTyp) NpPOCTOPOBOI KPUBOT
AB [ xOyz:

= [f(x,y,z)d .

reomempuyHut i ¢pizudHuu cmucn KPI-1

Akwo dyHKuia Z= f(X, y)ZO pO3rnsiAaeTbCs He Ha nnockin obnacTi
D, sk y noggiiHomy iHTerpani, a Ha niHii L, To uin niHii 6yge signosinatu B
CBOIO Yepry fesika niHia Ly noepxHi f (X, y) (puc. 22.1.2).
Z f(Mz) 'YLI KoXXHUn  gogaHoK  iHTerpanbHol

N cymn f(M;)[Al; € HaGnuxeHnm 3Ha-

YEeHHAM NMIOWi Kycka UuuMniHOPWUYHOI
NoBepXxHi, TBipHa sIKOI naparnesnibHa oci

(@) N W R B 5 ------»y Oz, a HanpsamHoto € ayra AB. IHTer-
n
X KAZ, 3 panbHa cyma I”:Zif(Mi)mli BU3Ha-
/ i=
A
L Yae HabnuxeHo nnowly BCiel NOBEPXHI
Puc. 22.1.2. TeomeTpu4HUM S, Ha AB. YkasaHe HabmmkeHHs! TUM

cmvmucn KPI-1
Kpallie, Yum MmeHwe 6yayTb Ali, TOMY

npupoaHo noknactu, wo S=1im S, i kaxyTe: y eeomempuyHomy cmucri
A-0O

KPI-1 doyHKUil f(X, y) > 0 yncenbHO OOPIBHIOE MMOLL LUMNIHAPUYHOT MOBEPXHI
3 TBipHOW, napanensHoto oci Oz, i HanpamHoto AB, aka poaTalioBaHa Mix
nnowwmHoto XOy i nosepxHeto z = (X, y):

(B)
s= [f(xy)d (22.1.4)
(A)
— chopMyna nnowi uuniHapu4Hoi nosepxHi ana f (X,y) Ha AB.
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Y okpemomy Bunagky: f(x,y) =1, i3 (22.1.4) otpumyemo chopmyny
nosxuHun ayrn AB:

(B)
= [dl. (22.1.5)
(A

Hexat L — maTtepianbHa kpvBa, a dyHkuis z = f(X,y) BusHauae B

KOXHI Touui (X,Y) Ti MiHiHY rycTuHy: G:G(X, y), ToAi iHTerpanbHa cyma

n
|, =Y. 0(M;)[Al, a AB gae HabnwxeHo macy gyrv M, a KPI-1 npuima-
i=1
I0Tb 3a 1i ICTUHHE 3HAYeHHS | KaXyTb: Yy (QIBUYHOMY CMUCII KPUBOMIHIMHUI
iHTerpan nepworo poay YucernbHo gopiBHoe Maci M ayrm AB 3 rycTuHoto
a(x,y):
(B)
m= [ o(x,y)dI. (22.1.6)
(A)

OcHoeHi enacmueocmi KPI 3a doexxuHoro dyau

AHania iHterpanbHux cym ans KPI-1 nokasye, wo 3a cTtpykTypoto (6y-
[0BOI) BOHW HaragywoTb iHTerparnbHi CymMu OnS BUSHAYEHUX iHTerpanis, TOMYy
iXHi BnactmeBocTi y 6GinbwocTi 36iraloTbCa 3 BAACTUBOCTSIMU BU3HAYEHOrO
iHTerpana. HaBegemo OCHOBHI 3 HUMX, SKi BunnmBawTb 6eanocepeaHbo 3
o3HadeHHa KPI-1. TyT i Hagani ans cTMCNOCTi CUMBOSIYHMX 3aMnuUCIiB aprymMmeH-
TV nigiHTerpanbHOT yHKUIT abo HaBiTb cami (PyHKUiT Byaemo nponyckaTy,
SKLLO Le He Npu3BoAuTb A0 KOSi3in.

1° (npo He3miHy 3Haka). Mpu 3MiHi Hanpsimy iHTerpyBaHHsa KPI-1 He 3mi-
HIOE 3HaK:

(A (B)
[=7]. (22.1.7)
(B) (A

2° (npo cmanuil MHOXHUK). CTanmit MHOXHWK BUHOCSTL 3a 3Hak KPI-1:

[kOfdl =k [ fdl, k-const. (22.1.8)
AB AB

289



3° (npo iHmeepysarHs cymu). KPI-1 Big cymn asox dyHkuin f;, f, go-
PIBHIOE CYMi BianoBigHWUX iHTerpanis Big 4O4AHKIB:

[(fy+ fo)dl = [fydl+ [fydl. (22.1.9)
AB AB AB

BrnactmeocTi 2°, 3° 06'egHYyIOTbCA CRiNbHOK HA3BOK — BRNACTMBICTD
niHitiHocmi KPI-1: ans 6yab-sikux gichnx Ky, Ky i doyrkuin f(x,y), f(x,y)
cnpaBefnuBa PiBHICTb:

(B) (B) (B)
[Uafi(x ) ko fax ) di =k [ fi(x y)dl +k, [ fo(x y)dl.  (22.1.10)
(A) (A) (A)

4° (adumueHicms). Axwo ayry AB Toukoto C po3buti Ha 4acTuHU, TO
KPI 3a gosxuHoto AB pnopiBHIoe cymi iHTerpanis 3a JOBXUHAMM 11 YaCTUH:

AfB:AfC”foB’ CUAB. (22.1.11)

BnactusocTi 3°, 4° matoTb micue Ons O6yOb-KOro CKiHYEHHOro yucna
AOOaHKIB | YacTMH po3ouTTS.

Momivaemo, wo BnactueocTi 2° — 4° aHanoriyHi BNacTMBOCTSIM, SIKUMY
BONOAi0Tb BU3HaYeHi iHTerpanu. CnpaBegnuBicTb YCix BnactMBocten 6asy-
€TbCA Ha O3HayeHHi KPI-1 i Ha BnacTtmBocTaX rpaHuui nocnigoBHOCTEN CTO-

COBHO iHTerpanbHux cym |
[ oeedewmo nepuy i3 Hux. Ockinbku npupoctn Al; — noBxuUHK fyxe-

YOK — AoAaTHI, TO iHTerpanbHa cyma |, He 3miHuTbCA Big TOro, sk ii cknapa-

TV, pyxaroumcbk no aysi Big A go B um Bin B npo A. B o6ox Bunagkax
BiaNoOBigHI rpaHuui 6yayTb 0gHAKOBI. W

Hazadaemo, wo Ha Bigminy Big KPI-1 3miHa nopagky nigcymMoByBaHHS
AonaHkiB iHTerpaneHol cymu ansa Bl Ha 3BopoTHUIW npuBOAUTL A0 3MiHM MOro
3Haka. Lisa obcTaBnHa BUABNSETBLCA CYTTEBOI Npu obumcrneHHi KPI-1.

O6yucneHHs1 KPI-1 3eedeHHsIM A0 8U3Ha4eHO20 iHmezparna

Byoemo Buxogutu 3 TOro, WO BCi po3rnsaayBaHi PyHKUIT i WNAX iHTerpy-
BaHHA 3aJ0BOSbHAIOTL Teopemy icHyBaHHA KPI-1. BUCBITNEHHS nuTaHHA npo
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obumncnenHs KPI-1 npoBegemo ans pisHux cpopm 3aBgaHHs ayrn AB i Hase-
AeMoO inCcTpaTUBHI NpUKNagn Ha Tni OQHOro iHTerpana.
|. MapameTpuyHe 3aBaaHHA WNAXy iHTerpyBaHHA. Hexan gyra (kpu-

Ba) AB onucyetbest pishsibsamn X = X(t), ¥y =y(t), ne x(t), y(t) — dyrkuii
napametpa t, skuin 3MiHoeTbCA B Mexax Big t =a go t =[3, i Touui A (B)
BiONOBigae 3Ha4YeHHA napameTpa, pisHe O, [3. 3anexHo Bia posTallyBaHHS
Touok A, B Ha XOy moxe 6ytn 0 >3 a6o o <[3.

3Hangemo gudpepeHuiann 3aMiHHUX X, VY:

dx=xdt, dy=y;dt, (22.1.12)

ToAi AndbepeHuian ayrn Habyae Burnsay:

dl =/ +dy? =+/(x)2 +(y})% . (22.1.13)

Oudpepenuian dl npu HeHynboBux dx=Ax, dy = Ay mae 6yt gopart-
HUM, TOMY Yy NpaBin YacTuHi (22.1.13) gogaTtHMM NOBUHEH ByTu i AudrepeHLi-

an dt=At.
3aincHumo nig 3Hakom KPI-1

(B)
| = [f(xy)d
(A)
nepexig 0o 3MmiHHOI t. BHacnigok uboro nigiHterpansHa yHKUia cTaHe dyHK-
Liero ogHiel 3MiHHOI, i nig 3HakoM audpepeHuiana girypysatume 3miHHa t,
TOBTO NpMXoANMO A0 BU3HAYEHOrO iHTerpana.
HesBaxatoum Ha Te, Wwo Touui A Bignosigae yvcrno O, a Touui B — yuc-
no 3, mexi iHTerpyBaHHsi Bl MmoxyTb 6yTun He Big O go [3, aBig B oo O.

Axkwo pyxosi no L Big A go B BignosigatoTb gogaTHi npupocTy 3MiH-
Hoi iHTerpyBaHHsA: At =dt >0, 1o Bl 6epeTbea Ha [A, [B], y npoTuBHOMY pasi —

Ha [B,a]:

(B) B 5 5
[ f(x y)dl ==[ f(x(t), Yt ()2 +(y})? dt, (22.1.14)
(A a

ae 3Hak +(—) Gepetbesa, Akwo o <B (a >f).
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®opmyna (22.1.14) € cdbopmynoro 3BeaeHHAa KPI-1 oo Bu3HayeHoro
iHTerpana. Burnag uiei oopmynu nigkasye nocnifoBHicTb nepexony sig KPI
[0 BM3HAYEHOro iHTerpana; uen nepexia, BriacHe, i onmcaHo.

BucHoeok: npu 3BefeHHi KPI-1 0o BU3Ha4yeHOoro iHTerpana HWKHA Me-
Xa iHTerpyBaHHsa y Bl noBnHHa 6yTn 3aBXau MeHLIEe BEPXHBOI.

AHanoriyHo obYUCAITLCSA IHTErpanu Ansa PYHKUiIA Bigd TPbOX 3MiHHUX

3a [JOBXXWHOIO NMPOCTOPOBOT AYyrv (KpMBOT) X = X(t), y= y(t), Z= Z(t):

(B)
[f(xy, z)di =+
(A)

f(x(t), y(t), z(t))\/(x;)2 +(Y))? +(z)% dt. (22.1.15)

Qe—m

Mpuknad. OBuMcnUTH I(X+ Jy)dl sig toukn A(0,0) go Toukn B(2,1)
AB

no aysi kpmeoi L: X=t, y=t2/4.

1°. Yemarosnoemo mexi BU3HauveHoro inTerpyBaHHs. Ockinbkn AOL,
BLIL, To ixHi koopAnHaTK 3a40BONbHAOTL PIBHAHHS KPUBOT; MiACTaBMASIEMO
iX B ogHe 3 piBHSAHb | ogepxyemo: d =0, B =2.

2°. 3diticHoemo nepexia [0 3MiHHOT t:

(=1 v =t/2 1
dl ==\/4+t%dt
X0 2 , abo y o1r= 2
tjo 2 02

(B)
= 1= [(x+y)dI= j(t+t/2)1 A+t% dt=> It1/4+t dt.

(A)

3°. O6yucntoemo ogepXXaHUn BU3HAYEHUW iHTerpan MeTO4OM 3aMiHu
3MiHHOI:

t|0 2

u:4+t2:du:2tdt, ——

u4d4 8

=

8 8
-1 =3t 4+t2dt:§jﬁdu:§agu@8:2(2ﬁ—1)=3,6.-
8, 8, 83 4

(5lk enpasy pekoMmeHayeEMO AaTu reoMeTpuydHe 3o06paxeHHs ayrn AB.)
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Il. ABHe 3aBAaHHA WNAXy iHTerpyBaHHsA — e konu ayra AB onucy-
€TbCH PIBHAHHAM Y = Y(X), Oe apryMeHT X 3MiHIOETbCSl B MEXaXx Big X=a Ao

X =b, 10670 X [[a,b],iTouui A (B) Bignosigae sHaueHHs X, piHe a (D).
Y ubomMy BUNaaKy andpepeHuiana ayrm Maemo:

di :\/dx2 + dy? :\/1+(y;()2, (22.1.16)

a KPI-1 HabyBae Burnagy:

(B) b
(I )f (%, y)di = [ (x, YOON1+(y,)? dx (a<b) (22.1.17)
A a

— ¢popmyna 3BeaeHHA KPI-1 oo BuU3HayeHoro iHterpana.

Mpuknad. O6uucnuTn | = I(X+ ﬁ) dl Big TOukM A(0,0) [0 TOYKM
AB

B(2,1) no aysi kpusoi L: y=x2/4.
3rigHo 3 (22.1.16), (22.1.17) oTpUMyeMO:

0<x<2=> (a=0,b=2 (B)
sxs2= (@ ) = 1= [(x+y)d = f(x+x/2)«/1+x2/4 dx =

dl =+/1+x2/4 dx A
2 2
:gfx\/1+x2/4 dngj\/4+x2d(4+x2):§\/(4+x2)3‘ =
0 0 0

Ak 6a4nmo, Npu SBHOMY 3aBAaHHI LWUNsSXY iIHTErpyBaHHA B poni napameT-
pa BuUcTynae 3MiHHa X (OuMB. nonepegHin npuknag), Tob6To hopmyna
(22.1.16) € no cyTi YacTMHHUM Bunagkom (22.1.14), akuwo noknactm X =t,

y=ylt). o
AHanoriuHo nocTynatoTs, konu AB 3amaeTscs piBHsHHAM X = X(Y),

y[c,d], i Toai npuxoaats oo dopmynu:

(8)

d
(f)f x,y)di = [ £(x(y), Y1+ (x,)* dy (c<d). (22.1.18)
A c

13 (22.1.15), (22.1.17), (22.1.18) BMnnMBae BigNOBIOHUN NOPSIAOK 0BYUC-
neHHs KPI-1 (Hagedimb NOro camocCTiHO).
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lll. 3aBAaHHA WnNAXy iHTEerpyBaHHA Yy NONSPHUX KoopAuHaTtax (no-
nsapHa dopma) — Le konu gyra AB onucyeTbes piBHSHHSM P = p(d)) ne ap-
ryMeHT ¢ 3MiHleTbCS B Mexax Big ¢ =0 go ¢ =[3 i Touui A (B) BiANOBIga€E
3HaueHHsa ¢, pisHe O ([3).

3a dopmynamu nepexoay Big AeKapTOBMX KOOPAWHAT OO MOMSIPHUX
MaeMOo:

X =pcoso, _ x =p(¢)coso, x=x(¢),
{y=p9n¢ :b‘p_p@0‘2>{y=p@w9n¢ :>{y=y@h

TOBTO NPUXOAUMO A0 NapaMeTpPUYHOro 3aBAaHHSA LUMSXY iHTerpyBaHHS: B po-
ni napametpa t Buctynae nondpHuin Kyt ¢ . Takum YMHOM, ofepXKyeMo pop-

Myny, aHanoriyHy goopmyni (22.1.14):

(B) B
I f(x y)dl = [ f(x(@), Y@)p>+(Pp)? db (a<B)  (22.1.18)

— ¢popmyna 3BeaeHHA KPI-1 oo BuU3Ha4yeHoro iHTerpana.

Mpuknad. O6uncrutn | = f(x+ \/9) dl Big TOuYKM A(0,0) [0 TOYKM
AB

B(1/2, 1/2) no nysi kpusoi L: p=sing.
3rigHo 3 doopmyror (22.1.18) nepexogmMmo 0 MOMSAPHUX KoopauHar i
064YMCNIOEMO BU3HAYeHWU iHTerparn 3a 3MiHHO ¢ :

X=pcos$ =sind coso,
y=psing =sin®¢,
PA=0, Pg =12;

f(sn¢cos¢+sn¢)d¢ ( sin?¢ - cosq)j
0

x| 0 05
S = | = | (Xx+{y)dl =
oo ma| 7170

=1/4-1J2+1=06. o

(306pasimb Wwnax iHTerpysaHHa y cyMiweHnx cuctemax PO¢ i xQy.)

Ak nigcymok HaBegemo KIo4oBi BigomocTi (Tabn. 22.1.1) wono nepe-
xoay Big KPI-1 no Bl.
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Tabnuusa 22.1.1

OudbepeHuian ayrn ana pisaHMx hopm 3aBaaHHA
LWNAXY iHTerpyBaHHA

dopma 3aBOaHHSA LWNAXY IHTErpyBaHHS Burnag audpepeHuiana gyru

1 | Napamerpuana: x = x(t), y = y(t) dl =/ ()2 +(y)2 dt

2 Aera: Y = y(X) (x=X(y)) dl =1+ (yy)2dx (dl =1+ (x,)? dy)

3 MonspHa: p=p() d =,/ p? +(p'(|,)2 do

3ayeaxKeHHs1. y BUNagKy NpOCTOPOBOI KPUBOT — LUSIAXY IHTErpyBaHHSA —
BUKOPVCTOBYIOTb BWKITIOYHO NapameTpuyHe 3aBpaHHa niHii L: X =X(t),

y=y(), z=2(t).

22.2. 3acTocyBaHHA KpUBOJIHIMHOrO iHTerpana 1-ro poay
Neomempu4Hi 3acmocyeaHHs1 KPI-1

3rigHo 3 reomeTpudHumMm cmucnom KPI-1 (gus. (22.1.4), (22.1.5)) moxHa
obuucnoBaT BigNOBIQHO NMAOLWY UMNIHOPWMYHOT NOBEPXHiI Ans f(X, y) Ha
AB, i npoexuny ayrn AB:
(B) (B)
S= [f(xy)d, 1= [d.
(A) (A)
MMpuknad. 3HanTn OOBXMHY Ayrn | KpUBOT Bif TOYKM A(2,0) 00 TOYKU

B(l, 1) B cuctemi koopauHaT XOY, SKLO BOHA ONUCYETLCS PIBHSHHAM:

X =1+ cost,

_ : 2 .2 _oy=0-
a) p=2cosd; 6) Xx“+y —-2x=0; B) {y:sint.

CyMicTMO aekapToBy i MONAPHY CUCTEMU KoopAauHaT i nobynyemo Kpu-
By a): p=2C0s¢ (puc. 22.2.1).
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3HaxoauMmo andpepeHuian ayru:

yﬂ
1 4 2 2
p=2cosp = p“ =4cos”
Py =—2sind = (p})* =4sin”¢
1 A = di=2d¢.
O 1 2 P X
Toukam A, B BignosigaioTb KkyTu
Ia a=0, B=1/4. Otxe,
(B) ma4
— — _ g4 _TU .
Puc. 22.2.1. LUnsax iHTerpyBaHHA I—(J.)dl = J.2d¢—2¢‘ 0 "o (niH. oa.)
A 0

(3Halidimb kyTW O i [3 aHaniTMYHO, He 3BEPTaYMCh A0 PUCYHKA.)
Y Bunaaky ©) piBHAHHSA X? + y2 —2X=0 onucye Ty X camy KpuBY — KOO

pagiyca 1 3 LeHTpoM Yy TouLi (ZL O): (X—l)2 + y2 =1. OincHo:

= X2+ Y? :22—X =

X2 +y?

p=yx*+y’
cosp =x/p

= x2+y2:2x = x2+y2—2x:0.

p=2cosp =

3HaxoguMmo andepeHuian ayru:

221-(x-12 = y=y1-(x-1)? = y,=-——XL
y (X-1)% =y (x-1) y 12

12
(x=D”__ 1 = d = dx

1-(x-1?  1-(x-1)? - (x-12

OBumMcnoeMO OOBXMHY OYrn:

1+(y,)? =1+

(B) 1

ax . 1 . . TT
= [d=] =arcsin(x—1)| =arcsin0-arcsinl=--<0.
(A 241-(x-1? 2 2

OTtpumanu Big’eMHY OOBXUHY (1), TOMY LLO HWKHS MeXa iHTerpyBaHHS
BinbLUe BEPXHbOI.

296



X=1+cost,
Y Bunagky B): _ 3rigHo 3 (22.1.18) maemo:
y=sint,
c =-sint, x| 2 1 2 T
Xt, 2 = d=dt = |= I dt =— (niH. opn.) ®
y; =cost; t|1mW/2 O 5 2
Mpuknad. 3Hantv poexuHy Ay | npoctopoBoi KpuBOI: x=2t,

y=3tz, z=3t, Big TOYKM O(O, 0,0) [0 TOYKU A(2, 3 3).
3actocosyemo (22.1.15) npu f(x,y, z)=1:

X =6t%, y, =6t, Z =3 (A)
X 0 2 y‘OB 03 =d=[d =
———, abo +|——, abo —|—— ()
tfo 1 t|o1 t 01

1 1
= | :N36t4 +36t2+9 dt =3[ (22 + 1) dt = (2t3+31)|; =5 (niv. on.) @
0 0

Mpuknad. 3HanTK nnowy UuniHAPUYHOI noBepxHi ans z2 =3X+4y+5
Ha Bigpi3Ky MiXX Toukamu A(—l, 1), B(l, 2).

ByoyemMo piBHAHHA WNAXY IHTErpyBaHHS AK PIBHAHHA MPSMOI, WO Mnpo-
XOOUTb Yepes ABi 3afaHi TOYKK:

X=Xa _ Y~ Ya _ x+1:y—1 N {x:—l+2’[,

x=2y-23).
Xg =Xa Y~ Ya 2 1 y=1+t ( y=2)

OBumcnoemMo NNoLLy LUUIHOPUYHOT NOBEPXHI:

(8)
S= [f(xy)d =

(A)

= 2J/5(5y%/2- 2y)‘ 12 =2J5(6-05) =11/5 = 24,2 (8. 0n.) ®

X=2y=3, X, =2

2
— S=2J5({(5y-2)dy=
dl =+/5dy {

(Obmipkytme, nNnoLly AKOI, 3HAWOMOI 3i LLIKONK, irypu 3HangeHo; rpo-
MOHYEMO CaMOCTIMHO 06YMCNTM Moy 3a NapameTpudHUM piBHSAHHAM AB )
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Pi3u4Hi 3acmocyeaHHsi KPI-1

3rigHo 3 gisnyHmm cmucnom KPI-1 (gus. (22.1.6)) MoxHa obuucnioBaTtu
macy ayrmu m kpmsoi L: | = AB. Kpim Toro, sk i B 3actocysanHax MOl i TPI, —
CTaTW4Hi MOMEHTU BigHOCHO KoopauHaTHux ocen: My, M y» MOMEHTM iHepuil

BiAHOCHO OCeN KoopAMHaT i LeHTpanbHUn MOMEHT: Jy, Jy, Jo, i UeHTp mac:

(Xe» Yc), AKwo Bigoma ii niHinHa ryctuHa o(X, Y).
HaBegemo BignoBigHi po3paxyHKoBi oopMyIn:

m=[o(x,y)d!;
|
My =[yo(x,y)dl, M, =[xo(x y)dl; (22.2.1)
| |
, y)dl , y)dl
™, IIXG(X y) M, Ifny(X y) | (22.2.2)
T m T m YTy T m !

I =] y2a(x, y)d, Jy =] x?o(x, y)dI,

! | (22.2.3)

Jo = [(x* +y?)o(x, y)dI.
|

lpuknadu Ha 0B6YNCNEHHA NepesiiYeHnX BENNYMH.

1. 3HalTK macy ayrv KpuBoi 4x3 - 9y2 =0 Big Toukn O(0,0) go ToukM
A(3,2+/3), siKwo i niviitHa ryctuHa y koxHin Touui M (X,Yy) AopiBHIOE [0B-
xuHi yactuHm gyrm OM : a(X, YY) =1y -

[lepengemo Big HesABHOI OpMKU 3aBOaHHA KpUBOI [0 HABHOI,
PO3B’A3Yy04M 3aJaHe PIiBHAHHA BiQHOCHO 3MiHHOI Y (abo X): Yy = 2/35(3/2,

(x=(323)*%).

BisbMeMo npocTiwe 3a BUrnagom piBHAHHS, | 3HaNO4eMo ryCTuHY KpuBOI:

' _Z V2 _ M X X
yx‘g[gx =) o(x y)= [d :Nmolng(uxf/2 =
dl =+v1+ xdx O 0 0
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=§[(1+ X)?/2 —1] (He cnig nnyTatM X SK 3MiHHY iHTErpyBaHHs 3i 3MiHHOIO

BEpXHbOO Mexeto Bl).

Tenep MOXHa o0B4YMCNUTK Macy Oyru:
3 3
m=[a(x, y)dl :gj[(1+ x)32 —1]«/1+xdx:%f[(1+ x)2 =1+ x)Y2]dx =
I 0 0

=2

= 2[a+x)3 -2+ %)¥?] 3
"9 o 9

[49 =10,9 (on. mack). e

(Cnpobyume 3anncaTtin piBHAHHSA KPUBOI B MapaMeTpuyHin dopmi.)

2. 3HaNUTM KoopaMHaTK LeHTpa Macu Ayrn UUKnoign — KpMBoI1 3 napamMe-
X =1-cost,

y=t-sint ~ Big Toukm O(0,0) go Toukn A(O,2m),

TPUYHUM PIBHSIHHAM {

AKLWO NiHINHA ryCTUHa NPAMO NponopuiHa opanHaTi NOTOYHOT TOYKN KPUBOI.

YCTaHOBMMO MeXi 3MIHIOBaHHS napameTpa

t, aHanisyoun piBHAHHA NiHiTl. Mpu X=0 maewmo: YA
cost =1 = (a =0, B =2n). BignosigHi 3Ha4yeH- o >
HA irpeka O i 27, Wo y3rogXyeTbcs 3 YMOBOIO C
3agaui i puc. 22.2.2.
3Hangemo Bupas ansa gudepeHuiana gyru: -

% =sint y‘O 21

y; =1l+cost t|0 2m
—
= =\/sin2t+(1+cost)2 dt = 0 2 x
= dl =2,/(1+cost)/2dt = +2cos(t/2) dt. Puc. 22.2.2. Unknoina

3Hak + obymosnioeTbes TUM, Wwo cos(t/2) ansa tL(M, 27] sig’emHwiA.
3a ymoBoto ryctuHa o(X,y) =ky, ne k — koediuieHT nponopuiiHocTi,
Toni:

m=[o(x, y)dl =k| ydl = 2k2fn(t —sint)|cos(t/2)|dt.
| | 0
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O6uncnioemo Bl sik cymy aBox iHTerpanis Ha npomixkax [0, T, [N, 27]

1)

CnoyaTky 3HangemMo ofHy i3 NepBiCHUX:

3 ypaxyBaHHaM 3Haka cos(t/2):

2£n: F

T
0

—((t-g Ty = t_g gt =
F(t)=](t sint) cos dt j(tcos2 smtcoszjdt

:| 3MeHLUyBaHe iHTerpyemMo 4yacTuHamu, a Bifi’EMHUK 3BOOUMO 10 CYMU CUHYCIB | =

= 1 -l g 1 = l | l 1 E
—jtcoszdt jsmtcoszdt 5c032+2tsm2+3c032.

OBumcnioemMo Macy, BUKOHYOUYM NOABINHY NigCTaHOBKY:
m=2kF (12" = 2k(F ()] - F(t)>") = 2k =8k (oa. macw)

3Haxo4nMo CTaTU4YHI MOMEHTU (3BaXkatoun Ha rpomisakicte Bl, petanb-
HWA BUKNag, iX 0B4YMCNEHHS NPONYCKaeTbCS):

21
My = [yo(x,y)dl =k[ydl =2k [ (t -sint)*|cos(t/2)|dt =
| | 0
= 2k (6477 3+ 4T —1664/45) = 139,04k :
21
M, =[xo(x, y)dl = k| xydl =2k [ (1-cost)(t —sint) |cos(t/2)| dt =
| | 0
= 2k 81 = 16,76k

3

MigpaxoByemo koopanHaTU LeHTpa macu (omB. puc. 22.2.2):

M _
_M, 8"/3::—2320,67, yC:MX:64r¢3+4n2 1664/45 _

XC_ m - AT m AT 5,53..

(lMosicHimb, Kyou noaiscs koedilieHT nponopuinHocTi K ?)
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3. 3HanUTM KoopAuHaTW UeHTpa Macu [fgyrn  Kpueol (puc. 22.2.3)
p=2sing Bia Toukm O(0,0) mo Toukm A(L1), niniiHa rycTuHa skoi
o(x,y) =0 —const .

CyMicTUMO OekapToBYy i NONApHY
cucTeMn KoopauHaTt i yCTaHOBMMO
1 Agl,l) MeXi 3MiIHIOBaHHSA NONIAPHOro kyta @ :

YA

p=0OA=+/2 = y=+/2snd =
y0/ 1
N ¢‘0‘W4'
3HaxoguMmo gudpepeHuian oyru i
T macy:

o

Puc. 22.2.3. fiyra kpuBoi P=2SiN¢ d =\/p2 +(p'¢)2 db = dl=2db:

4
m=[odl =0 [2d¢ :20¢‘TV4 :%on.
| 0 0

[1ns ctTatT4HNX MOMEHTIB MaeMo:
My =ofydl = ‘y:psinq) :Zsinzq)‘ =N
I

4 WA, T4
— M, =40 [ sin2pdp=40 | %dq):zo(q)—&zzq’j =% (n-2);
0 0

0
AHanoriyHo (npocniokyume):
My =ofxdl = |x=pcosp=2sinpcosp =sin2¢| =
|
T!/4 T[/4
M, =20 [sin2¢dd :—ocoszq)‘o =0.
0

Takum 4YmHom,

M M — _
y_ 0 _2_ _My _o(n-2)/2_n-2
Tt 064, ¥ = m  om2

*""m Tom2"
Momivaemo: X + Y. =1; Wwo ue o3Hayae 3 TO4KM 30py reoMeTpii?

=0,36. o
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22.3. KpuBoniHinHuM iHTerpan 3a koopauHatamu (2-ro poay) — KPI-2
KPI-2: ocHO8Hi 03Ha4YeHHsI, meopeMa iCHY8aHHS

[MOHATTA ,KPUBOSIHINHUK IHTErpan 3a KoopanHaTtamu” € y3ararbHEeHHSAM,
aK i KPI-1, noHATTA ,,BU3HAYeHUN iHTerpan” Ha BMNagok, konn obnacTtb iHTer-
pyBaHHS — He Bigpisok oci OX, a ayra kpusoi Ha nnowuHi XOY (aGo y npoc-
Topi XOyz).

Hexait AB (abo npocto AB) — ayra HenepepBHOT kpuBOiI L Ha nnoLumHi
x0Oy,a z=f(x,y),a60 z= f(M), ge M(x,y)OxOy, — BusHauera Ha AB
doyHKLIS.

Npopobumo HacTynHe (aHanoriyHe Tomy, WO Mu pobunu npu posrnagi
BU3Ha4YeHoro, noAsinHoro, noTpinHoro iHTerpanis i KPI-1)):

— pozi6’emo ayry AB [OOBINbHUM YMHOM Ha N YaCTUHHUX OYT i3 JOBXMW-
Hamm Al | =1,n (a60 NPOCTO — Ha LyXeuku Al), i HaNGINbLY 3 AOBXWUH AY-

xeqok A =max {Al;} Hassemo piameTpom po36uTTa ayrm AB Ha YacTuHu,
I

a npoekuii Agyxedok Ha Bicb OX nosHaunmmo 4yepesd AX: A% =% —X%_4

(puc. 22.3.1);
— gubepemMo Ha KOXHIN i3 OyXe4yok

Y B [OBINbHUM YMHOM MO TOYL Mi(Ei,r]i),
Al i =1,n, oGuncrmmo f (M;) i sHaizemo
'\A‘[" no6ytkn f(M;)[AX;
1
4 — CcKnademo CymMy BCiX Takux gobyT-
KiB
A.Xl' n
0" Xo X1 X, X X In:'zlf(Mi)mXi,
i=
Puc. 22.3.1. Po3butTta ayrm SIKy Ha3BEMO iHTerpasibHOK CyMOIO
Ha AyXe4Ku 3a aminHol0 X ans dyHkuii (X, y)
Ha ny3i AB;

— 0byucnumo rpaHnuto (AKLWO BOHA iICHYE) iHTerpanbHOT CyMn 3a YMOBMN,
Lo AiameTp po3buTTa A NpsMye [0 Hynsa pasom i3 N — o,

CkiHdeHHa rpanuusa | iHTerpanbHoi cymu |, konu giameTp po36uTTH

NpAMYE 00 HYIS ()\ - 0), a N — 0o, HAa3NMBaETLCH KPUBOMiIHIMHUM iHTerpa-
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NOM 3a KoopAuHaTol (3MiHHOK) X Big yHKUiT f(x, y) no aysi AB y

Hanpsami Bia A no B i no3Ha4yaeTbCs CUMBOMOM:

(B)

[f(x y)dx, a6o [ f(x y)dx,
AB (A)

ae j — 3HaK (cumson) KPI-2;

AB — wnsx iHTerpyBaHHs;

(A), (B) — mexi iHTerpyeaHHs (A, B GepyTbcst B oyxku, 60 Le He unc-
na, Sk y BU3Ha4yeHoMmy iHTerpani, a kiHuesi Touku ayrn AB);

f (X, y) — nigiHTerpanbHa (oyHKLUis;

f (X, y) dx — nigiHTerpansHuii BUpas;

X — 3MiHHa IHTerpyBaHHs (3MiHHa, AKa CTOITb nig 3HaKoM AudepeHuiana).

Omxe, 3a 03HAYEHHAM

n (B)
1= lim 1,= lim Y f(E.n;)ax = [f(xy)dx= [f(xy)dx (223.1)
Z\n:OOO) )\n:OOO) = AB *)

Akwo posrnsgatn npoekuil Ali Ha Bicb Oy, aHamnoriyHo ogepXkumo
KPI-2 3a 3aMiHHOIO VY

[ f(x, y)dy=A|lr(T)1 Z, f (E iNi )AYi’ (22.3.2)
AB (n o) ™1

ne Ay, =y, — Y._; € npoekuieto gyxedku Al; Ha Bick Oy.
Ak enpasy Ha po3yMmiHHA 03HayYeHHA KPI-2 nosegitb:

(AB — npsimoniniituin sinpisok i ABOOX (ABOOy)) = jdeZO ( Ifdy =0).
AB AB

Akwo B3goBx ayru  AB  BusHaueHi aOBi  dyHkuii P = P(X, y),
Q= Q(X, y) (abo P = P(M ) Q= Q(M ) ne M (X, y)D AB) i icHyloTb Bif-

nosigHo KPI 3a 3MiHHUMUK X, VY, TO IXHIO CyMY Ha3vBalOTb KPUBOMiIHINHUM
iHTerpanom 3a KoopaguHaTaMmu 3arasfibHOro BUrnNAAy i NUWYTh:
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| = [P(x,y)dx+Q(x, y)dy = [P(x,y)dx+ [Q(x,y)dy. (22.3.3)
AB AB AB

[ligiHTerpanbHUM BUpas sk CyMy OBOX [OOAAHKIB AOMOBUITUCHL Y OYXKKU
He 6paTtun; Taki KPI-2 yacTto 3ycTpivyaloTbCsl B 3aCTOCOBHIN MaTteMaTuLi.

HaBeneHi o3HayeHHs KP| 3a koopgnHaTamMu 3anuwiaroTbCsl B CUIi Y BU-
nagky, konu Toukn A, B cniBnagatoTb, 10670 konn AB — 3imkHeHa niHia [
Taki KPI-2 HasnBatloTbCs iHTerpanamm no (3iMKHeHOMY) KOHTYpY, ab0O KOH-
TypHUMU iHTerpanamu. KoHTypHi KPI 3a 3MiHHOIO X nNo3Ha4yalTbCs Tak:

Of (xy)dx,  Hf (x y)dx,

A A

ae ,CTpinoyka” Bkasye Ha Hanpsim obxoady KoHTypy /. KaxyTb, WO Hanpsm
obxoAny KOHTYpy AoaAaTHUM (BiA'€MHMM), SIKWO BiH BigOyBaeTbCs MpoTU
pyxy (3a pyxom) roaMHHMKOBOI CTPIfiKK, TOBTO Tak, WO obMexeHa KOHTYpOM
YacTMHa NOLWHY 3annLWaeTbea NiBopyYy (MpaBopyy). 3po3yMmisio, Lo

of (M dx+gf)1 Jdx=0, a6o g}f Jax=- Gf (M )dx,  (22.3.4)

A A

OCKiNbKM 3i 3MiHOIO HanpsiMy o6xofy KOHTypy 3Haku mpoekuin Ax, i =1n,

3MIHIOIOTLCH Ha NPOTUNEXHI.

[Mpn BiACYTHOCTI 4O4ATKOBMX BKA3iBOK LLOAO HanpsiMy o6xoay KOHTYpY
AOMOBMMOCL MaTu Ha yBasi gofdaTHUM Hanpam i cTpisiouky B cumsoni KPI
onyckatu. Jlerko nokasatu, wo KPIl no kKoHTypy B o6paHOMy HanpsiMi He 3a-
nexuTb Big BMOOPY TOYKK, 3 AKOT MOYMHAETLCS 0OXia4 KOHTYpY (Ue Tak 3BaHa
no4yaTkoBa To4ka). Yce 3a3HayeHe cTtocoBHO KPI no KOHTypy 3a 3MiHHOW X
crnpaseanuee i anga KPIl no KoHTypy 3a 3MiHHOWO Y (22.3.2), 32 3MiHHUMU X,

y (22.3.3).

[licna O3HaA4YeHHs OCHOBHUX MOHATbL MPUPOLAHO MOCTAE MNUTaAHHA: SKi
YMOBM MOBWHHI 3a40BOSBHATU NigiHTerpanbHi PyHKUIT Ta yHKLUii, L0 onucy-
I0Tb WIISAXM iHTErpyBaHHS, Wo6 iHTerpasnbHi CyMyM Manu CKiHYeHHi rpaHuui,
T06TO WOO icHyBanu BignosigHi KPI-2? BignoBiab Ha nocTaBrieHe 3anuTaHHS
nae teopema 22.3.1.

Teopema 22.3.1 (icHysaHHs1 KPI 3a koopOuHamamu). AKLLO:

— ayra AB kyckoBo-rnagka;

— cpyHkuii P = P(X, y), Q= Q(X, y) HenepepBHi Ha AB,
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To KPI-2
[Pdx, [Qdy, [Pdx+Qdy

AB AB AB

iICHYtOTb (TOBTO iICHYIOTb CKiHYEHHI rpaHuui BigNOBIAHWX IHTErpanbHUX CyM i
BOHW — FpaHuULi — He 3anexaTb Hi Big cnocoby po3douTttas AB Ha yacTuHu, Hi
BiJ, BUOOPY TOYOK Ha HUX OS5 CKNagaHHA iHTerpanbHUX Cym).

Yce posrnsaHyTte y n. 22.3 6e3 npuHUMNOoBNX 3MiH MOLLUNPIOETLCS Ha BU-
nagok, Konu posrnsgatTbes ayra (KoHTyp) y npoctopi XOyz i 3agaHi Ha Hint

(Ha HbOMY) DYHKLIT TPbOX 3MiHHUX: P = P(X, Y, Z), Q:Q(X, Y, Z), R= R(X, Y, Z).
[Mo3HavatoTbes BignosiaHi KPI Tak:

[Pdx, [Qdy, [Rdz, [Pdx+Qdy+ Rdz;

(22.3.5)
AB AB AB AB

AJ151 KOHTYPHUX iHTerpanis 3amiCTb CUMBOJTY f NNWYTb (_f)
AB r

OcHoegHi enacmueocmi KPIl 3a koopduHamamu

AHani3 iHTterpanbHnx cym ans KPI-2 nokasye, wo 3a cTtpykTypoto (6y-
[0BOI) BOHW HaragyloTb iHTerparnbHi CymMu OnS BUSHAYEHUX iHTerpanis, TOMY
iXHi BnacTmBocTi y 6inbwocTi 36iraloTbCs 3 BIaCTUBOCTSIMU BU3HAYEHOrO iH-
Terpana. HaBegemo OCHOBHI 3 HUX, SKi BUNNMBaKTb 6e3nocepeHbo 3 O3Ha-
yeHHAa KPI-2. Tyt i Hagani ons CTUCNOCTI CUMBOJSIIYHUX 3annCiB apryMmeHTu
nigiHTerpanbHoOi PyHKUIT abo HaBiTb cami yHKUIT ByaeMo nponyckaTtu, SKLWO
Lue He Npu3BoauTb 40 Konisin. dopmynun 3annwemo Tinbkn ana KPI-2 3a 3miH-
HOKO X, arne npwv 3aranbHOMYy OOPMYOBaHHI BTACTUBOCTEMN:

1°(npo 3miHy 3Haka). Mpu 3MiHi Hanpsimy iHTerpyBanHst KPI 3MiHIoe 3HaK:

(A (B)
[=-T, O=-0 (B.(22.3.4)). (22.3.6)
(B) (A)

r r

Brniacmueocmi niHiiHocmi KPI-
2°. CTanuit MHOXHUK BUHOCATb 3a 3HaK iHTerpana:

jkDfdx:kjfdx, k — const. (22.3.7)
AB AB o
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3°. KPI Big CYMU OBOX (PYHKUIN fl, f2 AOPIBHIOE CYMi BiANOBIOHUX iHTe-
rpanie Big 4OOAHKIB:

AjB(f1+ fo)dx = AjBflolx+ Ajsz dx. (22.3.8)

4° (adumusHicms). Axwo ayry AB Toukoto C po3buti Ha Y4acTuHWU, TO
KPI no Bcin ay3i AB gopieHioe cymi iHTerpanis no i YyacTuHax:

[=]+], cOAB

(22.3.9)
AB AC CB

(BnacTmBOCTI 3° 4° maloTb Micue BignoBigHO Ans 6yab-AKOro CKiH4€HHOro
Jyncna JofaHKiB i YacTuH po3buTTs).
5% (npo eubip noyamkosoi moyku). KP| no KOHTYpy B 06paHOMy Hanpsi-
Mi HE 3aneXuTb Big TOYKN, 3 AKOT MOYMHAETLCS 00OXia KOHTYPY.
CnpaBeanueicTb ycix Bnactmsocten 6asyeTbcs Ha o3HayeHHi KPI i Ha
BNAaCTUBOCTAX rpaHuLi NOCNigOBHOCTEN Y 3aCTOCYBaHHI [0 iHTerpanbHUX cymMm

| ,. Momivyaemo, Lo BRacTMBOCTI 1% — 4° aHanoriyHi BNACTMBOCTSIM, SIKUMU

BONOAIOTb BU3HAYEHI iHTerpanm.
O6yucneHHs1 KPl 36edeHHsIM 00 eu3Ha4eH020 iHmezparna

OCHOBHI BUKNagKku, He BOAKYMCh OO0 CTPOrMx ObrpyHTyBaHb, 4aMo Afis
KPI 3a koopauHaTtamu no aysi AB L1 xOy surnsay:

(B)
| = [Pdx+Qdy, P=P(xy), Q=Q(xy), (22.3.10)
(A

i Byaemo BMXOAUTM 3 TOro, WO BCi po3rngayBaHi OyHKUiT 3a40BOSMbHAOTL
TeopeMy iCHyBaHHS. BUCBITNeHHA nuTaHHA nNpo obumcneHHs KPI npoBeaemo
ans pisHnx doopm 3aBaaHHsA ayrn AB i HaBegemo intocTpaTuBHI Npuknaam Ha
TNi OQHOro iHTerpana.

|. MapameTpuyHe 3aBaaHHA WNAXy iHTerpyBaHHA. Hexan gyra (kpu-

Ba) AB onucyetbest pishsibsamn X = X(t), ¥ =y(t), ae x(t), y(t) — dyrkuii
napametpa t, skuin 3MiHoeTbCA B Mexax Big t =a go t =[3, i Touui A (B)
BiANOBiAae 3HavyeHHs1 napameTpa, pisHe A ([3). 3anexHo Big po3TallyBaHHS
Touok A, B Ha XOy moxe 6ytn a >3 a6o a < [3.
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3Hangemo gudpepeHuiann 3aMiHHUX X, VY:
dx=x dt, dy=y;dt (22.3.11)

i nig 3Hakom KPI 3gincHMmo nepexig 4o 3MmiHHoI T, ToAi nigiHTerpanbHa QyHK-
Lis cTaHe oyHKUiE OAHIEI 3MIHHOI, a nig 3HakoM AudoepeHuiana girypysa-
TuMe 3MiHHa t. 3 ypaxyBaHHAM Toro, wo Todui A Bignosigae uucno d, a
Touui B —umucno (3, ogepxumo:

EB;P(X, ) QY= POy + Q) viOIlet . 2312

dopmyna (22.3.12) € cpopmynoto 3seaeHHA KPl oo BU3Ha4vyeHoro iH-
Terpana. Burnsg uiei dpopmynu nigkasye nocnigosHictb nepexoay Big KPIl oo
BU3HAYEHOro iHTerpana; uen nepexia, BrnacHe, i 0yno onucaHo.

AHanoriYHMM YMHOM OBYUCHIOKTLCS IHTerpanu onsa (OyHKUin Big TPbOX
3MiHHMX (guB. (22.3.5)) no npocTopoBin Ay3i (KpuBiN), 3af4aHi PIBHAHHAMM:
X= X(t), y= y(t), Z= Z(t). [lponoHyemo 3anucaTu BiANOBIAHI popMynu ca-
MOCTINHO.

lMpuknad. OBuncnnTn I xdy + ydx sin Toukn A(0,0) no Toukn B(2,1)
AB

no aysi kpmeoi L: X=2t, y= Jt.

1°. Yemarosnoemo mexi Bu3HaveHoro iHTerpyBanHs. Ockinbkn ALL,
BLUL, 1o ixHi kOOpAUHATK 3a00BONbLHAOTL PIBHAHHS KPWBOT; MiACTaBMASIEMO
iX B ogHe 3 piBHSAHb | ogepxyemo: O =0, B =1.

2°. 3diticHroemo B KPI nepexig Ao 3MiHHOT t:

(B) X=2t=dx=2dt | i
2

| = [xdy+ydx=| _ _ 1 =]
=t = dy=—*dt
() y=t= dy=odi T

3°. O6yucoemo ogepXXaHun BU3HAYEHUWN iHTerpan:

1
GLNEE:E)dt:[S\/Edt.
2Vt 5

1 1
| =3ft* 20t =2%7 =2,

0 0

Ak enpasy pekomeHOyeEMO AaT reoMmeTpudHe 306paxkeHHs ayrn AB.
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Il. ABHe 3aBAaHHA wWnNAxXy iHTerpyBaHHA — Le konu ayra AB onucy-
ETbCHA PIBHAHHAM Y = y(x), Ae apryMeHT X 3MIHIETbCHA B MeXax Big X=a go

x =b, T06T0 Xx[a,b], i Touui A (B) Bignosigae 3HaueHHs X, pieHe a (D).
34incHMMO B nigiHTerpanbHOMY Bupasi nepexig 00 3MiHHOT X, Bigwy-
kaBwu nonepegHsbo dy: dy =y, dX, 3 ypaxyBaHHaM Toro, o Toukam A, B

BiANoBigaTUMyTh Yncna a, b — abeumcu umx Touok. Y pesynbTati Takoro ne-
pexoay oaep>KyemMo CniBBigHOLEHHS:

E? ZP(X1 y)dx+Q(x, y)dy = T[P(X, y(x)+Q(x y(x)y,ldx.  (22.3.13)

®opmyna (22.3.13) € no cyTi YacTMHHUM BuUnagkom (22.3.12), Ko rno-
knactm X =t, y= y(t).
AHanoriuHo nocTynatoTs, konu AB 3amaeTscs piBHsHHAM X = X(Y),

yU[c,d], i Toai npuxoaats oo dopmynu:

ET jP(x, y)dx+Q(x, y)dy = T [P(x(y), v) X, +Q(x(y), Yy, (22314

13 (22.3.13), (22.3.14) BunnumBae BignosigHMM nopsaok obuncneHHsa KPI.

Mpuknad. OGumcnnTn jydx+ xdy, skwo AB — gyra kpuBoi Yy = X2,

AB
ne x[-11].
Mexi BU3HaA4YeHOro iHTerpyBaHHs BXe BiOMi, TaK Wo 3rigHo 3 (22.3.13)
MaeMOo:

y=x°

| = | ydx+ xdy =
Iy Y dy = 2xdx

(A)

lll. 3aBAaaHHA wWNAXy iHTerpyBaHHA Yy NOMAPHUX KOopAMHaTax — Le

(B) ‘

1 1
= [(x* +xE,J'>_x)dx:3jx2dx:x?"l_1 =2.
-1 -1

konu gyra AB onucyeTbcs piBHSHHAM P = P(¢), Ae aprymeHT ¢ 3MiHIEeTbCS
B Mexax Big § =a go ¢ = i Touyi A (B) BignoBigae 3HayeHHs ¢, piBHe

a(B).
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3a dopmynamu nepexoay Big OeKapTOBMX KOOPAMHAT OO0 NOMAPHUX
MaeMOo:

X =pCcoso, _ x=p(p)cosd, | x=x(¢),
{y=pén¢ =lp=p@®)= {y o(6)sint {y:y@),

TOOTO NPUXOAUMO 40 NapaMeTpPUYHOro 3aBAaHHSA LUNSXY iHTErpyBaHHSA: B po-
ni napametpa t Buctynae nondpHuin Kyt @ . Takum YnMHOM, oepXKyeMo pop-

Myny, aHanoriyHy goopmyrni (22.3.12):

I Pdx+Qdy = I(Fa<¢)x¢+Ql<¢)y¢) do, (22.3.15)
ne P1(¢)- (p(¢)cos¢ p(¢)sn¢) Q.(¢) = Q(p(d) cosd, p(d)sind).

MMpuknad. O6uncnnTY I ydx+ xdy Bagoex kpuBoi p =2C0S Big Tou-
AB

w A(2,0) oo Toukn B(+/2,17/4).
Po3e’'si3aHHs. CyMiCTUMO OeKapToBY i NONSAPHY CUCTEMU KOOPAUHAT i Mo-

Y\ 6yayemo kpuBy P =2C0S$ (puc. 22.3.2).
1 B Toukam A, B Bignosigaotbe kyTtu
\ a=0, B=T1/4, a nepexin 40 NoNApHMX
£ KoopauHaT aae:
4 A
O 1 2 P X {X:pc.osq)’:‘p:ZCOS(M:
y=psing¢

- 2 v =—2sn2¢,
:{xzz_cos q),:{x?_z 2¢:>
Puc. 22.3.2. LlUnax iHTerpyBaHHA y=sin2¢ Yo = C0OS ¢

) 4
= | = [ydx+xdy= [ (-2sin”2¢ +4cos” ¢ [tos2¢) df =
0

(A)

_|2cos’ ¢ =1+cos2¢
cos” 20 —sin® 2¢ =cos4d

4 .
=2 [(cos2p+cos4d)dd :(sin2¢ +sz4¢j =1.

0

0
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Akwo 6patn Bce kono I, To @ 3MiHIOETBCA B Mexax OfHOro obepty

(d) [0, 2T|] @ 0, i He cyTTeBO, AKY TOUKYy B3ATM 3a nodaTkoBy: O, =T
r

2 3m w512
YmM AKYCb iHLWY, TOGTO f= I = I = I =0. e
0O m -m 12

3ayeaxeHHs. Akwo posrnsgatn KPI Tinbku 3a amiHHoo X (Y), To6TO B
(22.3.10) noknactm Q=0 (P EO), TO, PO3rnsgalyn NOcnigoBHO 3aBAaHHS
KOHTypa B napameTpuyHin (X = X(t), y =Yy(t)) i B sBHUX dopmax (Y = y(X)
abo X = Xx(Y)), oaepxummo:

- i3 (22.3.12):
[P(x,y)dx= fP t)xdt, [Q(xy)dy= fQ y(t))y,dt;  (22.3.16)
AB AB
- i3 (22.3.13):
b b
[P(x y)dx=[P(x y(x)dx, [Q(xy)dy=[Q(x y(X)y,dx; (22.3.17)
AB a AB a
- i3 (22.3.14):
d d
[P(x, y)dx=[P(x(y). y)X, dy. [Q(xy)dy=[Q(x(y)y)dy. (22.3.18)
AB c AB c

HaBeneHi copmMmynu pasoMm i3 TUMKU, 3 SKUX BOHU OAOEPXKYOTbCH,
o6’egHaeMo 3ararnbHol Ha3Bow — popmynu 3B’A3Ky Mixk KPI-2 i BusHave-
HUM iHTerpasom.

Bnacmueocmi KPI, noe si3aHi 3 1] ma ¢popmoro
wnsixy iHmeapyeaHHs

PosrnsiHeMo nnocky 3amkHeHy obnacTtb D, oGmexeHy KyckoBo-rnagkum
koHTypom [. Posi6’emo ii Ha aBi nigo6nacti D1, D, (puc. 22.3.3) 3 kyckoBo-

rnagkumun mexamu 17, I’ BionosigHo i Hexan [ 1, — cnifibHa naHka Lux Mex
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Ya -~ L\, AK MHOXWHa BHYTPILWHIX TOYOK i3
o6nacti D: I'=(I\I7,) U(1\ 7).

Jlema (npo KPI no koHmypax 3i
cninbHoro dinsiHkor). Cyma KPI no
3IMKHEHUX KYCKOBO-TNTAaAKNX KOHTY-

pax [7 i I, 3i cninbHOW AiNAHKOW

11> nopisHioe KPI no koHTypy / :

0 X O+P =0 (22319
Puc. 22.3.3. PosouTtTsa o6nacti D h Iz I
Ha yactuimn D, D, ne ['= (Fl\Flz) U (FZ \Flz), a6o

r=(r U\ .
[l o e e 0deHH 5. CnpaBeanueicTb NeMu Bunnueae 3 adumusHocmi (4°)
KPI i BnacTuBocTi npo 3miHy 3Haka (1°). 3rigHo 3 puc. 22.3.3 Maemo:

AT TAIN S A

Fl Fz AnB BA I

Lito BNnacTuBiCTb MOXHa CTnymauunTtu sk adumusHicms KPI-2 no koHmy-
pax 3i crifibHor OifIIHKOK. |

Hexait P=P(x,y), Q=Q(X,y) — dyHKujii, 3anaHi Ha 3amkHeHil obnac-
Ti D nnowwmHn XOy, obmexeHin niHieto (koHTypom) 1.

Teopema 22.3.2 (¢popmyna piHa). Akwo dyHKuji P(X, y), Q(X, y), 06-
nactb D, koHTYp I’ 3ag0oBonbHATL YMOBU TeopeM icHyBaHHs MOl i KPI, oo

o, _0P o _00Q . .
TOr0 XX YaCTUHHI NOXigHI Py _a_y’ Qx = ax HenepepBHi B obnacti D, To
cnpasegnuea cpopmyna 38’A3Ky mix MAl i KPI:
JI1Q. Py Jaxdy = PPdx + Q. (22.3.20)
D r

[ oeedeHHs. CnoyaTky po3rnaHemo Bunagku, konu D — obnacTtb
Tuny D, un Dy (amB. puc. 21.2.3, 21.2.4). Hexan gnga BusHadeHocTi Le byae

obnactb Dy = {(X, y)‘ c<y<d, L|J1(y) < X< L|J2(y)} (puc. 22.3.4), Toqi

' =MNUNTUTSUSM={(x,y)| x=W(y),x=W,(y);y=c,y =d}.
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Ya 3pasy 3ayBaX1UmMo: 3a 3MiHHOK Y

J S T
=]+ [+[+]=
I' MN NT TS sm
=[+]. (22321
) NT SM
v
1 V) 6o Bigpiskn MN i TS nepneHauky-
c . .
I, N nspHi go oci Oy,
O Ty [Nokaxemo, Lo
Puc. 22.3.4. O6nacTb iHTerpyBaHHs | :”Q;( dXdy:(f)Qdy_ (22.3.22)
D r

Mepexig y MOl 0o NOBTOPHOro iHTerpana 3 30BHILLHIM iHTErpyBaHHAM 3a
3MiHHOIO Y Jae:

d llJz(Y)
| =[dy [Qdx.
¢ y,ly)

Y BHYTPILLHLOMY iHTerpani 3miHHa Y, siK BiIOMO, TUMYacoBO po3rnsaga-
eTbca Ak crana, Tomy Bupas Q| dx e audepeHuianom yHkuii Q(X, y) 3a

3MiHHOIO X, @ 3Ha4YUTb OAHIEl0 3 NepBiCHMX Byae cama yHKLUINA Q(X, y).

OT1xe,
g b,y d w,(y) d
| = [dy I(d)Q(x, y) = [dy@(x,y) ) [[Q(wa(y). y)-Qlwa(y). y)ldy =
c quy C 1Y c
:?Q(wz(y),y)dy—?Q(wl(y),y)dY- (22.3.23)

Bpaxosytoun gpyry B (22.3.18) cbopmyny 3B’a3ky Mk KPI i BUsHa4yeHum
iHTerpanom npu X(y) = L|J2(y), X(y) = L|J1(y) Ha wnaxax NT, SM signosia-
HO, MaeMo:

I = [Q(x y)dy- [Q(x,y)dy= [Q(x,y)dy+ [Q(x y)dy. (22.3.24)
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[MpaBa yacTuHa B (22.3.24) BU3Ha4ae, 3rigHo 3 (22.3.21), KOHTYPHWN iH-

Terpan I Q(X, y) dy. Takum ymHom, mae micue (22.3.22).
r

Ans obnacti Dy, :{ (X, y)| asxsb ¢;(x)sy< ¢2(X)}, NPaBUIbHOI Y

HanpsMi oci Oy, aHanoriYHMM YNHOM MOXHa NepeKoHaTUCS, LLO:

([P, dxdy=— pPdx, abo - [[P, dxdy = Pdx. (22.3.25)
D I D I

y y

3aBgsaku agutmeHocTi KPIl dopmynu (22.3.22), (22.3.25) ysarasnbHio-
I0TbCS Ha BUMNagok obnacten D, obmexeHMxX KycKOBO-rMagknuMm KOHTypamu,

ANS SKUX MOXIMBE po3bMTTa Ha ckiHyeHHe yucno nigobnacten Tuny D, Dy

npsMUMUK, NapanensHuMuy BignosigHo ocsm OX, Oy.

HapewwTi, akwo obnacte D ogHovyacHo 3agoBonbHAE yMOBM 0GOX BU-
nagkiB, To6To pos3knagaeTbcs (po3buBaeTbCcs) Ak Ha obnacTi, NpaBUMbHI Y
Hanpsami OX, Tak i (He3anexHo Bif LUbOro) Ha obnacTi, NpaBuUNbHI y HanpAMi
Oy, To ansa Hel cnpaBeanuei obuaei opmynu (22.3.22) i (22.3.25).

Taka obnacteb D 306paxeHa Ha puc. 22.3.5. [i Mmexa cknagaetbcs 3
4YOTUPLOX AYr rnagkux kpmsux (M, N, P, q). Ha puc. 22.3.5-a koxHa 4YacTtka
po3buTTa obmexeHa 3niBa i cnpaBa AOyrow TiNbKM OAHIET KPMBOI, a Ha
puc. 22.3.3-6 koXHa 3 AiNSHOK — HKHSA | BepxHsA — mexi YacTkm D e ayroiwo
OOHI€ET KpUBOI.

Ya YA
n ] n
A /_
" D "1 D
p p
q a2
0 " x 0 " x
a) 6)

Puc. 22.3.5. IntocTpauifa po3outta D Ha yacTuHm,
npaBunbHi y HanpsaMi oci: a) OX; 6) Oy
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3rigHo 3 nemoto (22.3.19) obuucneHHs KPI Ha cninbHUX AginaHkax
KOHTYPIB CyMiXHMX YacTuH (nigobnacrtern) D He BnnuBatoTb Ha KiHLEBUI pe-
saynbtaT. Cknaswwu niBi i npasi YacTuHU dopmyn (22.3.22), (22.3.25), oaep-
xumo dopmyny [piHa (Dxopmx [piH (1793 — 1841 pp.) — aHMMinNCbkumn
mMaTemaTtuk i gisunk). Popmyna cnpasegnmea i ana obnacrten, siki obmexeHi
AeKinbKOMa KyCKOBO-TflagKUMW KOHTYpaMu, Hanpuknag, ons KpyroBoro Kinb-
Us; 1l MOXHa YnTaTtn i cnpasa Haniso:

OPdx+Qdy = [[(Q} — P}) dxdy. m (22.3.26)
r D

YmMoeu (kpumepilil) pieHOoCcmi HyJ1F0 KOHMYPHO20 iHMe2pasna

KpuTepin — HeoOXxiaHi i gocTaTHi ymMoBU — Bka3aHoi BnactuBocTi KPI Bu-
BeOemMo, cnvparuduncb Ha dopmyny [piHa, Tomy BCi po3rnsgyBaHi 06’ekTn —
doyHKUiT, NiHiT, o6nacTi — NOBMHHI 3a40BONBbHATU Teopemu icHyBaHHSA MOl i KPI.

Teopema 22.3.3 (Kpumepil pigHOCMIi HYyJ1l0 KOHMYPHO20 iHMezparna).
Akwo B ycix Toukax obnacti D 3 mexew [ dyHkuii P= P(X, y),

Q= Q(X, y) HenepepBHi pa3oM i3 YacTUHHUMK noxiaHummn Q, P;/’ 10 KPI no
Byab-akomy (3iIMKHEHOMY) KOHTYPY [y, SIKUN NEXuTb Y Ui obnacTi, JOPiBHIOE
HYMo ToAi i TiNbku ToAi, konu Ha Bcin obnacti D 4acTuHHI noxigHi Q;( [ P{,

piBHI MiX cobolo:

o 0D: PPdx+Qdy=0| = (Q =P, O(xy)OD).  (223.27)
I'o
LocmamHicmb (D ) AOBOOUTLCS AYXe Nerko.
Axwo ymosa Q; =P, BuKOHY-
€TbCA B ycix Touykax i3 D, To BoHa
maTtume Micue i B obnacti Dy - vac-

TMHi obnacti D - 3 posinbHOO Me-
xeto [ (puc. 22.3.6).

3anydatoun popmyny piHa (ans
Puc. 22.3.6. Koutypu Iy, I';, siki y topmyny I'piHa (

) obnacti Dg i mexi [7y), maemo:
nexatb B obnacti D
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=

(ijdx+Qdy: ”(Q; - P{,)dxdy = ‘ Q, = P{,

= | Pdx+Qdy= [[Osxdy=0|.
Iy Do

HeobxioHicmb (:>) aosegemMo MeToaom LBig CcynpoTuBHOro”. Hexaw

@:0, ne Iy — posinbhwii koHTyp Ha D. Tpeba nokasatn: Q, =P, ans
Io

Bcix Toyok i3 D. Mpunyctumo, Lo icHye Touka MO(XO,yO)D D, B skin

Q. (Mg) 2 P)',(MO), T0670 (Q) —P)) Mq >0 abo (Qx-F) Mq <0. Pos-

MAHEMOo A9 BU3HA4YeHOCTi Apyrnn Bunagok (nepwunim posrnagaetbca aHano-
riyHo). OCKINbKN Pi3HNLS Q;(—PB', AK PI3HUUSA HenepepBHUX YHKUIN €

HenepepBHOK dyHKUiE (MO3HAYMMO 1T Yepes dD(X, y)), TO BOHa (3a BnacTtu-
BOCTAMMW HenepepBHUX YHKLIN) 3Gepirae cBiil 3HaK y Aeakomy O-0KOmMi TOYKU
M, (amB. puc. 22.3.4). AKWO NO3HAYUTH BIANOBIAHUIA KOHTYP OKOMYy — KOO 3

LeHTpoMm y Touui M i 3 pagiycom O — yepes [}, a BiaNoBigHy 3amMkHeHY 06-
nacts — yepes D;, To Buxoauts: ®(x,y) <0 O(x, y)O D,. Kpim Toro, ®(X,y)
sk HenepepBHa Ha D; dyHkuis npuiimae B Ui obnacTi cBoi HaimeHLLe (m) i
HainGinswe (M) aHauenHs: m<d(x,y)<M O(x,y)dD,. Y hac m<M <0,
60 <D(X, y)<0. 3 ypaxyBaHHaM uiei ob6cTtaBmHM 3a dpopmyrnoto piHa (ans

obnacti Dy i mexi 7)) maemo:

OPdx+Qdy = [[®(x, y)dxdy< [[Mdxdy=M [[ dxdy=M S <0,
I Dy Dy Dy
Ae S - nnowa obnacrti D;.

Buxoautb, wo @< O, ane ue cynepe4ynTb YMOBI: (_f) =0, pe Iy - po-

Iy Io
BiNbHUA KOHTYp Ha D, akuio B3aTH I'o=17. OTxe, NpuUnyLleHHs, LWO
(Qx — Py) Mo
TakMum YMHOM, Teopema NOBHICTIO AoBeeHa. B
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Tenep, noBepTatouncb J0 npuknady (ave. puc. 22.3.2), ge Tpeba 6yno

06unCnnTY fydx+ xdy, uinkom 3po3ymino, Yomy (j)z 0, ne I" - kono:
AB r

(P=y,Q=x) = (R, =0Qx=1).

Binbwe TOro, Hynto gopiBHBaTUMYTb KOHTYPHI KPI no 6yab-sakii 3iMk-
HeHii kpuBii nnowwmHn X0y, 60 P = Q; D(X, y)D XOy.

Ymoeu He3zanexxHocmi KPI eid ghopmu wnsixy iHmezapyeaHHs

Byoemo roBopuTtu, Lo iHTerpan J.de+Qdy B obnacti D He 3ane-

AB
XUTb Big hopMu WINAXY IHTEerpyBaHHS, SIKLLO NOro 3Ha4YeHHS Mo BCIX MOX-
NNBUX KYCKOBO-TMadKknux KpuBMX, SIKi nexaTb Yy AaHin obnacTti i maiTb

cninbHui noyatok (A) i cninbHui kiveub (B), ogHakosi, i nucatu:

[Pdx+Qdy=C(AB), (22.3.28)
AB
ne C(A B) - sHauenHs KPI — ctana C, sika BuaHadaeTbes Toukamn A, B.

CumoniyHmn 3anuc nigkpecnoe: KPI-2 Big 3agaHux yHKUiN 3anexunTb
TiNbKW Big po3TallyBaHHS Nno4aTkoBoi i kiHuesoi Toyok A i B Ha obnacti D.
BuasnsaeTtbcs, Wwo o3HavyeHa He3anexHicTb KPI-2 ekBiBaneHTHa (piBHO-

CunbHa) PiBHOCTI NOro Hymto No Byab-sKoMy 3iMKHeHoMy koHTypy [ L D.
Teopema 22.3.4 (kpumepitu He3anexHocmi KPl ,M080H0 KOHMYpPHO20

iHmeepana”). Ana Toro wob iHTerpan J.de+Qdy B obnacti D He 3ane-
AB
XaB Big dhopMK WNAXY iHTErpyBaHHs, HEOOXiAHO i AoCTaTHbO, WOo6 iHTerpan

@PdX+Qdy no 6yap-sakomy koHTypy /9 U D pgopiBHioBaB Hynio:

I'o
O(ADD, BOD): [Pdx+Qdy=C(AB) =
AB
= Oy 0 D: PPdx+Qdy=0. (22:3.29)
I'o

L oeedeHH s cnoyaTky npoBegemMo ans dyab-saKkux OBOX KYCKOBO-
rnagkux wnaxis sig A gpo B - AmMB, AnB, - aki He MaloTb iHLWKX cRinbHUX
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ToYoK, kpim A Ta B (puc. 22.3.7), a noTim nokaxemo, WO Le He NopyLlye 3a-
ranibHOCTI TBEPOXKEHHS.

HeobxioHicmb (:>) Hexan f He 3anexuTb Bid POpMU LINAXY iHTer-

AB
pyBaHH4, TOGTO f = f . Ane, 3a BnNacTu1BICTIO NPO 3MiHY 3Haka, I:— f :
AmB AnB AnB  BnA
Togi I:— I , abo I + I = 0. Ockinbkn wnaxu AmMB i BnA ytsopto-

AmB  BnA AmB  BnA
I0Tb 3IMKHEHWA KOHTYp (no3HaumMmo Koro 4epes [y), TO BUXOAUTb, LIO

H=0.
Iy

Hocmamuicms (). Hexait (jb =0 ansa 6yab-skoro 'y U D. Bubepe-
I'o

Mo [ Tak, wob BiH yTBOptoBaBcsa Ayramn AMB i BnA, To61o 1’5 = AmBNA,
Toni:

¢>0:>I+I—0:>I-I—0:>I I

AmB BnhA AmB AnB AmB AnB

Lo i Tpeba 6yno gosecTu.

Ona ctucnocti 3anuciB Hagani ayrn (kpuei) AmMB, AnB nosHaummo
Yyepe3 M, N BIiANOBIAHO. AKWO KpUBI M, N NepeTuHalTbCA B TOYKaAX, BigMiH-
Hux Big A i B (puc. 22.3.8), po3rnsiHemo TpeTio KpuBY P, sika NepeTUHaETb-

ca 3 M, N Tinbkn B Toukax A, B. 3a gosegeHum I:I i I:f , 3Ha4YUTb

m p n p
J=1"
m n

B

4 TN

Puc. 22.3.7. lUnaxu iHTerpyBaHHA Puc. 22.3.8. lUnsaixu Bin A no B
Bin A po B pi3HOi ¢hopmu
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Akwo 3anyuntn, Sk ue pobunn 3 P, wnax 6yab-aKoi iHWOoi popMu i po-
3rMAHYTU NOro B Nnapi 3 OAHMM i3 yXXe 3afissHMX WNaxis, To ogepxmnmo, wo KPI
MO LbOMY LUNAXY Oyae Takum xe, sK i N0 BCIX IHLWKX LWsiXax.

Teopema goBeeHa NOBHICTIO. W

BucHogok i3 Teopem 22.3.3, 22.3.4 MOXHa 3anucatu CTUCIO Y BUrNaai
NaHLUIXKa eKBiBaNIEHTHUX TBEPOKEHD:

AIB: C(AB) - Iﬂp =0= Q=R (22.3.30)
0

[lporioHyemMo aatn Noro crioBecHe OOPMYnOBaHHS.

[na npocTopoBoro iHTerpana dex+Qdy+ Rdz nepwa ymoBa He-
AB

3anexHocTi KPI 3anunwaetbcsa 6e3 3MiH ( (_f) =0), a gpyra Burnagae Takx:
Iy

oP_0Q 9P _0R. 9Q_0R
oy o0x' 0z Ox' 0z oy

(22.3.31)

Lli cniBBigHOWEHHA (popMaribHO MOXHa ofepXaTu, AKWO MoKnacTu no-
cnipoHo R=0, Q=0, P=0 i posrnagat KPI 3i Wnaxom iHTerpyBaHHs B

nnowuHax XOy, xOz, yOz signosigHo.

IcHye we oauH kputepin HesanexHocTi KPI, noB’sizaHuin i3 NOHATTAM
nosHoro gudepeHuiana (MO) dyHKUil 4BOX 3MIHHMX i ,XOO0OBOK” YMOBOIO:
Qi = P}, Ay Hagani nosHauatmemo sipoukoio (L).

Haragaemo, wo MO dyHkuii U =u(X, y), 3rigHO 3 03HaYEHHAM, Mae BU-

rnaa:

@dx+@dy.

du=u,dx+uy,dy, abo du= I oy

»,MICTKOM” O4ns1 UbOro KpUTEPIto Cryrye HacTynHa Teopema.

Teopema 22.3.5 (Kpumepit nosHo20 OugepeHuiana). Bwnpas
Pdx+Qdy B obnacti D craHoeutb ML gesikoi dpyHKUii U =u(X,y) Toai i

Tinbku Tog4i, Konmn ans Bcix Toyok i3 D BukoHyeTbea ymosa ([):
Cu(x,y): Pdx+Qdy=du = Q =P, O(x,y)0D. (22.3.32)
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HeobxidHicmb (:>) Axwo Pdx+Qdy - MO dyHkuii u=u(x,y),
To6t0  Pdx+Qdy=u,dx+uydy, To cnpaseanusi cniBBiAHOWEHHS:
P=u,= PR =u,, Q=u, = Q =Uy,.

3a ymMOoBOI0 P)',, Q| - HenepepsHi B o6nacti D dyHKuii, 3HauUTL He-
nepepsBHi opyri NOXigHi u;'(y, u')',x, TOMY BOHU (3a TeOpeMoto Npo MillaHi Yac-
TWHHI NOXiaHi) piBHi Mix coBoto. Oxe, P =Q.

Hocmamuicms (0). Tpeba nokasati, wo npu sukoHawHi ymosn (L)
MOXHa 3HalTu yHkuito U =Uu(X,y), ans akoi Pdx+Qdy =du - noBHwuii
andepeHuian, TO6To BUKOHYHOTLCH PIBHOCTI:

u, =P, u'y =Q. (22.3.33)
Byoemo wykaTtu u(x, y) y BUrNa4i:

u=[Pdx+[y(y)dy,

ne L|J(y) — JOMoMmiXHa (HeBigoMa Noku Wo) PyHKUIA TiNbKU 3MiHHOI Y .

[ocnTb BCTAHOBUTW iCHYBaHHA OOHIEl (PYyHKLUIT u(X, y), fKa 3a00BOIb-

HAe ymoBM (22.3.33), TOMy, po3rnsigatoydm HeBU3HaudeHi iHTerpanun, dygemo
MaTn Ha yBasi He BCi NepBiCHI, a Nne oaHy.

[Mepwa ymoBa i3 (22.3.33) BUKOHYETbLCS (u;( = P), 60 noxigHa HeBU3Ha-

YeHOro iHTerpara 3a 3MIHHOK iHTerpyBaHHA fae nigiHTerpanbHy yHKUi0, a
noxigHa opyroro godaHka, HesanexHoro Big X, AOPIBHIOE HYNKO. 3a BUMOroOHo
BUKOHAHHS APYroi yMOBU MaEMO:

i, =Py +u(y)=Q = w(y)=Q-(Pad,. @233

Bupas gns L|J(y) MOXHa 3anucaTu OeLwo iHaKwe, SKWOo cKopuctaTucs

BNACTUBICTIO TakK 3BaHWUX iHTerpanis i3 napameTrpamu (ki MU geTanbHO He
BUBYAEMO):

((f de)’y =[P dx) = P(y)=Q~ [Py dx, (22.3.35)

ne P= P(X, y), Yy — napameTp — 3MiHHa, sika ,He 6epe y4yacTi B iHTerpyBaHHi".
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Ak 6aunmo, cbopmanbHo Y(Y) K pisHMUS YHKUIR ABOX 3MIHHUX TEX
MoBMHHA OYTY DYHKLiE OBOX 3MiHHMX, amxe P = P(X, y), Q= Q(X, y). Ane
saBaoskm ymosi (L) no cyti BoHa 6yae Tinbku dyHkuieo Big Y, To6TO

W, (y)=0 O(x,y)OD. Gincko,
Q=P, = Q=[P dx = Q-(Pdx)x=0=
= (Q—j P, dX)’x: 0= Y, (y)=0.
Takim unHoM, LykaHa cyHkuis Mae surnsag: U= [ Pdx+[y(y)dy, ae

w(y)=Q~ ([ Py, a6o
u :[de+j[Q—([de)'y} dy. (22.3.36)

Ilerko nepekoHanTecs, Wo ymoBu (22.3.33) BUKOHYKOTHCS. B
3ayeaxeHHs1. MoxHa 6paTtn pyHKUito U = u(X, y) y BUMMSA;:

u=[Qdy+ [d(x)dx, ae dp(x)= P—(dey)’x, a6o
u :dey+f[P—([Qdy)’dex, (22.3.37)

60 i B ubomy Bunaaky U, =P, uy, =Q.

3aranom, Akwo dyHkKuii U :u(X, y), Npo SKi MOETbCH, ICHYKTb, TO 1X
HeckiH4eHHOo 6araTo, 60 BOHM NOAATLCSA Yepe3 HEBU3HAYEHI iHTerpanu.
Teopema 22.3.6 (kpumepiu He3zanexHocmi KPIl ,Moe0t0 nogHo2o Ou-

chepeHuyiana’). Ana Toro wob iHTerpan f Pdx+Qdy B obnacti D He 3ane-
AB
XaB Big popmMu LNSXY iHTErpyBaHHS, HEOOXiAHO i JOCTaTHbLO, WOo6 y uin

obnacti Bupas Pdx+Qdy 6ye noBHUM aAundepeHuianom pesikoi yHKLUji
u=u(x,y):

O(AOD, BOD): [Pdx+Qdy=C(AB) =
AB (22.3.38)
= LCu=u(x,y): Pdx+Qdy=du.
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L 08 e deHH s BerlbMU NakoHiYHe: cnpaBenusicTb (22.3.38) sunnu-
Ba€ 9K HaAcnigok i3 Teopem:

2233 §=0 - Q=P
Io

22.3.4: [=C(AB) = $=0;
AB Iy

2235 Pdx+Qdy=du = Q=P =

BucHo80K 3 yCbOro po3rfsiHyToro CTocoBHO HesarnexHocTi KPIl noaa-
€TbCS NAHUOXXKOM PIBHOCUNbHUX TBEPOKEHD:

[=C(AB) = $=0 = Q =P, = Pdx+Qdy=du,  (22.3.39)
AB o

SIKi BignoBigaloTb HaBe4EHMM TeopeMaM.

Tenep nopywnmMo nuTaHHA (B 3aranbHOMY acnekTi) Npo Te, K BU3Ha4a-
eTbcH B (22.3.28) ctana C(A, B), sika, 3BMYaiHo 6yae pisHow (Npu dikcosa-
Hux A, B) ans pisHux nigiHTerpanbHUX yHKLUiN.

3adaya 22.3.1. lNokasaTtu, Lwo

[Pdx+Qdy=C(A B)=u(B)-u(A), (22.3.40)
AB

TO6TO AKwo KPI He 3anexuTb Big hopmMu LWNSXY iHTErpyBaHHSA, KU 3'€QHYE
Toukn A i B, To BiH OopiBHIOE pi3HUUi 3HaYeHb y Toukax B i A dyHkuii
u= u(x, y) Takoi, wo du=Pdx+Qdy.

Po3seg’sizaHHs. bynemo BuxoamTu 3 TOro, Wo yHKuia U = u(X, y) Bigoma
(y npoTunexHomy Bunagky 3asepHemocd 0o (22.3.36) uu (22.3.37)), Toai

| = [ Pdx+Qdy= [du= [ujdx+uydy.
AB AB  AB
Hexain nyra AB onucyeTbcs piBHAHHAMM X = X(t), y= y(t), ae napa-
meTp t 3miHlOETbCS B Mexax Bia O o [3 i Touui A (B) Bianosigae sHayeHHs
t, pisve o (). 3giichumo nepexia Big KPl oo Bu3HayeHoro iHTerpana
(amB. (22.3.12)) i 064mncnmmo 1oro:
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(U=u(xy) =u(x(t), y(t)) =U (1), Ug(t) =uyIx +uyly) =

dx = x dt

~ldy=y;dt

(B) B B
‘:>| = Jdu=[uidt=u@)| =U()-U(a)=
(® )

=u(x(B), y(B)) —u(x(a), y(a)) = u(B)-u(A).

omxe, C(A,B)=u(B)-u(A).
lpuknad. 3'acysatun, 4n 3anexutb KPI-2
B(L1) 2 2
= [ xy dx+(x y+ y3)dy
A(0,0)
Big, oOpMU WNAXY IHTErpyBaHHSA. AKWO ,Hi”, 064ncnuTn 1noro.
1°. MepeeipsEMO BUKOHAHHSA YMOBM ([):

_ 2 [
P_XZ X = h=2y = P, =Q; O(x, y)OxOy;
Q=xy+y’ = Q=2xy

omxe, KPI Bu3HavaeTbea Tinbku Toukamu A, B.
2°. BHaxodumo doyHKUitO U = u(X, y), Anga sKoi nigiHTerpanbHUN BUpas €
M4, 3a dpopmynoto (22.3.36):

u :IPdX+_|.|:Q—([PdX)’y:| dy.

3a yMOBO NpUKNaay yCTaHOBMIOEMO KOMMOHEHTU hOPMYIN:

I

2.2 ' 2.2
Xy . | X7y — 2.,
5 (JPdX)y—( 5 }y—x Y;

f[Q‘(deX)'y} dy=I(X2y+ y3—><2y)dy:jy3dy:y74.

[Pdx=[xy?dx=y*[xdx =

Takum 4YnHom, ogHa 3 oyHKUin, M akoT — nigiHTerpanbHUM BUpas, Taka:
2,,2 4
W= XYY
2 4
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3%, O6yucmoemo KPI-2: | =u(B)-u(A)=

I\JlH

+1_3.
=~ == Takmm byge 3Ha-
yeHHs KPI, akum 61 3a cdbopmoto wnaxom He vwnu Big A oo B.

Buxogutb, wo anga odumcneHHs KPI moxHa 6yno 6 i He 3HaxoauTtu yH-
Kuito U = u(X, y), a Bubpatu OoBinbHy dopmy wnaxy sin A goo B; sokpema,

B3ATM BiApi3ok npamoi Bia A no B abo uwe npocrTille — namaHy 3 naHkamu,
napanensHuMn ocsim  koopauHat. Hanpuknag, namaHy AAB, ne

A = A(1,0), a6o namary AAB, ne Ay=A,(01). e
HacamkiHeub BUKIiagy OCHOB Teopil KPMBOMIHIMHUX iHTerparsnis KOpOTKO
TOPKHEMOCS nuUTaHHA nNpo 3B’a30K KPI-1 i KPI-2.

Ycravosumo Ha AB[R? Hanpsawm Big A oo B i Bubepemo B AKOCTI
napameTpa goBxuHy S ayru AM, oe M (X, y) — noTtoyHa Touka kpueoi. Mpu

ubomy S, =0, Sz =1 (I — poBxuHa gyrm AB) i napameTpuyHe PiBHSHHS

KPMBOT 3anuweTbCs Yy BUMMSaa;:
x=Xx(s), y=Yy(s), Oss<lI.

AKWo no3HaunTn Yepes O, [3 KyTU Haxuny OO oceill KoopAaMHaT OOTUY-
HOT A0 KpMBOI, HanpsiMieHol y Bik 3pocTaHHA napamMeTpa S, BUSIBNSAETLCS, LLO:

cosa = X'(s), cosB=y'(s).

YpaxoByoun Ui cniBBigHOWeEHHA i doopmynun, ski BupaxarwTb KPI-1 i
KPI-2 yepes3 Bu3HayeHi iHTerpanu, oTpuMaemo:

[ P(x,y)dx= [P(x,y)cosads,
AB AB

[ Q(x, y)dy= [Q(x,Yy)cospds.
AB AB

Ana KPI-2 3aranbHoro Burnsay oopmMyna Mae BUrnsag;:

[ P(x,y)dx+Q(x,y)dy= [(P(x, y)cosa +Q(x, y)cosp)ds.
AB AB

AHarnoriyHi cniBBigHOLLIEHHS, 3a TIE X NOrKOK, MOXHa OTpUMaTu iy
BMNagKy NpoCTOpPOBOI KPUBOI.

323



22.4. 3acTocyBaHHA KpUBOJMIHIMHOIO iHTerpana 2-ro poay
Neomempu4Hi 3acmocyeaHHs1 KPI-2

3adaya (obyucneHHs nnowi rnockoi ¢hieypu). 3a gonomoroto KPI-2
3HanTK nnowy dirypu (obnacti) D, obMexeHoT 3iIMKHEHOI KYCKOBO-FNAAKO
nixieto 1.

Po3e’sa3aHHs 3agadi joctatHbo gatu anst obnacren tuny D, , Dy (aus.

puc. 21.2.3, 21.2.4), npaBurnbHux BignosiaHo y Hanpsmi oci Ox, Oy (sk un-

HUTK 3 BinbLL cKNagHMMKM obracTsMu, BXe BigOMO).

[o dopmyn ana obumcneHHs nnowi 3a gonomorot KPI-2 mMoxHa
NPUNTK, CrNMpalyUCb Ha IX 3B'A30K i3 BMU3HA4YeHWM iHTerpanom (ams.
(22.3.16), (22.3.17), (22.3.18)), 9knin y reoMeTpuUYyHOMY CMMUCITi BUpaxae
nnowy KpuBoniHinHoi Tpanevwil. MNpoTe, AN LUbOro MOXHa BUKOpUCTaTn op-
myny [piHa (22.3.20):

(@ — Py )dxdy = Pdx+Qdy.
D r

BoHa € mxepenom HeckiH4eHHOro uyucrna dopmyn ans obymcneHHsd
nnowji 3a gonomoroto KPI. [iicHo, noagiiHui iHTerpan no obnacti D 3

nigiHTerpanbHo QYHKUIED f(x, y)El, SK BiAOMO, OA€ YMCEenbHO Moy
obnacti D (21.4.2):

[Jdxdy =Sp.
D

Omxe, akwo y dopmyni [piHa nigiHTerpanbHi QYHKUIT nig 3HaKoMm
KOHTYPHOrO iHTerpana BuGpatu Tak, Lo B ycin obnacti Q, — P{, =1, TO KOH-

TypHUIA iHTerpan, ak i MNAl, Bupaxatume nnouly (NMucaTUmMemMo npocTto S) 06-
nacti D:

Q—-P, =1 O(x,y)ID = S=@Pdx+Qdy. (22.4.1)
r

Ons BigwykaHHs BignosigHux dyHkuin: P =P(X,Yy), Q =Q(X,y), y 3a-
ranbHOMY BMNagKy Ail0Tb TakMM YMHOM: oaHy 3 doyHkuUin (P abo Q) BmbGupa-

l0Tb OBINbHO, a iHWWY BU3HaYaloTb 3rifHO 3i cniBBifHOWEHHSM Q, — P;/ =1
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Mpwn gosinbHomy BUGopi P = P(X, y) iHTerpyBaHHsiM 3a 3MiHHOO X Bif-
HOBMOEMO (pyHKLtO (TOYHiWe, ogHy i3 pyHkuin) Q = Q(X,Y):

Qi-Py=1= Q=R +1= Q=[(P,+1)dx=[P,dx+x.

3 ypaxyBaHHAM TOro, LLIO I P;, dx = ([ P dx) y (amB. (22.3.35)), oTpuma-

EMO:
S= (Pde+(([ PdX)’y + x) dy. (22.4.2)
r
AHarnoriyHo giemo npu gosinbHomy BuGopi Q = Q(X, y):
Q-Py=1= P =Q-1= P=[(Q-1)dy=[Qdy-y =

= “Qidy:quy)’x = 5=<P((JQO|Y)’X—YJCJX+QCIY- (22.4.3)
r

3agadvy posB’a3aHo.
lMpuknad. 3HanTn dopmyny Ans obyncrneHHs nNnowi 3a AOMNOMOroko

KPI-2, skwo P(X,Y) = X? + y.
3HaxoaMmo KoMMoHeHTY npu dy copmynu (22.4.2) i 3anucyemMo Lwyka-
HYy hbopmyny:
3 !
P=x’+y = dex:f(x2+y)dx:X§+xy = ([de)y:x =
= S= (jf)(x2 + y)dx + 2xdy:;
r

Hesaxko nepekonatuca, wo Q-R =1 (P= X? + y,Q=2x) =
= (P)=1Q,=2).e
Y YacTuHHMX BUnNagkax i3 (22.4.1) maemo:

(P=0,Q=x) = S=Pxdy, (22.4.4)
r

(P=-y, Q=0) = S=-ydx, (22.4.5)
r
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__Y =X _1
(p__? Q_E) = S—E?xdy—ydx. (22.4.6)

dopmyny (22.4.6) MOXXHa oepXxaTu Ha OCHoBI (22.4.4), (22.4.5) 3a po-
MOMOrOK cepeiHbOro apnugpmMeTUYHOro.

HaBeneHi dopmynu cnylwHo 3acTtocoByBaTu BianosigHo, korm D —
npaBunbHa obnactb y HanpsaMi oci Ox, Oy, ocein OX i Oy.

lpuknad. O6uncnntn 3a gonomoroto KPI-2 nnowy cirypn, obmexxeHol
acTpoigoto X =acos't, y=bs n3t.

Y 5 3apgaHa obnactb € NpaBUMbHOK
BiQHOCHO 060X oceun KoopauHat, ToMy
M 3acTocoByeMO popmyny (22.4.6).
f [MapameTp 1 03Hayae KyT Haxuny
» 0 7k nosinbHoro papgiyca-sektopa OM pno

oci OX (puc. 22.4.1): 0<t<2n.
34incHAMO B nigiHTerpanbHOMY
4 BUpasi nepexig 4o 3miHHol 1:

3 _ :
Puc. 22.4.1. O6nacTb, o6mexena X=acos't= dx=-3acos’tsintdt N
acTpoigoro y=bsin®t = dy=3bsin’tcost dt

— xdy — ydx = (3abcos* tsin?t +3absin? t cos?t) dt = 3absin?t cos t dt =

1 2 _3 3
= Bab(ési n2tj dt = abs n® 2t dt = 5 ab(1- cos4t)dt,
Toni

2n 3
=>Nah (kB. o4.).

21
Széabf(l—cos4t)dt:éab(t—lsin4tj 5
0

16 0 16 4

MoxHa nepekoHaTucd, WO 3acTtocyBaHHSA (22.4.4) uu (22.4.5) npuso-
AaTb Ao 6inblu cKknagHMX BU3HAYEeHUX iHTerparnie. @

3adaya (ob4ucneHHsi o6’emMy uuniHOpU4YHO20 mifnia). 3a [OMOMOrOH0
KPI-2 3HaiiT 06’em V Tina, oOMexeHoro: 3Bepxy — NoBepxHeto, 3aaHoo piB-
arnam Z= T (x,y), ae f(X,y)=0, snmay — o6nactio D [ XOy 3 mexelo
I", 3 6okiB — UMNiIHOPWYHOK NOBEpXHeto, TBipHa Akoi napanensHa oci Oz, a
HanpsIMHOLO € niHia .
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Po3e’si3aHHs. 3a yMOBW, WO po3rnggyBaHi reoMeTpudHi o6’ekTn 3ago-
BONbHATL hopmyny [piHa, AieMO aHanoriyHo Tomy, K ue poburnocs npu
pO3B’si3aHHI NnonepeaHbol 3agadi. Bigomo (gme. (21.4.1)), wo yvepes Nl o6’em
nogaeTbCcs POpPMYyIioH:

V =[] f(x y)dxdy.
D

Otmxe, akwo y gpopmyni ['piHa nigiHTerpaneHi OyHKUIT Mig 3HAKOM KOH-
TypHoro iHTerpana Bubpaty Tak, wo Q =Py = f(x,y) 0(x,y) D, 1o KPI,

ak i MNA4l, Bupaxatmme o6’eM umniHAPUYHOrO Tina:
Q—P,=f(xy) O(x,y)OD = V =@Pdx+Qdy. (22.4.7)
r

Y 3aranbHOMYy BUNagKy, 3a aHasnorieto 3 (22.4.2), (22.4.3), ogepxyemo:
— npw gosinbHOoMY Bubopi P(X, y):

V = OPdx+(([ Pdx) y + [ f(x, y)dx)dy; (22.4.8)
r
— npw goBinbHomy Bubopi Q(X, y):

V = O(([ Qdy) x [ f(x, y)dy)dx+Qdy. (22.4.9)
r

3agadvy po3B’a3aHo.
Y YacTUHHUX BUMNagKax OTPUMyeMO POPMYIn, SiKi, 3a 3BMYaEM, | 3aCTO-
COBYIOTbCS Ha MpakTuLi:

(P=0,Q=f(xy) = Q=[f(xy)dx =
= V=] f(x y)dx) dy; (22.4.10)
r

(Q=0,PF, =-f(x,y)) = P=-[f(x,y)dy =
= V==0(] f(xy)dy)dx; (22.4.11)
r

(P:—%ff(x,y)dy, Q:%jf(x,y)dx) =
=V :%?(j f o) dy — ([ f dy)dx. (22.4.12)
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HaBepeHi dopmynuM 3HAYHO CNPOLLYKTBCA ANS  BUNAgKy, Komwu
f(x,y)=C-const (C#0, C#1), T06T0 konu BepxHsi OCHOBa Tifna, s |
HUKHSI, — KYCOK MIOLLUHN.

Akwo obnacte D — HUXHA ocHoBa irypu — po3TalloBaHa He Y NroLwu-
Hi XOy, a B XOz un yOz, To BiANOBIAHO NPMXOAMMO 4O KOHTYPHUX iHTErpa-
nis: @de+ Rdz a6o (PQdy+ Rdz, ne P, Q, R — dyHkuii aBox BianosigHMx

r
3MIHHUX.

lMpuknad. O6uncnutn 3a gonomoroto KPI-2 o6’em Tina, obmexeHoro

NOBEPXHAMMU X2 +2%=1, x+ y—4=0, y=0 (aus. puc. 21.4.1).

[ns po3rnsgysaHoro Tina:

{(xz)\x +7 <]} r= {(xz)\x +7 —]} y=f(x,2)=4-xX.

Y ubOMy BUNAAKy KpaLle ckopuctatucs popmynoto tmny (22.4.11):
V== @(] f(x 2)dz) dx,
r
y Kl I f (X, Z) dz= I(4 - X) dz =4z - xz (6epemo ofHy nepsicHy), TOGTO:
- O(4z-xz) dx.
r
30INCHI0EMO nepexig 40 BU3HAYEHOro iHTerpana 3 ypaxyBaHHSIM TOro,

wo /' y napameTpuyHin popMi onncyeTbCs PiBHAHHAMKM: X = COSt, z=9int,
ne t0[0,2n],a dx =—sintdt:

21 2
V =- [(4sint - costsint)(-sintdt) = ﬂ4sin2t—costsin2t)dt:
0 0
21 21 1 o . 3'[ 2n
=2 [(1-cos2t)dt- [sin“td(sint) = t——sm2t) SN =4m (ky6. o).
0 0 2 0 3

[Mpn 3actocyBaHHi KPI-2 hakTUyHO Tex npuxoanmo, K i npyu BUKOPUC-
TaHHi [0l, 0O NOBTOPHOro IHTErpyBaHHA: Nepluin pas — HEBU3HAYEHOro

(I f(x, Z) dz), OpYruii — BU3Ha4YeHoro (3a napameTpom t). e
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®i3u4Hi 3acmocyeaHHsi KPI-2

3adaya (8idwykaHHS pobomu 3MmiHHOI cunu). O6uncnntn poboTy, aka

BUKOHYeTbCA cunoto F npu nepemiweHHi maTepianbHoi Toukn M [ xOy

B34oBX kpuBoi L Big Toukn A po Toukm B, Ko BenuumHa i Hanpam cunu
NPMNYCKalOTLCS 3aNeXHUMK TiNbku Big nonoxeHHst Toukn M (X,Yy), T06TO

F=F(M)=F(xY).

Po3e'si3aHHsi. 3a yMoBOK F BU3HAYaETLCS KOOPAMHATAMM (X,Y) TOuKM
M, Togi ii npoekuii F, =P, Fy =Q Ha oci koopanHaT € dyHKUisMM BiA X |
y: P=P(x,y), Q=Q(X,y), Tob6To:

F(x,y)=P(x,y)d +Q(x,y) T, (22.4.13)

nei, ] — OAMHWYHI BekTopm (opTu) Ha ocsix Ox, Oy.

I3 MexaHiku Bigomo: AKLO Aitoya cuna F nocTinHa 3a BennumHolo i Ha-

NPSMOM, a NepeMilleHHs A_S:Ax[ﬁ+Ay[_j npsamoniHiiHe (puc. 22.4.2), T0

po6oTa ./ BM3HA4YaAETLCA AK ckansapHui AobyTok cunm F Ha BekTop nepe-

MiLLLleHHS As:
o/ =F[Ds= P LAX + QLAy; P, Q-const. (22.4.14)

Y BunagKy HenpAMOoniHinHoro wnsaxy (puc. 22.4.3) i 3MiHHOI cunu Benu-
YMHY BUKOHAHOI po60TU MOXHa NigpaxyBaTu Tak:

— posi6’emo AB Ha gyxeukn Al | =1,n, i Hexait A = m_ax{7\i} — fia-
|

METpP po3ounTTS;
— eubepemMo Ha KOXHIN i3 AOyKe4YOK [OBIfIbHUM YMHOM MO TOuLi

M; (Ei N ) i =1,n, i npunyemumo: B Toukax Al pitoya cuna E, crana i pis-
Ha ii 3HayeHH!0 B Touui M;, nig gieto uiei cunu maTepianbHa Touka pyxaeTbes
He no Al;, a no BekTopy EIAX, [ﬁ+Ayi [J; poGoTa cunu EiIE(Mi)
B30OBX E € HabNWKeHUM 3HaYyeHHsIM po6oTn .7 B3goBx Ayxeuku Al :

oA =F(M;)Ds;
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— 3Halidemo HabnwkeHo poboTy .7 Ha Becbomy wnsaxy AB sk cymy

pobiT o4 :

o =Y oA =Y P(M;) X +Y.Q(M; ) My, . (22.4.15)
i=1 i=1 i=1
YA YA
0, E i =
As_—7 L1 P S Y B
Ay Vi " As
M(x,y) !
A 4 A I
J L J !
— - > > >
o 7 Ax x ol 7 x gi X; x
Puc. 22.4.2. Cuna F , nepemiueHHs Puc. 22.4.3. Po3butra AB
AS Ta iXHi npoekKuii Ha oci koopauHaTt Ha ayxeukn Al;

Lle HabnwxkeHHa 6yge TUM Kpalle, YMM MeHLi 3a JOBXMHOKW OyayTb
nyxeukn Al, ToMy npupogHO 3a TOYHe 3HauyeHHs poboTu .7 Mo nepemi-
LeHH0 maTepianbHoi Toukn M (X,Y) B3goBx kpuBoi L i3 Toukn A go Touku

B npuitHaTK rpanuuto, 0o sikoi npsiMye 3HangeHe HabnmxkeHe 3HayYeHHs npu
NPsSIMyBaHHi 10 HyNa AiameTpa po3buTTa A (pasoM 3 N — ):

M:AIirg ZVQ/i:AIim [ZP(Mi)mxi +ZQ(Mi)EYiJ- (22.4.16)
) =L (n:OOO) i=1 i=1

3icTaBnsoun HaBedEeHi KpOKM 3 Mpoueayporo BBeAeHHS abCcTpakTHOro
noHsaTTa KPI-2 (ous. (22.3.1) — (22.3.3)), pobumo eucHoeok: pobota .7

3MiHHOT cunu F Ha kpuBoniHiiHomy wnsxy AB uucenbHo gopisHioe KPI-2
3aranbHoro Burnsgy no aysi AB Big dyHkuin P =P(Xx,y), Q=Q(X,y) -

npoekui cunu F Ha koopauHaTHi oci. 3agaya po3B’s3aHa:

o/ = [Pdx+Qdy.

(22.4.17)
AB
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AKWwo MaTepianbHa Todka pyxaeTbes y TpuBMMipHOMY npoctopi XOyz,

TO chopmyna ans o64YNCNEHHs poGOTU CUMK F = (Fy, Fy, F,) Ha wnaxy AB
Mae BUIMSA:

o/ = [Pdx+Qdy+Rdz, (22.4.18)

AB
e P, Q, R — npoekuii cunn F Ha koopanHaTHi oci — doyHKLji 3MiHHKX X, Y, Z.

lpuknad. 3Hantn poboTy cunm E(X, y):—yz[ﬁ+xz[_j+xy[ﬁ npu nepe-
MilLleHHi MaTepianbHOT TOYKM 3 TOYKU A(l,0,0) 00 TOYKU B(l,O,Z) B3J0BX

NepLIoro BUTKa rBUHTOBOI NiHil (puc. 22.4.4) — niHil, Ska nepeTnHae BCi TBIpHI

uuniHapa X2 + y2 =1 nig oAHUM | TUM cCaMUM KyTOM.
Z) 3arasibHi napamMeTpuyHi PiBHAHHSA

rBUHTOBOI NiHIl TaKi:

\
7 x=acost, y=asint, z=bt.
C., —P< HeBaKo yCTaHOBUTM, WO Y Ha-

1 N
B(laoaz)\\\ womy sunaaky (a =1, b=1/n):
X=cost = dx =-sintdt,
/”’_0""7‘/\ y=sint = dy=costdt,
5 z=t/n = dz=dt/m;
+#A4(1,0,0) O<t<2n.

[MepexognmMo 0O BU3HAYEHOrO iH-

Puc. 22.4.4. 'BnHTOBA nNiHiA _ .
Terpana i o64ncnemMo noro:

2n
o/ = [-yzdx+xzdy+xydz= f(ltsinzt+1tcoszt+1costsint)dt:
M T T
AB 0
2n

21 2
=1 | (t+1sin2tjdt:1(t——lcoszq = 2.
L 2 0

m 2 4

(Fepesipme, un 3anexntb po3rmnsaHyTun KPI-2 Big popmu wnsaxy iHTer-
pyBaHHS).

3BNYaNHO, TPAEKTOPIEKD PyXy MaTepianbHOT TOYKM MOXe ByTu i 3iMKHe-
Ha MiHia (Le 3anexuTb Big NPUpoAWN | XapakTepy Aito4ol CUnu).

HacamkiHeub 3a3Haunmo, wo KPI-2 wmnpoko 3actocoByoTbCS 4O 0b4mc-
NEHHS IHTerpanbHUX XapakTepuCTUK Tak 3BaHNUX BEKTOPHUX MOJSTIB.
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22.5. TIoHATTA Npo NoBepxXHEeBi iHTerpanu
lNoeepxHeesi iHmeepanu 3a niaowero nosepxHi (nepwio2o pody — lNBI-1)

[MoHATTS ,NOBEPXHEBUN IHTErpan 3a nioweto NoBepxHi” aBnse coboto
y3aranibHEHHS1 MOHATTS ,NOABIMHUIM iHTerpan” Ha BWNAQoK, Konv 3agaHa ob-
nacTb € YaCTUHOK He MNIIOCKOI MOBEPXHi — MNNOWMHN, — a OeSKOl KPUBOJSTIHIN-
HOT noBepxHi B npocTopi XOyzZ.

Hexan gesika noBepxHsi ONUCYETLCA PIBHAHHAM Z = f(x, y), a S — Kycok
NOBEPXHi, 0OMeXeHNin 3aMKHeHolo niHielo L, Aknii NpoekTyeTbcs Ha obnacTb
SXy nnowuHn XOy; U= F(X, Y, Z) — (PYHKUIA TPbOX 3MIHHUX, BU3HA4YEeHa B
TOYKax Kycka S.

[na BBegeHHsi noHatTsa [1BI-1"
npopobumMo Taki X Aii, SK i npyu pos-
rnagi N4l (pyuc. 22.5.1):

z
— pogi6’emo ... (AC;, | =1n);
0 — eubepemo ... (Mi(xi,yi,zi));
g —CKnaOeMO...(In:Zn:F(Mi)UXGi )i
Puc. 22.5.1. Po36uTtTa Kycka — obyucnumo ... (1 = T|1%n I

NnoBepXHi HAa YaCTUHU

(n-oo

CkiHdyeHHa rpaHuusa | iHTerpanbHoOi cymu |, (sSKWwo BOHa icHye) npwu
A - 0 (pasom 3 N — ©) Ha3aNBaETLCA NOBEPXHEBMM iHTerpanom Bif
doyHKLT F(X, Y, Z) 3a NMoLLelo NOBepPXHi S i No3HavYaeTbCsa Tak:

| =[[F(xy,z)do, (22.5.1)
S

ae I— 3Hak (cumson) MNBI-1;
S — oGnacTb iHTerpyBaHHs;
F(X, Y, Z) — nigiHTerpanbHa yHKUis;
do — andepeHuian (enemMeHT) NMoLLi NOBEpPXHi;
F (X, Y, Z) do — nigiHTerpanbHuit Bupas.

OcHoBHi BriactmBocTi Bl-1 aHanoriyHi BnacTUBOCTAM NOABINHUX iHTEr-
panis (gus. n. 21.2).
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lNoeepxHeesi iHmeepanu 3a kooplQuHamamu (Opya2o20 pody — 1BI-2)

[loBepxHEeBI iHTerpanu Opyroro pody MOXHa po3rnagatv §K ysarasb-
HeHHs T11I, noaibHe oo TOro, SIKMM KPUBOMIHINHI iHTErpanu Apyroro poay €
BiJHOCHO BU3Ha4yeHoro iHTerpana. lNpu BueyeHHi KPI-2 posrnsaganacb Ha-
npAMIeHa KpuBa, a Yy BiANOBIAHMX IHTErpanbHUX cyMax 3Ha4yeHHa PYHKUiT B
TOYKaxX KpMBOI NMOMHOXanucb Ha B3ATi 3 NEBHUM 3HAKOM [OBXWHW MPOEKLiin
AYXXe4yoK Ha koopauHaTHi oci (guB. n. 22.3). Y BUNaaKy noBepxHeEBOro iHTer-
pana NoHATTS HanpsiMy KPUBOI 3aMIiHAETbCS MOHATTSIM CTOPOHM MOBEPXHI,
a Npu cknagaHHi iHTerpanbHUX CyM 3Ha4YeHHS PYHKLIT B TOYKaX NOBEPXHIi MO-
MHOXalTbCA Ha B3ATI 3 MEBHUM 3HAKOM MSOLLi MPOEKLUi NOBEPXOHb Noginy
Ha KoopauHaTHi nnowmHu. HaBegemo opmanisauito 03Ha4YeHHS MOHATTS
NOBEPXHEBOrO iHTEerpana aApyroro poay.

Hexan S: z= f(X, y) — rnagka ABOCTOPOHHSA MOBEPXHSA, Aka obMexeHa
3iMKHeHow niHiero L, Sxy — il npoekuis Ha nnowwuHy XOy, R= R(X, Y, Z) —
(hYHKLiA TPbOX 3MiHHMX, Sika BM3Ha4eHa B Todkax Kycka S. Bubepemo ogHy 3i
CTOpPIH NOBEPXHIi, HANPUKIag, BEPXHIO (SK Lie noka3aHo Ha puc. 22.5.1) i signo-
BiOHMM HaNpsiM BeKTopa Hopmari ﬁ:(COSO(,COSB,COSV) B KOXHi 1 TOYL,.
BianoBigHo A0 BMGpaHOI CTOPOHM MOBEPXHi KyT Y = (n, Z) 6yae roctpum abo
TYNuM, WO i BU3Ha4YaTUMe 3Hak, 3 Sknum Tpeba bpaTn npoekuito enemeHTa no-
BepxHi Ha XOY (ans nobyaoBwu iHTerpanbHoi cymu). CknagaHHs iHTerpanbHol
CYMW 3[INCHIOETLCS 3a CTaHO4APTHOK CXemMoto (auB. puc. 22.5.1.):

— PO3I6’EMO ... (Aoi, [ 2171);

— 8ubepemo ... (M i (xi Vi, Z ))

— cnademo .. (1), = zl R(M; a0, . fie (A0;),, - npoekuin A

i=

Ha XOY 3 ypaxyBaHHsSIM BUGOPY CTOPOHM NOBEPXHi;

— 064UCTUMO ... (Ixy: lim (In)xy).

-

(0 e)
CkiHueHHa rpaHuus |, iHTerpansHoi cymu (In)xy npu A - O (pasom 3

N — ©0) Has3MBaETbLCS NOBEPXHEBUM iHTerpasom no BuUGpaHin CTOPOHi no-
BEPXHi S Big dyHKLi R(X, Y, Z) 3a koopAMHaTaMn X, Y i No3Ha4YaeTbCcA Tak:

lyy :ISIR(X, y, z)dxdy. (22.5.2)
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3annTtaHHA ANA caMoAiarHOCTUKKU 3aCBOEHHA MmaTtepiany

Bignosigi Ha BCi 3annTaHHa cpopMynionUTe CrIOBECHO, 3anuwliTb Y CUM-
BONiYHiN dopmi, obrpyHTYynTE (Ha nigcTaBi O3Ha4YeHb, TEOPEM, NpaBui, dop-
MYJ1 TOLWLO), HaBeAiTb BiANOBiIgHI KOHKPETHI Npukagw.

1. HaBegitb Kpokn (gii), ki nepenytoTb 03HAYEHHIO KPUBOMIHIMHOIO iH-
Terpana 3a gosxuHot gyru (KPI-1).

2. Nante o3HaveHHsA KPI-1 (cnoBecHe i B cumBornax).

3. Y yomy nonsrae: a) reoMmeTpuyHmm cmucn; 6) disnyHmm cmucn KPI-17?

4. HaBepnitb ocHoBHi BnactmuBocTi KPI-1, ananoriyHi BnactmBocTamM BU-
3Ha4yeHoro iHTerpana (cpopmyrnonTe i 3anuWiTb Y CMMBOSIAx); yKaxiTb, Ha
YoMy BasyeTbCcs 3aranbHUIN Nigxig AOBEAEHHS X BNacTUBOCTEN.

5. Cdopmyrnionte TeopemMy icHyBaHHA KPI-1.

6. Akolo BNacTMBICTIO HE BONOAIE BU3HAYEHUI iHTErpan Ha BigMiHy Bif
KPI-1?

7. Onuwite, gk obuncnoetTbca KPI-1, Ko wnax iHTerpyBaHHSa 3afaHo:
a) y napameTpuyHin gopmi; 6) ABHO; B) y NONSAPHUX KOOpAUHATaX (40 KOXHO-
ro BMNagKy HaBeaiTb aHaniTUYHi BUKNAAKM Ta KOHKPETHI npuknagn Ha ob4uc-
NEHHS).

8. Aki reomeTpunyHi 3actocyBaHHsA Mmae KPI-17?

9. Aki di3nyHi 3acTtocyBaHHA mae KPI-17?

10. HaBegitb Kpoku (4il), ki nepeayTb O3HAYEHHIO KPUBOMIHIMHOIO iH-
Terpany 3a koopguHato X (KPI-2).

11. lanTe o3Ha4yeHHsA (CrioBECHE i B CMMBOJSIax) KPUBOJSIIHIMHOIO iHTer-
pana 3a koopauHaTtow X (Y, 3aranbHOro BUMMSAY); po3TiymadTe CKNagosi

CUMBOJSIIYHOro nosHadeHHs KPI-2.

12. HaBepnitb ocHoBHi BnactusocTi KPI-2, aHanoriyHi BNacTtuBocTaAM BU-
3Ha4yeHoro iHTerpana (cpopmyrnonTte i 3anuWiTb Y CMMBOSIAX); yKaxiTb, Ha
YoMy BasyeTbCsa 3aranbHUIN NigxXig AOBEAEHHS LMX BNacTUBOCTEN.

13. Chopmynionte Teopemy icHyBaHHs KPI 3a koopanHaTamu.

14. Onuwite, sk obuncnoeTbes KPI-2, akwo wnsx iHTerpyBaHHsA 3aga-
HO: a) fiIBHO; ©) y mapameTpuyHin opMi; B) y MONAPHMX KoopauHaTtax (#o
KOXXHOIO BUMNaAKy HaBeAiTb aHanNiTUYHI BUKNAOKN Ta KOHKPETHI Npuknagn Ha
0BYUCIEHHS).

15. 3anuwite Ta goseaite popmyny 38'a3ky KPI-2 3 IN[Ol; postnymadrte
IT cKnagoBi YacTuHW; CPOPMYNIONTE, NPU BUKOHAHHI SSIKUX YMOB BOHa crpaBe-
anvea.
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16. CchopmyrnonTe KpUTepin PIiBHOCTI HYMNKO KOHTYPHOro iHTerpana Ta
[oBediTb Noro.

17. Chopmynionte i goBediTb TeopeMy npo HesanexHicte KPI-2 Big
dopMu  WNAXY IHTErpyBaHHA; HaBefiTb MpuKnag BUMKOHAHHA BigMNOBIOHUX
YMOB.

18. YkaxiTb, 3a dknx ymoB nigiHterpansHun Bupas KPI-2 3aranbHoro
BUMSQY € NOBHUM andpepeHuianom aesikol yHKUil ABOX 3MiHHMX. HaBeaiTb
KOHKPETHUM NpuUKIiag BUKOHAHHA LMX YMOB.

19. BuBeaitb hopmyny HbetoToHa — JlenbHiua ana KPI Big noBHoro am-
depeHuiana; HaBeiTb KOHKPETHUA NpuKnag, 1l 3aCTOCYBaHHS.

20. OnNuWiTh, 9K 3HaNUTW (PYHKLiO u(x, y) 3a 1l NOBHUM gudbepeHLianom.

21. 3anuwite bopmyny Ans obyncneHHs nnowi Nnockoi girypu 3a go-
nomoroto KPI-2; npointocTpynTte 3acTtocyBaHHSA Ha npuknagi).

22. flka cbopmyna € pxepesioMm BMBEAEHHS HECKIHYEHHOro ymcrna dgop-
Myn gns obyMcneHHs Nnowi nnockoi girypn? 3anuwitTb BigNoBIgHY dopMy-
ny; yKaxiTb, Siky YMOBY BOHa MOBWHHA 3a[OBOJSIbHATM i YOMY came Taky.
HaBefiTb KOHKpEeTHUI NpUKIiag BUKOHAHHS LiET YMOBW.

23. 3anuwite dopmyny ans obumcneHHs ob’eMy LMNIHOAPUYHOrO Tina
3a gonomoroto KPI-2 (HaBediTb MipKyBaHHA LWOAO 1T BUBEOEHHS; NPOINOCT-
pynTe 3aCTOCyBaHHS Ha nNpuknagi).

24. Ak 3a gonomoroto KPI-2 o6uncnutn poboTy 3MiHHOI cunn no nepe-
MiLLEHHIO MaTepianbHOI TOYKM B3OOBX 3a4aHOol KpMBOI? 3anuuliTeb BignoBigHy
dopmyny; HaBediTb MipKyBaHHS LWOOO 1I BUBELEHHS; MPOINIOCTpynTe 3acTo-
CyBaHHS Ha npuknagi).

3apadi Ta BnpaBu

Po3B’dA3yBaHHA BCiX 3a4ay i BUKOHaAHHS BMNpaB crif CyrnpoBOLXyBaTu
reoMeTpUYHMMHU INKCTpaisamu.

1. OB6umcnuTK 3agaHi KPMBOMIHINHI iHTerpanu 1-ro poay B3L4OBX KPUBOI
L Big Toukn A po Toukm B abGo — yciei kpuBoi y gogatHoMy Hanpsimi o6xoay:

1) J-y;-\/%)( ,ne L — sinpisok npsimoi mix Toukamn A(1,2) i B(2,4);

L

2)[\/

y+2x2
3x? —-y+4

d,pe L: y=3-x% A(0,3),B(2-1);
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3) J~ ysSnXx

L 1+ cos? x

4)j4 d,ge L: y=+/x, A0,0), B(4,2);

d,ge L: y=sinx, A0,0), B(n,0);

x+0,5

5) di, ge L: y* =2x, A(0,0), B(2,2);

I«/4x y +1

6) d,me L: y=Inx, A{1,0), B(e1);
{Vl+x

7)j—d| ne L: xy=2, AL2), B(2,1);
8) j(x +y?)3dl, pe L: x*+y?=R? A(RO), B(O,R);
L

9) jw/x2+y2dl,ne L: x2+y2:2y;
10)I\/S xl—y
i B(2,2);

11) [ x*&yd, e L: y=x* A(0,0), BLY;
L

12) [ y*dl, pe L: x=a(t-sint), y=a(l-cost) (0st<2n);
L

, Ae L — Bigpi3ok npsamMoi, Lo 3’€aHYe TOYKU A(0,0)

13)jxydl,ne :—6 % 1 (x=0,y=0);
L

14) f arctg%/dl, ne L — yactuHa cnipani Apxivena p =2¢, wo mic-
L
TUTbCSA BCepeaunHi kpyra pagiyca R 3 LeHTpoM y nontoci;

15) J‘(X4/3+y4/3)d|“qe L X2/3+y2/3 :3.2/3;
L

16) I(X+2y2—32) dl, ne L — sigpisok npsamoi, wo 3’eQHye TOYKM
L

A(0,12) i B(2,-1,0);
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2
V4 . e
17) f > > dl, pe L — nepwwin BuTOK rBUHTOBOI MiHII X = acost,

LY *+X

y=asint, z=at;

18) [xyzdl, ae L —usepts kona: X° +y° +2° =R%, x* +y° = R%/4
L

(x=20, y=20, z=0).

2. 3HalTn OOBXUHY Ayrn 3agaHoi kpusoi L (abo yciel kpunsoi):
1) L: y=1-Incosx (0<x<1/4);

2) L: y:%(eva+e_’¢a) (0 x<a);

3) L: x¥3+y?3 =423

4) L: p=1+cosp (0<¢<2n);

5 L: x=a(t—-sint), y=a(l-cost) (0<t<2n);

6) L: ay2 =x (0< x<ha).

3. 3HaiTu macy ayru 3agaHoi kpueoi L (abo yciei kpmBoi), kLo Bigoma

il niHiiHa ryctnHa y = y(X, y):

X2

9

1) L: y=Inx (1= x<3); y(X7Y):X2;
2) L: p=4/sin2p (0<d <T/2); y(X,y)=X+V;

3) L: x> +y? =6y; y(x,y)=y;
2 2

. X y_: ; =Y.
4 L op+1e=1(x20,y20); y(xy)=y;

5) L: x=3cost, y=3sint, z=4t (0<t<2n); y(x,y)=4z;
6) L —ayra OA kpuBoi y2 =2x, ne O(0,0), AL~2); y(x,Y) = xy.

4. 3HanTKU cTaTU4HUI MOMEHT BigHocHo oci OX u4BepTi eninca

y2

+--— =1, posTawoBaHoi B NepLlii KoOOpANHATHI YBepTi, SKLWO ii NiHinHa

4

ryctuHa y(X,y) = X.
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5. 3HanTK cTaTU4HUn MoMeHT BigHocHo oci Oy npaBoro nentocTka ne-
. . 2 2\2 _ 2 2 . oo
MHickaTn BepHynni (X©+y“)° =4(X° —y), SKWO MOro niHilHa rycTuHa

y(x,y) =1.
6. 3HaNTM MOMEHTUM iHepuil BIOAHOCHO KOOPAWMHATHUX OcCen Bigpi3ka

npsimoi y =1—2x (x>0, y = 0), sikwo roro nixiriHa ryctuna y(X, y) =+/5.

7. 3HaNTM MOMEHT iHepuil BiAHOCHO nNoOYaTKy KoopAWHAT AOyrM Kona
X? + y2 =4 (x=20, y=0), skwo ii nininHa ryctuHa y(X,y) =1,

8. 3HalTN KoopaMHaTK UeHTpa macu ayrm kpueoi L (abo yciel kpuBoi),
SIKLLLO Bigoma ii niHinHa ryctuHa y = y(X, y):

1) L: x*+y? =1(y=0); y(xy)=Y;

2) L: x=a(t—sint), y=a(l—-cost) (0<t<m); y(x,y) =const;

3) L: x?3 + yz3 = a3 (y=20); y(x,y)=congt;

4) L: p=a(@+cosd) (0 <2m); y(x,y)=const;

5) L: x=acost, y=asint, z=bt (0<t<mn); y(x,y)=const;

6) L: y2 =ax - x4 y(X,y) =const.

9. O6umcnUTM NnoLwy UMNIHOPWUYHOT NOBEpPXHi, 0OMeXeHOT 3HU3Y Mro-
wuHoto XOy, a 3Bepxy — noeepxHeto z = f (X, y), AKLWO BiOOMO PiBHSHHSA Ha-
npsMHOI L uiel umMniHaprM4HOT NoBEpXHiI:

1) f(xy)=v2x-4x%, L: y? =2x;

2) f(x,y):%, L: x* +y? = R?%;

3) f(x,y)=2-+/x, L: yzzg(x—1)3;
2

4) f(xy)= R+Xﬁ, L: x2+y2 = R?;

5) f(x,y)=x, L yzgxz (0<x<4).

10. O6uncnutn nnowy 6i4HOT noBepxHi napaboniyHoro uwuniHgpa
= X2, obmexeHoro nnowmHamn Z2=0, z=2X, x=0, x=1.
y
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11. OBYMCNUTM HACTYMHI KPUBOMIiHIMHI iHTerpanu 2-ro pogy B34O0BX 3a-
OaHWUX NiHii iHTerpyBaHHs L :

1) jyzdx+2xydy, L: x =acost, y =asint;
L

2) [ ydx—xdy, L: x=acost, y=bsint;
L

xdx  ydy
S)IX2+ 2 2.2
L y- X'ty
ydx + xdy
NI
L X°t+Yy

5) [ yzdx+xzdy +xydz, L: x = acost, y = asint, z =kt, t0{0.2n];
L

L: X2+y2:R2;

L: y=x ([Asx<2);

6) [xdy-ydx, L: x=acos’t, y =asin’t;
L

3at ., _3at°.
1+t3° 7 1+t3

7) [ xdy-ydx, L:x=
L

8) jyzdx+2xydy, L: y=%x (0sx<l);
L

xdx + ydy + zdz

9)[
X+ o+ 22

km A(LLD) i B(4,4,4);

, L — Bigpi3ok npsimoi, o 3'eaHye Touy-

-X—-y+2z

X2 +y2 + 72 = R
X% +y% = Rx

OaTHUI Hanpsim 06xoAay, SKLWO AMBUTUCS 3 NoYaTKy KOOpAuMHaT).

10) jyzdx+ zzdy+x2dz, L: { ' (R>0, 2=0) (mo-
L

12. lNepekoHaTUcA, WO HaBedeHi KPUBOMIHIMHI IHTerpanu 2-ro pogy He
3anexartb Big opMU WNAXY IHTErpyBaHHS, i 064ncnnTK ix:

(2,2)

1) [ (xX*+2xy-y*)dx+(x* —2xy+y*)dy;
(-1-1)
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(2,m) 2
3) [ |1-% cos¥ dx+(sinX+Xcoszdy;
(L7 X X X X X

0,
X y
9 | + y]dx+[ + x]dy;
(lO)[\/ X2+ y? VX2 +y?

Lm

5) | €*(cosydx—sinydy);
(0,0)

(3,0)

6) [ (X*+dxy’)dx+(6x°y* —5y*)dy;
(-2,-1)
(2,13)

7 [ xdx-y*dy+zdz;
1-12)

8) (539 zxdy + xydz — yzdx
(7,2,3) (x-y2)*

13. O64ncnnUTM HaBedeHi KPMBONIHIMHI iIHTerpanu 2-ro pogy 3a 4onomMo-
roto popmynu Ipina:

1) ngdy, ne L — KOHTYp TPUKYTHMKA, YTBOPEHOrO OCSIMM KOOpAWHAT i
L

npsmoto 3X+ 2y —6=0;

2) gS(X2 + y2)dy, oe L — KoHTyp Y4OTUPUKYTHUKA 3 BepLUMHAMK B TOMY-
L

kax O(0,0), A(2,0), B(4,4), C(0,4);
3) $(1-x*)ydx + (1+ y*)xdy, ae L —koro X +y* = R?;
) 2 2
4)%5ycos xdx +(cos y +sin x)dy, oe L —eninc §+§:1;
5)g5ex[(1—cosy)dx—(y—sin y)dy], oe L — KoHTyp, Akuii obmexye
O6J‘IaCTbLOS x<n,0<y<snx.
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6)(]5 X2 + y2dX+ y(xy + |r1(x+w/x2 + y2)), ne L — koHTyp npsiMokyT-
L
Huka ABCD 3 Bepwunamm B Toukax A(1,1), B(7,1), C(7,4), D(1,4).

14. OBumcnuTty nnowy diryp, obMexeHnx 3agaHnMm NiHiAMK:
1) y=x* y=1;
2 2
) 25+ Ly =1,
a- b
2 2\2 _ 2.2 2
4) (X“+y7)" =2a°(x" - y%);

5) (x+Y)° =xy;
6) x=a(2cost —cos2t), y=a(2sint—sin2t) (0<t < 2n).

15. 3HainTn poboTy cunm E:FXD_]+Fy[T+ F,K B R3 (F= FXD_]+Fy[T
B R2) B370BX kpuBoi L Big Toukn A no toukn B abo — yciei kpuBoi y gopat-
HOMY Hanpsmi ob6xoay:

1) F=xyld +(x+y)0, L: y=x3, A0,0), BLD);

2) F = X2 0 —T— yZ[E, L — Biapisok npsimoi mixx Toukamm A(L —1,2)
i B(2,0,3);
3) F= X+2y2[ﬂ_+ y S

(x+y) (x+y)

4) F=-4y0 +(4y-3x)J, L — KoHTYp NpsiMOKyTHWKa 3 BEpLUNHE-
mn A(2,-6), B(2,6), C(-2,6), D(-2,-6);

5) F=(y?>-2z%)0 +2yz[J -x°k, L: x=t, y=t? z=t3
A(0,0,0) i B(1,1,D);

0, L: y=1, AQLl), B(31);

6) F= [l - 0 + K, L — koH-
\/x2+y2+22 \/x2+y2+22 \/x2+y2+22

TYp, KU YTBOPHOETLCA NEPETUHOM YaCTUHU cdhepu X2 + y2 +7°=1 (x=0,

y =0, z=0) 3 koopaMHaTHUMK NNOWMUHaMMU,
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1.1) 23/6;

4) %(Jﬁ -1);

7) 70\/3/ 3;

10) T/ 2;

13) 148/7:

16) —8+/3/3;

N

4) 8;

3. 1) %(10@—2&);

4) 8+%)arcsm§—33
4. M, =38/5.
5. M, =42.
6.1,=5/6,1,=5/24.
7. 1, =4n.
8.1) X. =0, yo =1/4;

3) X =0, y. =2a/5;

. 1) In(1++/2);

BignoBiai
2) 26/3;
5)7/3;

8) TR’ /2:

11) —(17\/_ -1);
9 15 (R +4)*2
8\/— 2 art,

17) 2X£

2) > (e+ eh);

5) 8a;

2) 2;

5) 8n’;

5) X. =0, ye =2a/m, z, =bn/2;

9.1) T/4;
4) 3nR?:

10. (_15(\/5_1)'

11. 1) O;
4) In2;

2) R?:

)E

6 10v10-1).

2) —2nab;
5) O;
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3) 1/2;
6) 2(€*-1);
2 ,

9) 8;

256 3
15

3.

12)
15) 4a
18) V3R*/32.

3) 6a;
6) 335/27.
3) 18nm;

6)%(3\@—1).

2) X. =4a/3, y. =4a/3;
4) X; =53/6, Y. =0;
6) . =5a/8, y. =0.

3) 11/3;

3) O;

6) 3na2/4;



7) 3a%; 8) 1; 9) 3v/3;

10) -TR%/4.
12. 1) 6; 2) 5/8; 3) n+1;
4) 0; 5) —1-¢; 6) 64:
7) 10/3; 8) —9/2.
13.1) 3: 2) 112/3: 3) TR*/2:
4) 0; 5) %(1— &) 6) 147 .
14. 1) 8/5; 2) mab:; 3) gr[az;
4) 2a?; 5) 1/60: 6) 6Ta°.
15. 1) 17/12; 2) 5/2; 3) 711+In2;
4) 48; 5) 1/35; 6) 0.

KnroyoBi TepMiHn

[yra kpuBol, po3buTTSA, iHTErpanbHa cyma, rpaHuus, KpUBOMIHIMHUIA IHTe-
rpasn 3a AOBXMHOW Oyrn (3a koopauHatamu), Wndax iHTerpyBaHHs|, Teopema ic-
HYBaHHS, UWITIHOPWYHA MOBEPXHS, FEOMETPUYHUMA CMUCH, ISUYHUIA 3MICT,
BNacTMBOCTI, 06YMCEHHS, hopMa 3aBOaHHSA (MapaMeTpuyHa, siBHa, NONsipHa),
3acTtocyBaHHA (reoMeTpuyHi, bidnyHi), goBXuHa ayru, nnowa, ob’em, maca,
CTaTUYHUN MOMEHT, MOMEHT iHepLii, LeHTp Mac.

Pe3rome

BuWCBITNIOIOTECA OCHOBHI MOMOXEHHA TEOopil KPUBOMIHIMHUX iHTerparnis.
PoarnapatotbCcs KpUBOMIHINHI iHTErpanu 3a JOBXWHOK Ayru (neplioro poay) i
KPUBOMIHIMHI iHTerpanun 3a koopauHatamu (apyroro poay); BuKnag TeopeTund-
HOro Martepiany CynpoBOLXKYETLCS iNOCTPATUBHUMUN NPUKIagaMu.

YCTaHOBMIOETLCA reOMEeTPUYHUN | PIBUYHUI CMUCTT iHTerparnis, i Bigno-
BiJHO [0 LbOro po3B’A3y0TbCH 3a4a4i 3aCTOCOBHOMO Xxapakrepy.

INitepartypa: [3; 6; 9; 14; 24; 28 — 30; 35].
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NMoka)XXynkKk no3HavYeHb

y' (Y =dy/dx) — noxiaHa doyHkuii y=Yy(X) 3a amiHHolo X, 6 (10)
[] — KkBaHTOp 3aranbHOCTI (ons BCiX ...), 6
= — 3HakK ekBiBaneHLjil 3a 03Ha4YEeHHAM, 6
L (D) — 3HaK HaneXxHocTi (HeHanexXHocTi), 6 (241)
R (Z) — mHoxuHa gincHux (uinux) uncen, 6 (11)
R? R3 R" — OBO-, TPU-, N-BUMIpHI npocTopwn, 7, 218, 182
{x\ P(X)} — MHOXWHa enemeHTiB X i3 Bnactusictio P(x), 7
f)’/(x, y) = of /Gy, — YaCTUHHa noxigHa yHKLiT f(x, y) 3a 3MiHHOIO Y
(fooy)=of jax)  (0).8(29)
= — JIOriYHMI Hacnigok (AKWwo ..., 7o ...), 8
. — ,Take (Taki), wo”, ,Maemo”, 8
0 — koH'toHKUiSA (... 1 ...), 8
[! — icHye i equne”, 8
C(D) — MHOXwuHa dyHKUiN, HenepepsHMX B obnacTi D, 8

‘x=xo — 3HaK OAWHMYHOI NiacTaHoBKM (,y Touli Xy"), 8

= — eKBiBaneHuisa (AKWo i TinbkK aKwo), 10
dy (dx) — Andbeperuian amiHHOi Y (X), 10

I f(X)dX — HEeBM3HaYeHu iHTerpan (Big) dyHKLiT f(X), 10
® — cYMBON KiHUA Npuknagy, 12
\  — pi3HWLS MHOXWH, 14
-~ —cumBon biekuii, 20

A =det A — BusHauHuk matpuui A, 21
N — MHOXWHa HaTypanbHUX Yyucen, 27

no_ azu

== —y4acTuHHa noxigHa 2-ro nopsagky ®23 U = U(X,
Y= a0y il psiAKY (x,y)

3a 3MiHHUMK X i Y, 29
du(x,y) - noeHuii andpeperuian ®23 u =u(x,y), 30

B — CMMBOIJ 3aKiHYEHHS1 JoBeaeHHs Teopemu, 31

b
J' f (X)dx — BU3HaYeHWi iHTerpan Big dyHkuii f (X) Ha Bipi3Ky
a [a,b], 32

‘b — CMMBOJST ABOPA30BOI NigcTaHOBKK, 34

a
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U =H(X,Y) —iHTerpyBanbHUn MHOXHUK, 35

E - HanpyxeHicTb enekTpuyHoro nons, 41
C — WBWMAKICTb CBiTNa Yy Bakyymi, 41

n

y(”), d 3’ — noxiaHa pyHKuUiT Y = y(x) n-ro nopsgky (NCLIN), 55
dx

n! — akropian yucna n, 63

Y —rpasitauitHa ctana, 69
X (y) —Apyra noxigHa napameTpuyHO 3adaHoi OYHKLT

x=x() (y=y(1), 70

{yi (X)}| 1n — MHOXWHa (cuctema) dpyHKLii, 84

WY1, Y2, Yn] =W(X) — Bu3HauHUK BpoHCbKoro (BpoHckiaH), 85
F[yl, Yo ,ueny yn] — BU3Ha4HuK pama, 86
LI () — sHak HecTpororo (CTpororo) BkntoYeHHs, 87 (251)
Y;(X) =0 — TpuBianbHuWit po3B’A30K PIBHAHHS, 87
i =+/—1 — yaBHa oauHuLA, 92
g/' (y) — 4acTHHWI po3B’s30k HeoaHopigHoro JIAP 3i cTa-

nMmMun KoedilieHTamu (3aranbHUKM po3B’'a30K Bigno-
BiIHOro O4HOPIAHOrO PIBHAHHS), 95
Pn(x) — MHOTO4YMEeH cTeneHs N Big X, 99
D - oudepeHuiansHun onepatop, 106
Df (x) = f'(X) — obpas gudepeHuiansHoro onepartopa, 106
L — niHinnmn gndpepeHuiansHun onepatop, 106
T,(X) — mHorounenn Yebuwesa, 121
Y (Y') —wmatpuus-crosneus dyHkuinn Y; = Vi (X) (noxigHnx
¥i = ¥i(X)), i=1n, 143
[ — kBaHTOp icHyBaHHS (icHYE ...), C -He icHye, 144
f (V )~ YaCTUHHUW PO3B’A30K HeogHopigHoI cuctemu JI[P

(3aranbHUM PO3B’A30K Bi4MOBIAHOI O4HOPIOHOT CUC-
Temun), 159

H, (4, i =1 n) —matpuus (BusHaunuku) Mypeiua, 191
H(s) — anrebpaivyHa (reoMmeTpuyHa) KpaTHICTb BNaCHOro
uncna ki matpuui, 195

Rek, Imk - piicHa, yasHa yacTuHa uicna k, 196
D (F) — 3aMKHeHa obnactb Ha XOY (mexa obnacrTi), 228
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A — niameTp po3ouTTs, 228, 258, 286
|, —iHTerpanbHa cyma, 229, 238, 259, 286
” f (X, y)ds — noggiiituit iHTerpan no o6nacti D, 229
D
ds (dv,dl) — gudepenuian nnowi (06’emy, ayrv), 229 (259, 291)
AX, Ay — npvpocTy 3MiHHUX X, Y Npu nepexopi Bi TOYKM
(X, y) oo Touku (x+AXx, y +Ay), 230
Dy (Dy) — npaBurnbHa y Hanpsivi oci Ox (Oy) o6nacTs, 232
P, ® — nonsApHi koopauMHaTV TOYKK, 238
Do (Dq,) — npaBunbHa 3a amitHoto P (§) obnacts, 241

J= J(u,v) — akobiaH nepexoay A0 HOBUX 3MiHHMX U i U, 249
0 =0(X,y) —noBepxHeBa rycTuHa nnatiBku (MiHiiHa ryctuHa
KpuBol), 254 (289)
M =H(X, ¥, 2) —ryctuHa posnoainy mac, 261
M,, M y — CTaTU4YHi MOMEHTU BIQHOCHO KOOPAMHATHUX OCEMN,
255, 298
Xer Yer Ze — KoopaMHATU LeHTpa Mac (TSXiHHA), 255, 273, 298
Jy, Jy, J; (Jo) — MoMeHTY iHepuii BIAHOCHO KOOPAMHATHMX OCe
(noyaTky KoopauHar), 256, 273, 298
”j f(X, Y, 2)dv — noTpinHui inTerpan no o6nacrti V , 259
\Y

ny’sz’Vyz — npoekuii obnacti V Ha KkoopanHaTHI NAOLNHNK,
262, 265
P.$,2,(P,9,0) — uuniHapuyHi (cdbepunyHi) koopamHaTH TOUKK, 269

My, My, M4 — ctatnuni MomeHTU Tina BiHOCHO KOOPAMHATHUX

NAOLWMWH, 273
ny, N Jyz — MOMEHTM iHepLjii Tina BiAHOCHO KOOpAMHATHMX
NAOLWMWH, 273
f f(X,y)dl — kpuBoniHinHui iHTerpan no aysi AB 3a goBxMHOW
AB ayru, 286

f f (X, y)dx - kpuBoniHinHuii iHTerpan no gysi AB 3a amiHHot0
AB X, 302

IPdX+Qdy+ Rdz - kpvBoniHinHMiA iHTerpan saransHoro Burnaay, 305
AB

.o/ - pobota 3miHHOi cunm F |, 329
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NMpeameTHMN NOKaX4UK

ABTOHOMHa cuctema 183, 190

Bektop-pyHkuia 144
BusHayHnk BpoHcbkoro 85, 145
—'pama 86

—lypBiga 191

BnacHa npama 204

Byson 198, 200

FapMoHiyHMM ocuunartop 128
['BMHTOBA niHia 331

[mapka kpuBa 287
[nepbonoig 223

OunHamivyHa cuctema 181
AndepeHuianbHe piBHAHHS 6anaHcy
40

— — 3aKOHy nonuTy i npono3uuii 38

AndepeHuianebHi piBHAHHA (OP) 6

— — BULLOIO NopAaKy 55

— — — —, WO NpMNyCcKatTb 3HWKEHHS
nopsaaky 62

— — Apyroro nopsagky 55

— — — —, dKi 3BoagAaTbCs oo AP-1 58

— ———, nigctaHoBkn Ennepa 62

— — MepLuoro nopsaaky 6

— — ——, bepHynni 26

— — — —, AudpepeHuianeHa popma 10

— ———, 3BigHi go AP i3 Bigokpemne-
HUMWU 3MiIHHUMK 16

— ———, 3BigHi go AP y noBHux aun-
depeHuianax 35

— — ——, 3BigHi 0O ogHopigHMx 21

— — — —, 3 BIJOKpPEMITEHUMMN 3MIHHUMN
12

— — — —, 3 BiJOKpEMIIIOBAHUMWN 3MiH-
HUMKM 14

— — ——, iHTerpanbHa kpvBa 6

— ———, IlarpaHxa 28

— — ——, NiHINHI 22

— — ——, HannpocTiwi 10

— — ——, OgHopiaHi 18

— — — —, PO3B'A30K (iHTerpan) 6

— — ——, Yy NoBHUX audepeHuianax 30
— — Y YaCTUHHUX NoxigHux 6, 55
OudepeHuian gyrn 295
AundepeHuiansHun onepatop 106

— — BnactusocTi 106

HiameTp nnowmHkn 228

— po3butta 228, 258, 296, 302
[loBinbHi ctani 8, 57, 144

EkoHoMivyHM cmucn P 41, 59
EnemeHT nnowi 229, 239, 249
—o06’emy 259, 270

Enincoig 222

3apgava Kowi 9, 57, 145

3aranbHun iHTerpan P 10, 58

— posB’a3ok [1P 8, 56

— — cucTemMu niHinHnx AP-1 144

3akoH esontouii (pyxy) 181

3acTocyBaHHSA NOABIMHUX IHTerpanis
251

— NOTPINHUX iHTerpanis 272

— KPUBOJSTIHIMHUX iHTerparsis 3a JOB-
XUHOK ayrn 295

— — — 3a KoopaunHatamu 324

36ypeHHs AnHamiyHOT cuctemn 188

IHTerpan BHYTpILWHIN (30BHILLHIN)
235, 264

— AndpepeHuianbHOro piBHAHHA 6, 55

— ABokpaTHun 235

— KPUBONIHINHUI 3a OOBXWHOK OYyrn
286

— — 3a koopauHaTamu 302

— noaBinHuM 229, 239

— noTpinHuM 259, 268

IHTerpanbHa kpuea [P 6, 55

—cyma 229, 259, 286, 302

[HTerpyBanbHUM MHOXHUK 35

IHTerpyBaHHa [P 7
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KoHyc 2-ro nopsgky 220, 225

KoopanHatu To4kmn nondapHi 238

— — chepuyHi 269

— — UMINIHAPWYHI 269

KoHTypHi iHTerpanu 304

KoopanHatu ueHTpa TsKiHHA 255,
273, 298

KpuBOniHinHI iHTerpanun 3a 4OBXUHO
ayrn 286

— —, FeOMEeTPUYHI 3acTocyBaHHsA 295

— —, (pisnyHi 3acTtocyBaHHA 298

— —, BractusocTi 289

KpuBoniHinHi iHTerpanun 3a koopauHa-
Tamn 302

— —, FeOMEeTPUYHI 3acTocyBaHHA 324

— —, (pisnyHi 3acTtocyBaHHA 329

— —, BnactusocTi 305

KpuTepin noBHoOro andgepeHuiana
31, 318

—[ypBiya 192

NinivHi P 1-ro nopsaky 22
— — 2-r0 NopsAaky 3i cranumm Koeidli-
eHTamu 87

— — ——oaHopigHi (ON1OP-2) 87

— — — — HeogHopigHi (HI1AP-2) 87, 95

— — — — 3i 3MiIHHMMU KoeilieHTamMu
ogHopigHi 117

— — N-ro nopsaaky 83

— — — — 3i 3BMiIHHMMU KoeilieHTaMu
ogHopigHi 123

— — — — 3i cTanMmu KoeiuieHTamu
HeogHopigHi 111

————— ogHopigHi 105

MaTpuusa lNypeiga 191

MeTop Bapiauil 4OBINbHUX CTanmnx
(NMarpanxa) 25, 161

— iHTerpyBanbHOro MHOXHuKa 37

— HEBU3HaYeHnx koediuieHTis 100,
167

— nepepisis 220

MexaHiyHum cmucn AP 41, 58

MomeHTu iHepuii 256, 273, 298

— cTaTunudHi 255, 273, 298

Mogenb KonnBHuX npouecis 127

— rapMoHiYHOro ocuunaropa 128

— HauioHarnbHOI EKOHOMIKM cnpoLleHa
169, 207

— ,FOHKa 030poeHb” 170, 208

— XWKak-xeprtea” 171

HawnnpocrTiwi AP-1 10

HanpamHa 219, 220

HopmanbHa cuctema niHinHnx OP-1
143

O6uncneHHs goBxunHn gyrn 295

— KoopAauHaT LeHTpa TshKiHHA 255,
273, 298

— macu 254, 272, 289

— MOMeHTIB iHepuil 256, 273, 298

—o6’emy Tina 230, 251, 272

— oL Kycka noBepxHi 253

— — nniockol goirypn 251, 295

— noABiNHOro iHTerpana 232, 241

— NOTPINHOrO iHTerpana 262, 268

— po60TK 3MiHHOI cunn 329

— CTaTUYHMX MOMEHTIB 255, 272, 298

OpHonapameTpuyHa ciM’'sa KpuBux 9

OpHopigHa yHKuis Bumipy m 17

OpHopigHe [1P-1 18

OnepatopHa popma 3aBaaHHA

ongprP-n 106

Ocobnuei po3s’saskmn 1P 15

Mapabonoig 221, 224, 227
[loBepxHs 2-ro nopsagky 218

— obepTaHHa 226

[MoagiviHuK iHTerpan 229, 239

— —, reomeTpu4Hum cmucn 230

— —, (pisnyHum cmncn 231

— —, BractusocTi 231

— —, 3aMiHa 3MiHHMX 245

— — Y nonapHuX koopauHartax 238
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[Mone HanpawmiB 7

[MonoxeHHs piBHoBarn 189
[MonsipHa cuctema koopanHat 238
[MoTpiHun iHTerpan 259, 268

— —, reoMeTpu4Hum cmucn 260

— —, (pisnyHuM cmncn 261

— —, 3aMiHa 3MiHHMX 245

— — Yy chepnyHnx KoopamHaTax 268
— — Y UMNIHOPUYHNX KOOpAuHaTax 268
[MoyaTkosi ymoBn 8, 56, 57, 184
MpaBunbHa obnactb 232, 241, 264
[MpuHumn cynepno3uyii 103, 114, 167
[Mpouec 181

PiBHAHHA BepHynni 26

— Ennepa 119, 124

— 36ypeHoro pyxy 188

— JlarpaHxa 28, 125

— MakcBenna 41

— NOBepPXHi 2-ro nopagky 218
— Yebuwesa 120

Poss’sazok 1P 6, 55

— aCUMNTOTUYHO CTinkun 184, 190
— HecTinkun 184

— He36ypeHun (36ypeHunin) 185
— cuctemu niHinHnx P-1 144
—, CTinkum 3a JlanyHosum 184
Pyx cuctemmn 183

Cuctema aBToOHOMHa 183, 190
— AnHamMmiyHa 181

Cuctema [IP-1 142

— niHinHnx OP-1 143

— — — 3i cTanumu KoediuieHTamn 145
— ———opgHopigHa 145

— — —— HeogHopigHa 159

— — — HeogHopigHa 144

— —— HopManbHa 143

— ——ogHopigHa 144

— — —, 3aranbHun po3B’sa3ok 144
— — —, YaCTUHHMI PO3B’'A30K 145
— —, po3B’A30Kk 144

Cuctema (pyHKUiM NiHIMHO 3anexHa
84

— — — He3anexHa 84, 146

Cigno 200

CtaH cucrtemn 181

— novaTtkoBun 181, 184

CTinkicTb guHamMi4yHol cuctemmn 183,
191

— ——3alypBiyom 192

TeipHa 219, 220, 226
Teopema iCHyBaHHS | EQUHOCTI
poss’asky 1P 9, 56, 145
Touka cnokoto 189, 195
TpuBianbHWU po3B’a30k 87

®a3oBa To4yka 182

— TpaekTopia 182

daszosun npocTtip 182

— nopTtpet 182

dokyc 201

dopmyna Abensa 123

—pina 311

dyHOameHTarnbHa cuctema po3B’As-
kiB 89, 147

XapakrepuctunyHe pisBHaHHA 90, 107,
152
XapakTepucTuyHnin MHorousieH 152

LUentp 201

LleHTpanbHuUnM momeHT 256, 273, 298
Linknoiga 299

LUuningp 2-ro nopsgky 219
Uuningpuyre Tino 230

YacTtuHHui iHTerpan 10, 58
— po3B’a3oKk 9, 57
— — cucTeMu niHinHnx OP-1 145

AkobiaH 249
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